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Abstract: In this paper the stochastic differential equation in a Banach space is considered for the case when the Wiener
process in the equation is Banach space valued and the integrand non-anticipating function is operator-valued. At first the
stochastic differential equation for the generalized random process is introduced and developed existence and uniqueness of
solutions as the generalized random process. The corresponding results for the stochastic differential equation in a Banach
space is given. In [5] we consider the stochastic differential equation in a Banach space in the case, when the Wiener process is
one dimensional and the integrand non-anticipating function is Banach space valued.
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1. Introduction and Preliminaries

The main problem in developing the stochastic differential
equation in a Banach space is the construction of the Ito
stochastic integral. The traditional finite dimensional
methods allow to construct the stochastic integral in Banach
spaces with special geometrical properties (see [1-3]). In an
arbitrary Banach space it is possible to define the stochastic
integral only in case, when the integrand function is non-
random (see [4]). We define the generalized stochastic
integral for a wide class of operator-valued non-anticipating
random processes which is a generalized random element (a
random linear function), and if there exists the corresponding
random element, that is, if this generalized random element is
decomposable by the random element, then we say that this
random element is the stochastic integral. Thus, the problem
of existence of the stochastic integral is reduced to the well
known problem of decomposability of the random linear
function. Another problem to develop the existence and
uniqueness of the solution of the stochastic differential
equation is to estimate the stochastic integral in a Banach
space which is impossible by traditional methods. We
introduce the stochastic differential equation for the

generalized random process; here it is possible to use
traditional methods to develop the problem of existence and
uniqueness of a solution as a generalized random process.
Afterward, from the main stochastic differential equation in a
Banach space we receive the equation for a generalized
random process, and the solution as a generalized random
process. Thus, we reduced the problem of the existence of the
solution to the problem of decomposability of the generalized
random process. In [5] we consider the stochastic differential
equation in the case when the Wiener process is one
dimensional and the integrand function is Banach space
valued, and we give some sufficient conditions of
decomposabilility of the generalized random process.

Let X be a real separable Banach space, X its conjugate,
B(X) the Borel o -algebra in X . (Q,B,P) a probability
space. A measureble map £:Q — X is called a weak second
order random element if E(& x")* <o for all x’ OX . A

linear operator L: X - L,(Q,B,P) is called the generalized

random element (sometimes it is used the terms: a random
linear function or a cylindrical random element). Denote by

M, = L(X",L,(Q,B,P)) the Banach space of the generalized

random elements (GRE) with the norm
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||T || = supHX:Hsl (E(Tx")? )% . Every weak second order random

element generates the GRE 7, : X " L,(Q,B,P), defined
by the equality 7, 5x* =(&x") for all x 0X but not
conversely, if X is infinite dimensional, then every

generalized random element may not be generated by a
random element. Denote by M, the normed space of weak

second order random elements with the norm ||€|| :”T 4(" .

Consequently, M, M, . A generalized random element

generated by a random element is called decomposable. The
decomposability problem of generalized random elements is
a well known problem. It is equivalent to the problem of the
extension of a weak second order finitely additive measure to
the countable additive measure. The correlation operator of
TOM, is defined as R,: X - X, R, =TT. R, is a
positive and symmetric linear operator. If 7 =7, [JM,, then

R, maps X to X (see [6], th. 3.2.1). For R: X" - X
positive and symmetric linear operator there exist
(" oy OX" and (x,),5y O X such that (Rx,",x,) =9,

Rx/=x, and for x' OX" , Rx' =) (x,x)x, (see [6],
k=1

lemma 3.1.1). In general, if Im7 O L,(Q,B,P) is separable,
there exist (x',),,y 0 X and (x",),5y O X  such that

00
- . s e
and Rx :z<xk XX, .
k=1

Definition 1. Let X be a separable Banach space. The
random process (W), » W,:Q - X , is called a

(homogeneous) Wiener process if 1) W, =0 almost surely (a.

(ka*,xj*> = ka , ka* =X,

s) 2) W, -W, , (i=0,L--,n-1) are independent random

elements for every 0<¢, <f, <---t, <1; 3) for every ¢

from [0,1] , W, is a Gaussian random element with the

covariance operator tR , where R:X - X is a fixed
Gaussian covariance.

