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Abstract: Our innovative similarity transformation for in-depth research of convection heat and mass transfer is presented. 
For solving convection heat and mass transfer issues, the boundary layer analysis method is used, and meanwhile, the Falkner-
Skan transformation is currently popular to treat the core similarity variables for velocity field similarity. But this type of 
transformation is inconvenient to do this core work, for similarity transformation of velocity field, because it is necessary to 
first induce flow function and group theory to d e r iv e  a n  intermediate function for an indirect similarity  transformation of the 
velocity field. This case also allows a difficult situation on consideration of variable physical properties. With our innovative 
similarity transformation, the above inconvenient and difficult situations are avoided, and the velocity components can be 
directly transformed to the related dimensionless ones. Then, the similarity analysis and transformation of the governing partial 
differential equations can be simplified greatly. Furthermore, our innovative similarity transformation can conveniently treat 
variable physical properties and their coupled effect on heat and mass transfer for enhancement of the practical value of 
convection heat and mass transfer, and so is a better alternative transformation method to the traditional Falkner-Skan 
transformation. It was proved that the above two innovative methods have a wide practical application in industry.  

Keywords: Innovative similarity transformation, Convection heat transfer, Boundary layer analysis, Falkner-Skan 
Transformation, Core similarity variables, Flow function, Group theory 

 

1. Introduction 

1.1. Background of Our Innovative Similarity 

Transformation 

Since Prandtl proposed his famous boundary layer theory 
[1], many complex issues on convective hydrodynamics and 
heat and mass transfer could be solved more conveniently. 
Meanwhile, the similar analysis method is usually used to 
transform the dimensional physical variables into the 
dimensionless physical parameters, and the governing partial 
differential equations are transformed equivalently into the 
governing ordinary ones. Since the transformed 
dimensionless parameter is the group of the dimensional 
physical variables, the transformed governing ordinary 
differential equation will be greatly simplified. This is the 
reason the boundary layer theory greatly accelerated the 
development of the research of convection heat and mass 

transfer. 
Actually, convection heat and mass transfer is strongly 

affected by fluid variable thermo-physical properties and 
their interactions within the boundary layer. In fact, the core 
work of similarity analysis of the governing partial 
differential equations lies in the similarity transformation of 
the velocity field of the boundary layer. However, currently 
popular Falkner-Skan transformation [2] is difficult to do this 
job, especially with consideration of variable physical 
properties, because it is necessary to first induce flow 
function and group theory to  d e r i ve  a n  intermediate 
function for an indirect  transformation of the velocity field. It 
is a complicated process, and allows even complicated issue 
for consideration of variable physical properties. Therefore, 
most of the related traditional theoretical research on 
convection heat and mass transfer did not consider or did not 
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consider well the coupled effect of variable physical 
properties. (For more detailed discussion about it, please 
refer to books [3,4]). It lead to that a series of traditional 
related researches lack practical application value on 
convection heat and mass transfer, for a simple example, a lot 
of reported correlations on convection heat and mass transfer 
application are empirical or semi-empirical obtained from 
experiment. It is background for development of the 
innovative similarity transformation. 

1.2. Current Application of the Innovative similarity 

transformation 

Before introduction of the innovative similarity 
transformation for in-depth research on convection 
hydrodynamics and heat and mass transfer, here it is 
necessary to mention its current application areas. So far, this 
innovative similarity transformation has been applied in  
investigation of convection hydrodynamics and heat and 
mass both without and with phase change, including the 
following broad areas: 

• Free/forced convection [3-7]; 
• Free film boiling convection [4,8]; 
• Free/forced film condensation convection of pure 

vapour [3, 4, 9, 10]; 
• Free/forced film condensation convection of vapour-gas 

mixture [3, 4,11]; 
• Accelerating falling film flows of non-Newtonian power 

law fluids [4, 12-14]. 

1.3. Expanded Application of the Innovation similarity 

transformation  

This  innovative similarity transformation has got its wide 
application so far, since they were proposed on in-depth 
research for convection hydrodynamics and heat and mass 
transfer, for example as below: 

Studies [15,16] applied our formulization equations on 
heat transfer coefficient of free convection [4,5] for 
temperature distribution assessment during radiofrequency 
ablation related to surgical medical treatment.  It is seen that 
even for the lead phantom close to the edges, for the maximal 
discrepancy from their test data,  a satisfactory agreement 
(2%) was achieved. Our formulization equations on heat 
transfer coefficient were just obtained by using the present 
innovative similarity transformation. 

