Pure and Applied Mathematics Journal
2016; 5(6): 174-180
http://www.sciencepublishinggroup.com/j/pamj

doi: 10.11648/j.pamj.20160506.11

ISSN: 2326-9790 (Print); ISSN: 2326-9812 (Online)

(gnY J' 0 I‘ Y
otlencer

Science Publishing Group

Exact and Explicit Solutions of Whitham-Broer-Kaup

Equations in Shallow Water

Baodan Tian, Yanhong Qiu

School of science, Southwest University of Science and Technology, Mianyang, China

Email address:

tianbaodan@swust.edu.cn (Baodan Tian), qiuyanhong@swust.edu.cn (Yanhong Qiu)

To cite this article:

Baodan Tian, Yanhong Qiu. Exact and Explicit Solutions of Whitham-Broer-Kaup Equations in Shallow Water. Pure and Applied
Mathematics Journal. Vol. 5, No. 6, 2016, pp. 174-180. doi: 10.11648/j.pamj.20160506.11

Received: September 2, 2016; Accepted: September 18, 2016; Published: October 17, 2016

Abstract: In this paper, a simple direct method is presented to find equivalence transformation of a nonlinear Whitham-
Broer-Kaup equations. Applying this equivalence transformation, we can obtain the symmetry group theorem of the
Whitham-Broer-Kaup equations and then derive series of new exact and explicit solutions of the Whitham-Broer-Kaup

equations according to solutions of the previous references.
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1. Introduction

Since the discovery of the soliton in 1965 by Zabusky and
Kruskal, a large class of nonlinear evolution equations
(NLEEs) have been derived and widely applied in various
branches of physics and applied mathematics like condensed
matter, nonlinear optics, fluid mechanics, plasma physics,
theory of turbulence, ocean dynamics, biophysics and star
formation. On the other hand, to better understand the
nonlinear mechanisms in different physical contexts, many
authors have diligently applied themselves to finding the
exact analytical solutions for these NLEEs including the
soliton solutions, periodic solutions and rational solutions.

In the present paper, we would like to consider the coupled
Whitham-Broer-Kaup (WBK) equations which have been
studied by Whitham [16], Broer [2] and Kaup [10]. The
WBK equations are as follows,

u, tuu +v_+Lu._=0
fr i =0, "

v, +(uv), —-pBv_ t+au_ =0

The WBK equations describe the propagation of shallow
water waves, with different dispersion relations. Where
u =u(x,t) is the horizontal velocity, v = v(x,#) is the height
that deviates from equilibrium position of the liquid,
and a, [ are constants which are represented in different

diffusion powers. WBK equations are very good models to

describe dispersive wave. For the background materials of
model equation, we refer to the paper [2, 10, 16].
If a=0and f£#0, Eq.(1) is classic long wave equations

that describe shallow water wave with diffusion [17]. If
a=1and 8=0, Eq.(1) is modified Boussinesq equations [8].
Kaup [10] and Ablowitz [1] studied inverse transformation
solution for the special case of Eq.(1), Kupershmidt
discussed their symmetries and conservation laws. By using
of Backlund transformation, Fan [8] found three pairs of
solutions of WBK equation. Xie et al. [17] made use of
hyperbolic function method and Wu elimination method
obtained four pairs of solutions of WBK equation. Chen et al.
[3] present a more general transform ation and applied it to
WBK equation and obtained some traveling wave solutions.
Xu et al. [20] obtained abundant solitary- wave solutions and
reveal some novel solitary-wave structures under certain
parametric conditions for the WBK equation by tanh-function
method. Xu [18] presented an elliptic equation method for
constructing new types of elliptic function solutions for the
WBK equation. Sirendaoreji [15] suggested a new auxiliary
ordinary differential equation method and constructed exact
travelling wave solutions of the WBK equation in a unified
way and so on.

However, there are still many researchers are discussing
the exact and explicit solutions for this WBK equation [4, 5,
7, 9, 14, 19, 21] by many new methods, and all kinds of
solutions, such as traveling wave solutions, tanh-function
solutions, elliptic function solutions, Jacobi elliptic function
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solutions, rational function solutions, exponential function
solutions of the WBK equation are obtained in this
references.

Naturally, an interesting questions is: Can we find a simple
method to obtain a transformation between the present
solutions and the new ones? If we find this transformation,
we can obtain more and more all kinds of new solutions by
the present references. As we know, one of the way to realize
this aim is backland method of transformation and method of
Lie-point symmetry group [13].