If X is finite dimensional and R is the identity operator,
then our definition of a Wiener process coincides with the
definition of the standard Wiener process. When X is an
infinite dimensional Hilbert space, then no Wiener process
exists for which R is the identity operator. Our definition is
a direct extension of the definition of a Wiener process for
the Hilbert space case ([7], p. 113). If (W), is a Wiener

process in a separable Banach space, then it has a. s.
continuous sample pats, and there exists the representations
of the Wiener process by the uniformly for z a. s.
convergence sums of one dimensional Wiener processes with
the coefficients from X and by independent Gaussian
random elements with the covariance operators R and
corresponding real valued coefficients (see [8-11]). Denote
by (F}),q, the increasing family of o -algebras, F, 0B,

such that W, is F,-measurable and for all s >¢, W, —W, is

t

independent to F, . In this case we say that (W), is

adapted to the family of the o -algebra (£]),y,,,. For many
purposes we need F, to contain all P-null setsin B.

Denote by G, (X ") the linear space of weakly measurable
p:Q - X that
(9 EJ(R(L(&)),(L(&)))dP< © . T,(¢) is a pseudonorm in

Q

random functions such

G, (X).
We use the following proposition to prove the existence of
a solution of the linear stochastic differential equation.

Proposition 1. If @0G,(X") and I(qo(w),x)zdP<w for
Q

all x [ .X , then there exists K >0 such that

[(Rpt@), @)dP< K supy,, [(@@),x)*dP

Proof. Consider the linear operator 7: X — L,(Q,B,P),
Tx ={@w), x) . By the closed graph theorem, T is a bounded

operator, therefore sup“xuslj.(ﬂw),x)zdp<oo. As R is a
Q

Gaussian covariance, by the Kwapien-Szymanski theorem
(see [12], [4] p. 262) , there exists (x,),,y UX and

(x,),0y O X such that (x,x)=9,, Rx' = i(xk,x*)xk ,
k=1
x 0X" and i"xk | <. We have
k=1

e

J<R¢(w),¢(w)>dp=ji<xk,¢(w>>2dp=i||xk||2j<||x i

Q

0 2
2l supyy J(x,ﬂw))zd P.
k=1 2

Definition 1. A function @:[0,1]XQ — X is called non-
anticipating with respect to (F)y,, if the function
(t,0) - (@At,w),x) from ([0,11xQ,B[0,1]xB) into (R',B(R"))
is measurable for all xOX , and the
w - (@t,w),x) is F,-measurable for all #[I[0,1].

By r¢,(x") we define the class of nonparticipating random

function

1
function @, for which p? (¢ = (”(Rq)(t,u)),q(t,m))dth< o .
0Q

TG,(X") is a linear space and P, is a pseudonorm in it. We

use the following proposition to prove the existence of the
solution of the stochastic differential equation.
Proposition 2(see [13]). If g:[0,1]xQ - X~ 1is

anticipating and for all xOX j j (@t, @), x) dtdP< oo » then
0Q

non-

pU TG, (X") and

j j (R, @), t, ))dtdP< K sup,, H(ﬂt, @), x)’ dtdP < o

A W)’ dP <
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The proof of this proposition is analogous to the proof of
the proposition 1.

n-l

If @0 TG,(X") is a step-function ano =Y g@x,, O

i=0

0=t <t <<t =1, i=0,---,n=1 , then the stochastic

integral of @ with respect to (W,),;,,, is naturally defined by
the equality

1 n—1
[ae.aw, =3 @, -m).
0 i=0

The following lemma is true
Lemma 1 ([8]). For an arbitrary @0 TG,(X") there exists

a sequence of step-functions (@),., 0 7G,(X") such that
Py 1
@ _, @ and j@dW, converges in L,(Q,B,P).
0

Definition 2

(8). Let @O TG.(X') and

P,

(@),00 O TG,(X") be step-functions such that ¢ _R,ql and

t

1
Iqq,dW converges in L,(Q,B,P) . The limit of the sequence
0

1
Iqq,d W, is called the stochastic integral of a random function
0
@0 TG,(X") with respect to the Wiener process (¥, )iro]

1
and is denoted by IWW, .
0
1
The stochastic integral JWW, is a random variable with
0

mean 0 and variance

[ ——

j<R¢(:, W), @1, ))dtdP .
Q

Consider now  the linear bounded  operator
@: X > Gu(X), forall x OX", @ is the map Q - X .
Denote by M, = L(X",G,(X")) the space of such operators
with the property: 7°,(M,%)= SUP 1 E(Rgx",ox") < oo,
T, (M)
family  of

is a pseudonorm in M . Consider now the
bounded (T, ),D[O)H s
T:X - Gu(X"), such that for all x’ X", the random
1’ (TM,%) =

linear operators

* .
process T x is and

1

SUPL e I (RTx",Tx")dtdP< o . Denote by TM,° the space
0Q

nonanticipating

of such family of operators.
We can naturally define the stochastic integral from

(]; )tD[O,l] 0 TM,° which is the GRE defined by the equality

(T,

1
Do ® =Iﬂx*dVK . Accordingly, we have the
0

isometrical ~ operator  [: ™S - M, ,

1
[(7; )tD[O,l] x* = JZX*dVVt :
0

Let now X be a separable Banach space and L(X,X) be

the space of bounded linear operators from X to X .
Definition 3. The random process &, :Q — L(X,X) is

nonanticipating with respect to the familly of the o -algebra
(F)iqoyy if for all xOX , §(w)x:[0,1]xQ - X is
measurable and for all ¢[J[0,1] , the random element
éx:Q - X is F,-measurable.