Our innovative similarity transformation was applied for 
study on deposition of SiO2 nanoparticles in heat exchanger 
during combustion of biogas [17]. In this study, our set of 
dimensionless similarity physical parameters with their 
formulae including our innovative core similarity variables 
for similarity transformation of velocity field [3] were 
applied for similarity transformation of the governing partial 
differential equations of a laminar forced convection. Based 
on our innovative similarity transformation, the governing 
ordinary differential equations were obtained for numerical 
solution. 

Ref. [18]  successfully applied our heat transfer equations 
of free convection of gas with consideration of variable 

physical properties [4,5] for analytical and experimental 
study on multiple fire  sources in a kitchen. It follows that 
our formulization equation of Nusselt number combined with 
the gaseous temperature parameter has wide application 
value for evaluation of heat transfer with large temperature 
differences. Our formulization equations on heat transfer 
coefficient were just obtained by using the present innovative 
similarity transformation. 

The above examples also reflect that our innovative 
method has special theoretical and practical value and broad 
application prospects in more industrial departments. 

2. The Innovative Similarity 

Transformation 

Our innovative similarity transformation was originally 
developed for extensive investigation of coupled effect of 
temperature- dependent physical properties of gases and 
liquids on  free/forced convection heat transfer [4-7]. The 
detailed theoretical analysis and mathematical derivation for 
this transformed of the governing differential  equations are 
reported in our books [3,4]. Due to the space limitation here 
we have to introduce this transformation briefly through its 
application. Here, free and forced convection boundary layer 
issues are taken as examples for introduction of our 
innovative similarity transformation.  First, it is necessary to 
show its governing partial differential equations. 

2.1. For Free Convection Boundary Layer 

2.1.1. Governing Partial Differential Equations  

Governing partial differential equations of free convection 
boundary layer with consideration of variable physical 
properties are  
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where Eqs.(1) to (3) are mass, momentum, and energy 
conservation equations respectively. Here, it is seen that the 
effect of variable thermo-physical properties, such as density, 
absolute viscosity, and thermal conductivity are considered. 
However, for most of common gases and liquids, the 
variation of specific heat with temperature can be omitted. 

2.1.2. Similarity Physical Variables (or Parameters) 

The detailed physical analysis and mathematical derivation 
about our innovative similarity analysis method are reported 
in [4-7] for treatment of above free convection boundary 
layer. For saving space, here we only show the  set of the 
related dimensionless similarity physical variables (or 
parameters). However, the core work for the similarity 
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analysis and transformation issues is to treat the similarity 
problem of velocity field. To this end, we proposed the 
following innovative core similarity variables )(ηxW   and 

)(ηyW  and their formulae as follows for similarity 
transformation of velocity field : 
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where the local Grashof number is defined as 
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Here,  innovative equations (4, 5) for similarity velocity 
variables  are derived in our book [4]. It is emphasized that 
the similarity velocity variables  )(ηxW   and )(ηyW are 
core similarity variables for similarity transformation of 
velocity field. Then, it is expected that they will dominate  
the transformed governing ordinary differential equations.  

2.1.3. Governing Similarity Ordinary Differential 

Equations 

The whole similarity transformation process for governing 
similarity ordinary differential equations of free convection 
boundary layer is reported in our book [4]. Here, we only 
give the transformed  governing ordinary differential 
equations as  below to save space: 
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It is found that the dimensionless velocity similarity 
variables xW  and yW  as the core similarity variables 

dominate the transformed governing ordinary differential 

equations.  

2.2. For Forced Convection Boundary Layer 

2.2.1. Governing Partial Differential Equations  

Our innovative similarity transformation for forced 
convection boundary layer was proposed in  [3]. The 
governing partial differential equations are as follows for 
consideration of variable thermo-physical properties: 
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where Eqs.(12) to (14) are mass, momentum, and energy 
conservation equations respectively. Here, it is seen that the 
effect of variable thermo-physical properties, such as density, 
absolute viscosity, and thermal conductivity are considered. 
However, for most of common gases and liquids, the 
variation of specific heat with temperature can be omitted. 