On the other hand, Clarkson and Kruskal [6] introduced a
simple direct method to derive symmetry reductions of a
nonlinear system without using any group theory. For many
types of nonlinear systems, the method can be used to find all
the possible similarity reductions. Recently, Lou and Ma [11,
12] generalized a new simple direct method basing on CK’s
method, which is much simpler than the traditional Lie-point
symmetry group.

Thus, in this paper, motivated by these ideas, the authors
would like to obtain some new exact and explicit solutions by
the simple direct method. And the organization of the paper
is as follow. In the next section, we obtain the equivalence
transformation of the WBK equation by the direct method. In
section 3, we obtain series of new solutions of the WBK
equation basing on the present references.

ﬁ3"(xat)rx2 QW gees + Bq(x, )T, Wy + F(x,t,U,V,Ug, V) =0,
_aﬂsn(xat)rj W&(ggg _ﬁsq(xst)rf W{{{{ +G(X,ZL,U,V,U5,V5,"') = 0’

where the function F(x,t,U,V,U,,V,,--) is independent of U,,, and
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2. Symmetry Group Theorem of the
WBK Equations

Following the idea of the direct method, we first suppose
the WBK equations has the solutions in the following form

{u(x, 1) = m(x,t) +n(x,t) U (&, 1),

- )
V(X,Z) - p(xst) + q(xat) l]/(fa T)

where &=£&(x,1), T=1(x,¢) and m(x,?),n(x,?), p(x,?),q(x,t) are
functions to be determined later, and U(&,7),V(&E,T) is
restricted to satisfy Eq.(1) as wu =u(x,t),v =v(x,f) under
the transformation:

{u,v,x,t} - {U,V,E 1},
that is,

{U, =-UU, ~V, = BU, )

V, ==UV, =VU, + BV, —aU .

Substituting Eq.(2) into Eq.(1) and using Eq.(3) one can get:

4)
)

i while the function G(x,t,U,V, UV, ) is

independent of U, and V., . So it is necessary to take the coefficient of U, and V,, in Eq.(4), U, and V,,,
in Eq.(5) being zero.
which leads to,
—Bn(x,0r; =0, Be(x,01, =0, af’n(x,01; =0, Bq(x,01; =0. (6)
Then we canget 7, =0, thatis, T is dependent of the variable x, so
T=1(t) (7
At this time, if we substitute Eq.(7) into Eq.(4) and (5), then these two equations are reduced to the following
Bn[él —T'(1)] Wy +n[né, —T'(OUU, + nn U* + F (x,t,U,V, Ug,V:)=0 (8)
a’[n(x,t)ff =q(x,0)r'(t)] ngz + Bq(x,0)[1T'(t) - ff] D}/gg +G (x,t,U,V, Uga Vga =0 )

where the function F(x,7,U,V,U,,V,) is independent of U, ,UU, and U’ , while the function G (x,t,U,V,U;,V,,-) s

independent of U,,, and V.

&
In the same way, it is necessary to take the coefficients of U,,,UU, and U > in Eq.(8), U e and V., in Eq.(9) being

zero. That is,
(10)
(11)

Bl & = 1'(0)] = nné, ~T'1)] = nn, =0,
aln(x,0& —q(x.07'(0)] = Bg(x,0[T (1)~ E1=0 ,
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Thus, it is easy to obtain

r'(0) =&, n(x,0)=n(t) = (x,0), q(x,0)=q()=n’(), (12)
Therefore, if we substitute Eq.(12) into Eq.(8) and (9), then these two equations can be reduced to the following
n[é, + mé ] W, +[n'@)+nm U +[m, +mm, +p_ + Bm 1=0 (13)
(1S, —qU'OIWV +npd, W +[&, +md W +np, W +[q'(1) +gm, ]V (13)
+p, +mp, +pm —pBp.+am,]=0
Also, it is necessary to take all the coefficients of the Eq.(13) and Eq.(14),which leads to
&+mé =0,n'(t)+nm =0,m +mm_ +p_ +pPm_=0. (15)
né, —qr'(t) =0,
npé, =0,
np =0, (16)
q'(t) +gm, =0,
pt +mpx +pmx _ﬁpxx +amxxx :0
From Eq.(12), Eq.(15) and Eq.(16) one can get
p(x,t)=0,q(x,0) =1, m(x,t) =¢ ,n(x,t) =0,&(x,t) =dx —¢ 0t +c, , T(x,t) =t +c, 17

where c,,c,,c; are arbitrary constants and J = *1.

Thus, we can easily get the following symmetry group
theorem.