Definition 4. We say that the non anticipating random
process (E,)ID[OJ], &:Q - L(X,X) belongs to the class

TG(L(X, X)) if

1

r’(é)= SUP|cfer ,[ (RE (W)X, & (w)x"YdtdP < oo

where & () is the linear operator, conjugate to the operator
é,(w). TG(L(X,X)) is a linear space with the pseudonorm
7($).

Let £0TG(L(X,X)) and x"0X". E%":[0,1]xQ - X~

1
be non anticipating and JJ(Rff*(w)x*,ft*(w)x*)dtd P<o .
0w

1
We can define the stochastic integral I{Df (w)x"dW, , which
0

is the random variable with mean 0 and variance

1
JJ(Ré*(w)x*,{*(w)x*>dth . Therefore, we can consider
0w

1
the GRE 7,: X" = L,(Q,B,P), I,x"= [&(a)x"am,.
0
We have the isometrical operator /: TG(L(X,X)) - M|,
I()x = I{x* .

Ix"=

Definition 5. The generalized random element ‘

1
qu, (w)x"dW, is called the generalized stochastic integral
0

from the random process {0 TG(L(X, X)). If there exists
the random element 7:Q - X such that (7,x") =1 g(xD =

1
Jf “(w)x"dW, for all x"0 X", then we say that there exists
0

the stochastic integral from the operator valued non
§:Q - L(X,X) by

the Wiener process in a Banach space X and then we write

f7=j<‘,(w)dW,-

anticipating random process ({,),D[O e

2. Main Results

Consider now the stochastic differential equation for
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generalized random process

dT, = a(t,T)dt + B(t,T,)dW,, (1)

Where a:[0,1]xM, - M, and B:[0,1]xM, » TM°

Definition 6. A GRP (7;) is called the strong

(000,1]
generalized solution of the equation (1) with the F, -
measurable initial condition 7; =L , if the following
assertions are true:

For all x'OX", a(t,T)x and B(t,T)x are [0,1]xF

measurable,
2

1 1
Ej(a(t,T,)x*)dt+Ej(RB(t,T,)x*,B(t,T,)x*W<oo ; Tx s
0 0

continuous, F, —adapted and for each #[(0[0,1] and x" 0X :

t t
Tx =Tx +Ja(s,TS)x*dS +JB(S,TS)x*dWS a.s.
0 0
Definition 7. We say that the stochastic differential
equation (1) with the initial condition 7, =L has an unique

strong generalized solution , if (7)) and (ﬁ are two

100,1] 100,1]

solutions, then for each x" 0 X",

(n+l) _ p(n)
|z -1,

P{w:Tx (w)=T.x (w)forall x" OX"}=1.

The following theorem gives the sufficient conditions of
existence and uniqueness of a strong generalized solution to a
stochastic differential equation for GRP.

Theorem 1. Suppose that the coefficients of the stochastic
differential equation (1) satisfies the following conditions:

L a1, + OB TH < K A+]7], .

2.
|late, T - a, S)||2M1 +712(ME)(B(t,T) - B(1,S)) < K*|T - S||MI2

Forall 7,S from M,.

Then there exists an unique strong generalized solution to
(1) with the initial condition

T, = L, where , for all x’0X , Lx"is F, — measurable
||L||M ' <o, T:[0,1] - M, is continuous.

Proof. For all ¢ define T’ =L and for any x" 0 X" let

t

t t
L% =10 + [a(s, 7" )x'ds + [ B(s, 7" )x'dW, . (2)
0 0

zM < ZsupHX*H<1 E(J‘a(s,];m) _a(S’TY(n_l))X*dS)z +
! B

250y, E([ B(s,T,") = B(s,T," " )x"dW, )" <
0

2
j||a<s,1;"”> ~a(s, 1), ds+ 2} T2 (M )(B(s,T,") = B(s,T,""))ds <
0 ! 0

2 -
e R

2

t
Ja(s,TS(O))dS

0

2
”TS(I) -T® " <2
Ml

M,

2 Crl
Therefore "7;("”) —Tt(’”” <P
M, n!

For any fix x 0X",

(n+l) _ n(n) *
Esup,, |(T; T7")x

t
2EsUpy.,. [ (B(s, T = B(s,T" " )x"dW,
0

+2

t
[Bs,7"aw,
0

2
@ _7(0)
-1 ds
Ml

2

<2K°( 4[5, ).