2.2.2. Similarity Physical Variables (or Parameters) 

The detailed physical analysis and mathematical derivation 
of our innovative similarity analysis method are reported in 
[3] for similarly equivalent transformation of forced 
boundary layer convection. For saving space, here we only 
show the set of equations with the related dimensionless 
similarity physical variables (or parameters). However, the 
core work for the similarity analysis and transformation 
issues is to treat the similarity transformation of velocity field. 
To this end, we proposed the innovative core similarity 
variables and their formulae as below for the similarity 
transformation of the velocity field [3]: 
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Here, Innovative equations (15, 16) for similarity 
transformation of velocity field  are originally proposed and 
derived in our book [3]. It is emphasized that the similarity 
velocity variables )(ηxW and )(ηyW are core similarity 
variables for whole similarity transformation. Obviously, 
they will dominate the transformed governing ordinary 
differential equations.  

2.2.3. Governing transformed Ordinary Differential 

Equations 

The whole similarity transformation process for governing 
similarity ordinary differential equations is presented in our 
book [3]. Here, we only give the transformed  governing  
ordinary differential equations as  below: 

0)](2)([
1)(

2
)(

=+⋅−++− ηηη
η
ρ

ρη
η

η
ηη yx

yx WW
d

d

d

dW

d

dW
 (20) 

η
η

η
µ

µη
η

η
ηηηη

ν
ν

d

dW

d

d

d

Wd

d

dW
WW xxx

yx

)(1)()(
))(2)((

2

2

+=+−∞  (21) 

2

21
)2(Pr

η
θ

η
θ

η
λ

λη
θη

ν
ν

d

d

d

d

d

d

d

d
WW yx +=+−∞       (22) 

It is found that the core similarity variables )(ηxW and 
)(ηyW for similarity transformation of velocity field 

dominate the whole transformed governing ordinary 
differential equations. 

3. Extensive Application of the 

Innovative Similarity Transformation 

Since the innovative similarity transformation was 
developed for hydrodynamics and heat transfer investigation 
of free and forced convection, its application has been 
extended to our study on convection hydrodynamics and heat 
and mass transfer with film boiling/condensation convection, 
such as free  film boiling convection [4,8], free/forced film 
condensation convection of pure vapour [3,4,9,10], 
free/forced film condensation convection of vapour-gas 
mixture [3, 4,11]. It is indicated that in all of these studies, 
the complicated physical factors including the coupled effect 
of variable physical properties were well considered, then, 
the heat and mass transfer results demonstrate their practical 
value. To  save space, here we only introduce briefly the 
application of  our innovative similarity transformation in 
extensive study on free film condensation convection of 
vapour-gas mixture as below:  

3.1. Governing Partial Differential Equations for Free Film 

Condensation Convection of Vapour-Gas Mixture 

Free film condensation convection of vapour-gas mixture 
is attributed to multiple phase-film convection. It consists of 
three parts: condensate liquid film flow, vapour-gas film flow, 
and the interface with multiple physical balance conditions. 
The detailed derivation of the related similarity equations of 
free convection condensation of vapour-gas mixture are 

reported in our book [4]. For saving space, the interfacial 
boundary condition equations are omitted, and only the 
governing partial differential equations of condensate liquid 
film flow and vapour-gas mixture film flow are described as 
below with consideration of couples effect of variable 
thermo-physical properties:  

For condensate liquid  film flow 
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where Eqs.(23)-(25) are continuity, momentum and energy 
conservation equations respectively. 

For vapor-gas mixture film 
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where Eqs.(26)-(28) are continuity, momentum and energy 
conservation equations respectively, while Eq.(29) is species 
conservation equation. 

3.2. Dimensionless Similarity Parameters and Variables 

Based on our innovative similarity trsmdformation,  a set 
of equations for similarity analysis and transformation are 
described as below: 

For condensate liquid film flow  

For convection issue, the core work for the similarity 
analysis and transformation is always the similarity of 
velocity field. Then, the core similarity variables  and their 
formulae are as follows for the similarity analysis and 
transformation of the velocity field [4]: 
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In addition, the local Grashof number sxlGr ,  is set up as  
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The Dimensionless coordinate variables lη  is set up as 

follows: 
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For vapour-gas mixture film flow  

In view of that the core work for the similarity analysis 
and transformation  is always to treat the similarity problem 
of velocity field for convection issue, based on our 
innovative similarity transformation, we proposed the 
following innovative dimensionless similarity variables and 
their formulae for the similarity treatment of the velocity 
field of vapour-gas mixture film flow [4]: 
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The dimensionless coordinate variables 
mη  of vapour-gas 

mixture film flow  is set up as  
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The dimensionless temperature of vapour-gas mixture flow 
film  is defined as 
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3.3. Governing Ordinary  Differential Equations  

By means of Eqs.(30) to (34), the governing partial 
differential equations (23) to (25) are equivalently 
transformed to the following ordinary partial equations: 

3.3.1. For Liquid Film Flow 
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where Eqs.(41)-(43) are continuity, momentum and energy 
conservation equations respectively (see our book [4] for the 
detailed mathematical derivation). Here, it is seen that the 
core similarity variables, dimensionless similarity velocity 
variables dominate the  governing ordinary differential 
equations of condensate liquid film.  