Theorem 1. If U =U(x,t) and V =V(x,t) is a given
solution of the WBK equations, then

u(x,t) =¢, +oU(Ox—¢,0t +c,,t +c;) (18)

v(x,t) =V (0x—c, 0t +c,,t +c;) (19)

is also a solutions of the WBK equations.

According to the formula (18) and (19), we obtain the
relationship between the new explicit solutions and the old
ones of the WBK equations, which is the so-called

U(fﬂ T) = aO +

equivalence transformation of the Eq.(1). Also it is obvious
to see that (18) and (19) is an auto-backlund transformation
of the WBK equations (1).

3. Some New Exact and Explicit
Solutions of the WBK Equations

Utilizing the conclusion of the Theorem 1, we can obtain
following exact and explicit solutions of the WBK equations
in this section.

Family 1. From reference [4] we know that WBK equations
have the following solution:

a, (44 (tanh({) + isec h({) + 4, (sec({) £ tan({)))

#4 (4 (tanh({) £ isech({)) + /4 (sec({) £ tan({)) +1)

a, (£Bktt, = Bl = A = a,)(4 (tanh() + isec h({)) + 4 (see({) £ tan({))

V(ET)=4, +

14 (1, (tanh($) £ isec h({)) + fy (sec(¢) & tan({)) + 1)

_ a,(Bk £ Bk gy, = 14 Bk + a,)(tanh({) £ isec h({))*

244 (tanh({) £ isec h({)) + iy (see() * tan({)) +1)°

_a (£

= J¢ Bk + a,)(tanh({)  isec h({))(sec({) £ tan({)

14, (4, (tanh(¢)  isec h({)) + f1, (sec({) % tan({)) + 1)’
_a i (EBk 1 Bk = 14 1 Bl + ay g )(see({) * tan({))’

24 (44 (tanh({) £ isech({)) + 4y (see({) * tan({)) +1)?

where { =k($+AT),a,, 4;,a,, 14,14,k and ) are arbitrary constants.
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Applying the equivalence transformation (18) and (19) we obtain following combining tanh, sech, sec and tan function
solutions of the WBK equations:

(et = g+ QUARNT) Eisceh7) + i (sec() £ tan)) 20)
14 (4, (tanh(7) £ i sec h(1)) + 14, (sec(r7) + tan(7)) +1)
a, (£ Bk, = Bk pt, = A = a)(4, (tanh(7) £ i sec h(17)) + 4, (sec(r7)  tan(17)))
14,(44,(tanh(r7) & i sec h(17)) + 14, (sec(77) + tan(77)) +1)
_ ay(Bk % B p, — 117 Bk +a )(tanh(7)  isec h(1))’
2( 4 (tanh(r7) £ isec h(17)) + 14, (sec(r7) % tan(17)) +1)°
_ay (£ Bk gy, — 4} Bk + a)(tanh(77) % i sec h(7))(sec(n7) * tan(17))
14,(44,(tanh(77) + i sec h(17)) + 14, (sec(i7) & tan(17)) +1)°
_a (£ Bk p % 1t B — 1] 14, Bk + a g1, )(sec({) + tan({))’
246 (44 (tanh({) £ isec h({)) + 4y (sec({) £ tan({) +1)?

vi(x,t) =4, +

e2y)

>

where 77 =k(0x—cOt+c,)+kA(t+c,) =kox+k(A—cO) +k(c, +Ac,) ,a,, 4y, a,, 1, 1, k
and A are arbitrary constants, J =+1.
Family 2. From reference [9] we know that WBK equations have the following solutions:

UET)=a,+ bljj:z csch(yJd, &) +ki\[d, coth(y[d, ),

B,d
d

0

V(ET) =4, +Bl\/j—72 csch(\Jd, )+
+K2—dzcoth(\/d_ {)esch(y/d, Z)+itanh(\/d_ ).
‘\/a 2 2 \/a 2

2 csch2(@5)+%8inh(@@

where { =k(é+AT), Ak ,K,,A,B,,B,,d,,d, and P, are mentioned in Eq.(3.5) in [9]. 4,,b, and P are arbitrary
constants.
So we obtain following hyperbolic function solutions of the WBK equations:

u,(x,) = a, +1, /% csch(y[dy 1)+ ki[d, coth(y[d,n), (22)
0

vy (60 = 4, +BIJZ—T ese () + 225 cxcl (Jdon) +%Smh(@q)
0 0 0

K P
+ 4, coth(\/z n) csch(\/z n+—= tanh(\/al_2 n).
Ve T
where 77 =k(0x—c,0t+c,)+kA(t+c,) =kdx+k(A—c Ot +k(c, + Ac,) , Ak, K,,A,,B,,B,,d,,d, and P, are mentioned in
Eq.(3.5)in [9],0 = 1.
Family 3. From reference [18] we know that WBK equations have the following solutions:

(23)

U(&,1)= cik\/m{al +a,+a, _ aa,sn’ (B, m)

2 a,—a,cn’(B{,m) |’
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KAla+ B )al +a; +a; -2a,a, -2a,a, -2a,a,)

V. n= 4
. K Aaya,(a+ ) a, +a, +a)sn’ (B{,m) 2k*Aaia; (a+B*)sn*(B{,m)
a, —a,cn’ (B ,m) (a, —a,en’ (B, m))’

_ 4k2,820’10’2 (a,-a, WA(a + B*)sn(BL ,m)cn(B ,m)dn(B ,m)
* (@, - a,cn* (B, m))? '

where ¢ =k(&—cr+¢,), k,care arbitrary constants and B,m refers to formula (4) in [18].
So we obtain following elliptic function solutions of the WBK equations:

2
u ()= ctkyfA@+ gy | DT B3 ads (Br.m) | (24)
2 a, —a,cn”(Bn,m)
_KFAa+p)a) +a; +a; -2a,0, -2a,a, -2a,0,)
V4(x9t) - 4
KAaa, @+ B )a +a, +a)sn’(Br,m) 2k Aaia; (a+ B )sn’ (B, m) 25)
a, —a,cn® (Br,m) (a, —a,en® (B, m))*

_4k*B'a,a,(a, —a,)\ A(a + B*)sn(Bn,m)cn(Bn,m)dn(Br, m)
i (a,- a’zcnz (B, m))2 .

where 77 =k(0x—cO0t+c,)—ck(t+c,)+ké& =kdx —k(c+c,O)t+k(c, —cc, +&) , k,c are arbitrary constants and B,m
refers to formula (4) in [18], d=+1.
Family 4. From reference [18] we know that WBK equations have the following solutions:

U, (&, 1) =xR\Ja+ B (tan{ +sec{) - A,
Vi(&,1) =[—R2(a+,82)+R2ﬁw/a+ﬁ2}(tan25+m2 sec{ tan +1);
U,(&, 1) =xR\a+ > (-cotd +m, csc{)—A,

V,(&,1) :[Rz(a'+,82)—Rzﬂwla+Bz}(cotzf—mz cscd cotd +1).

where ¢ =R(E+AT+c) —%ln % ,m, =m, =+1,4* + B> 20, 4,B,R,A,c are arbitrary constants.

Thus, we obtain following double periodic wave solutions of the WBK equations:

us (x,0) = 2R\Jar + B (tan 1y +secr) - A, (26)

vi(x%,1) = [—Rz(a + B+ R BJa+ ](tam2 1+ m, secrtans +1); @7)
ug (x,1) = £R\Ja + B (—cotr +m, csen) = A, (28)

v (x,1) = [Rz(a + ) -RBa+ B } (cot? ) —m, csercotn +1). (29)

where /7:R(Jx—clé-t+cz)+/]R(t+c3)+Rc—%1n

%‘ = ROx +R(A —¢,0)t+R(c, + Ac, +c)—%1n

A
E‘,ml =m, =t1,4’ +B* #£0,
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A, B, R, A,c are arbitrary constants, J =+1.

4. Conclusions

Exact and Explicit Solutions of Whitham-Broer-Kaup Equations in Shallow Water

From the theorem, it follows that the symmetry group is the product of the usual Lie point symmetry group (see [13]).
Because if we take the constants in Eq.(18) and Eq.(19) as follows,

¢ =&C,c, =¢€C,,c, =&C,

where & is an infinitesimal parameter and C,(i =1,2,3) are arbitrary constants. Then Eq. (18) and Eq.(19) can be written as,

u=U+eoU),v=V+ea(V)

oU)=(0x-Cot+C)U, +(t+C)U,,00V)=(0x—C,0t+C,)V_+(t+C,)V,

where o(U) and o(V) is the symmetry of the WBK

equations.

In fact, finishing above discussion, we can see that the
equivalence transformation obtained by the direct method is
more extensive and simpler than that obtained by the
Lie-point group, and we can obtain even more new exact and
explicit solutions if we take above solutions (20)-(21) as seed
solutions.

Moreover, by applying this direct method, we can find
many new solutions of other nonlinear evolution equations
with variant coefficients, and this left for the future work.
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