M,

for some positive p and C.

t
T S2Esup,.,., [(a(s.T") ~als, T )x ) ds +
0

2

2
< 2J1.||a(s,7;(")) -a(s,T"™" )" ds +
0

M,

1
., e 1 n-1
8'([ r2(MO)(B(s, T - B(s,T" " Y)ds < 10PC %1—1)!'
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Then we Have

(T 70

Z P(supgi<i
n=1
By the Borel-Cantelli lemma, the series

Z(O)x* (0)) + Z(Zn (w) _7:()171) (w))x*
m=1
converges uniformly on ¢ ( P— a.s.) to the continuous
random process, which we denote by Tx',x' 0X . From
equation (2) we obtain

Tx" =Lx +Ia(s,ﬂ)x*dS+JB(S,11)x*dVK a. s..
0 0

Therefore, the GRP (7))
solution of the equation (1).

Uniqueness of the solution and continuity of
T :[0,1] - M, we can prove by the same way (see [5] th.6).

(10.1] is a strong generalized

Let now consider the stochastic differential equation in an
arbitrary Banach space
dé, = a(t,&)dt + B(t,&)dW,, ©)

where a:[0,1]xX - X and B:[0,1]xX - L(X,X)
are such functions, that

1.

a@ o), + M) (B @) s K*a+el, )

2’.
latt.&)=a(t.m),,* + T2 (MENB 1.6~ B @my <K€=, ”,

x> %2) = ZH4E(Sup05t51 (TI(HH) - Tt(n))X*
n=1

137

2 o
4 ~n-1
C
)<.lopy.n A]_l)!.
n=l

&, are weak second order X -valued random elements. We
can extend the coefficients a and B" on M, O M, : Let
TOM, , then there exists (&,),,y OM, , such that
é, —T||M1 - 0. Then Ha(t,fn)—a(t,fm)HMl <K*||é, ¢,
RMONB (LE)-B (LE)SK &, -&], -0 -
we a(t,T)=lim, _a(t¢,)
B'(t,T)=lim,__ B'(t,¢,) . They will satisfy the conditions 1

and 2 of the Theorem 1 with the
T,x =(&,,x ), therefore, we receive from the equation (3)

-0,

M,

Therefore,

can define and

initial condition

the stochastic differential equation for GRP.
Theorem 2. If the coefficients of the equation (3) satisfy
the conditions 1’ and 2’ and for all {0M,, a(L¥) from

[0,1] to M, and B (C¥) from [0,1] to M, are continuous

then the stochastic differential equation (2) possesses an
unique strong generalized solution with initial condition

Tx' =(&.x") .
Consider now a linear stochastic differential equation in a
separable Banach space.

dé, = A dt+ B()EAW,, @

where A4:[0,1] - L(X,X) and B:[0,1] - L(X,L(X,X))
are continuous. Therefore, max ](||A(t)||,||B(t)||SM for
some M >0. Then

170,1

Where
[4é =A@l " = sup 1., ECADE=m,x") =sup E(E=m), 4" (0x) =
* 2 A* *\ 2 2 *\ 2 2 2
4 s, E“‘L”)’ﬁ“ <M sy EE -y =M -l

Using the proposition 1, we have

L (MY YBOE =B = supy.(., ERBAE=M) ¥ (BOE=-1) x)

SUP|, 1y SUPy=r BB —n) x,x)’ = SUP|, 1y SUPyy=t ECB(O(E =), x)* =

) B Fan2 2 2 _
”B (t)" SuPHx‘Hsl SUP| <1 E<(E_’7)aﬁ5(x:x ) =M SupHx”Hsl E{(&-m),x )" =

M =ml,
Where O(x,x’) is an element of the Banach space

(L(X,X))" , Therefore, the
conditions 1’ and 2’. That is , by the theorem 2 , the linear
stochastic differential equation (4) has an unique generalized
solution.

Hence, by the theorems 2, we prove the existence of
solutions as a GRP (family of random linear functions).We
reduce the problem of the existence of the random process as
a solution to the well known problem of decomposability of
GRE (random linear function). Using the corresponding
results, we can receive sufficient conditions for existence of

equation (4) satisfies the
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the solutions. Some sufficient conditions were received in [5].
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