3.3.2. For Vapour-Gas Mixture Film Flow 

By means of Eqs.(35) to (40), the governing partial 
differential equations (26) to (29) are equivalently 
transformed to the following ordinary partial equations 
respectively: 
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where Eqs.(44)-(46) are continuity, momentum, and energy 
conservation equations, while Eq.(47) is the species 
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conservation equation with mass diffusion (see our book [4] 
for the detailed mathematical derivation). Here, it is seen that 
core similarity variables for similarity transformation of 
velocity field  dominate the  governing ordinary differential 
equations of vapour-gas mixture film flow. 

4. Conclusions 

For solving the governing partial differential equations, the 
similarity transformation of the equations is usually done. 
For such transformation, some dimensionless similarity 
variables (or parameters) are formed, and each  similarity 
variable (or parameter) as the group of the dimensional 
physical variables to reduce the number of the independent 
variables of the physical phenomena. These similarity 
variables (or parameters) will simplify the governing partial 
differential equations for getting the solutions more easily. 

Our innovative similarity transformation, was developed 
for in-depth research on convection hydrodynamics and heat 
and mass transfer, covering convection heat transfer, as well 
as heat and mass transfer of film boiling/condensation 
convection. Obviously, it covers very wide area of 
convection heat and mass transfer 

Currently popular Fakner-Skan transformation on  
convection heat and mass transfer has some inconvenience 
for similarity transformation of the core variable on velocity 
field. By using this transformation, it is necessary to first 
induce flow function and group theory to d e r iv e  a n  
intermediate function for an indirect similarity  transformation 
of the velocity field. It is a complicated process and allows 
difficult consideration of variable physical properties, and 
then confines the practical value of research results on 
convection heat and mass transfer. 

Compared the Falkner-Skan transformation, a big 
advantage of our innovative similarity transformation lies in 
resolving the above core work. With our similarity 
transformation, the velocity variables can be directly 
transformed to the corresponding dimensionless similarity 
velocity variables. Then, all above inconvenient actions 
caused by using Falkner-Skan transformation can be avoided. 
In addition, our innovative similarity transformation can 
transform the variable physical properties into the physical 
property factors, organically combined with the transformed 
governing ordinary differential equations, and then simplify 
greatly the treatment of variable physical properties. It 
demonstrates that our innovative similarity transformation is 
a better alternative over the traditional Falkner-Skan 
transformation for in-depth research on convection heat and 
mass transfer. It was found that this innovative similarity 
transformation  has wide application in engineering. 

Nomenclature 

mgC  gas mass fraction in vapour-gas mixture 

mvC  vapor mass fraction in vapour-gas mixture 

∞,mvC
 bulk vapor mass fraction 

pc  specific heat at constant pressure, J/(kg k) 

vD  vapor mass diffusion coefficient in gas, m2/s 

g gravity acceleration, m/s2 

Grx,∞ local Grashof number 
Pr randtl number 

∞,Rex
 local Reynolds number 

∞,mSc  
defined local Schmidt number, defined as

v

m
m

D
Sc

∞
∞ = ,

,

ν
 

t temperature, oC 
T absolute temperature, K 

wx, wy, 
velocity components in x and y  direction 
respectively, m/s 

)(ηxW , 

)(ηyW  
dimensional velocity component in x, y, z 
direction respectively, respectively 

∞,xw  velocity component beyong the boundary 
layer 

Greek symbols 
 mass density, kg/m3 
 thermal conductivity, W/(m K) 

µ absolute viscosity, kg/(m s) 

ν  Kinetic Viscosity,  sm /2  

η  dimensionless coordinate variable for 
boundary layer and film flow 

θ  dimensionless temperature 

mvΓ  vapor relative mass fraction 

( )
d

d

θ
η η=0

 dimensionless temperature gradient on the 
plate 

dx

dρ
ρ
1  

density factor 

1

λ
λ
η

d

d
 

thermal conductivity factor 

1

µ
µ
η

d

d

 
viscosity factor 

Subscripts 
f film 
g gas 
l liquid 
m vapour-gas mixture 
v vapour 
w at wall 
x,y coordinate 
∞  far from the wall surface 
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