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Abstract: Since Pardoux and Peng firstly studied the following nonlinear backward stochastic differential equations in 1990. 

The theory of BSDE has been widely studied and applied, especially in the stochastic control, stochastic differential games, 

financial mathematics and partial differential equations. In 1994, Pardoux and Peng came up with backward doubly stochastic 

differential equations to give the probabilistic interpretation for stochastic partial differential equations. Backward doubly 

stochastic differential equations theory has been widely studied because of its importance in stochastic partial differential 

equations and stochastic control problems. In this article, we will study the theory of doubly stochastic systems and related topics 

further. 
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1. Introduction 

Andersson and Djehiche, Buckdahn, Djehiche and Li, 

Meyer Brandis, ksendal and Zhou, and Lihave studied the 

optimal control problem about Mean-field s tochastic 

differential system .Inspired by the above problems, in the 

paper, we study the optimal control problem about Mean-field 

backward doubly stochastic system. In the situation that 

control field to the convex and coefficient contains control 

variable, Using convex variational and dual technology, we 

present the local and global stochastic maximum principle, 

proved a sufficient conditions of optimality (verification 

theorem) and a necessary condition[1-4]. 

2. The Control Problem of Mean-Field 

Backward Doubly Stochastic System 

For simple marking, make 1 2
1m n d l k k= = = = = = . 

Given convex subset k
U ⊂ R , allowing the control set is 

defined as 

{
ad

u = : [0,υ  T ]  |U υ×Ω →  is t
F  - measurable, 

2E | ( ) | }
T

o
t dtυ < +∞∫  

For any 
2, ( , , ; R),ad Tu L F Pυ ξ∈ ∈ Ω  consider the 

following MF - BDSDE: 

( ) ( , ( ), ( ), ( )) ( ) ( ) ( , ( ), ( ), ( )) ( ),
T T T

f g

t t t
Y t s Y s Z s s ds Z s d W s s Y s Z s s d B s

υ υ υ υ υ υξ υ υ
→ ←

= + Γ − + Γ∫ ∫ ∫  

Where ,i f g=  

( , ( ), ( ), ( ))
i

s Y s Z s s
υ υ

υΓ ( , , , ( , ), ( , ), ( , ), ( , ), ( , ), ( , )) ( ),i s Y s Z s v s Y s Z s s P dυ υ υ υθ ω ω ω ω ω ω ω υ ω ω
Ω

′ ′ ′ ′ ′= ∫  

And 
2: [0, ] R R R R Rf T U Uθ Ω × × × × × × × → , 

2: [0, ] R R R R Rg T U Uθ Ω × × × × × × × →  
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Performance indicators is 

0 00
( ( )) E ( , ( ), ( ), ( )) E[E ( ( ), ( ))],

T
l

J s Y s Z s s ds h Y Y
υ υυ υυ υ ω ω′ ′⋅ = Γ +∫                        (1) 

Where 

( , ( ), ( ), ( ))
l

s Y s Z s s
υ υ

υΓ ( , , , ( , ), ( , ), ( , ), ( , ), ( , ), ( , )) ( )l s Y s Z s s Y s Z s s P dυ υ υ υω ω ω ω υ ω ω ω υ ω ω
Ω

′ ′ ′ ′ ′= ∫  

2
: R R R,h Ω × × →  

2: [0, ] R R R R ,l T U U RΩ × × × × × × × →  

Control problem is looking for admission control to make performance indicators reaching the minimum value on the ad
u . 

Supposing that [5-6] 

(H1) (1) , , ,
f g

l hθ θ  is continuously differentiable about , ', , ', , 'y y z z v v ,and the derivative of h and i is linear growth. 

(2) ,
f gθ θ  meet uniform Lipschitz condition about ( ), , ', ', , 'y z y z v v . 

In other words there exist , , ,i i jL K α  for , , ', ', , ', 3,4i y z y z v v j= = . making 

1 1 1 1 1 1 2 2 2 2 2 2( , , , , , , , , ) ( , , , , , , , , )f ft y z y z t y z y zθ ω ω υ υ θ ω ω υ υ′ ′ ′ ′ ′ ′′ ′−

1 2 1 2 1 2 1 2 1 2 1 2 ,y z y z v vL y y L z z L y y L z z L Lυ υ υ υ′ ′ ′
′ ′ ′ ′ ′ ′≤ − + − + − + − + − + −  

2

1 1 1 1 1 1 2 2 2 2 2 2( , , , , , , , , ) ( , , , , , , , , )g gt y z y z t y z y zθ ω ω υ υ θ ω ω υ υ′ ′ ′ ′ ′ ′′ ′−
2 2

2 22 2 2 2

1 2 1 2 1 2 1 2 3 1 2 4 1 2 ,y y v vK y y K y y K K z z z zυ υ υ υ α α′ ′′ ′ ′ ′ ′ ′≤ − + − + − + − + − + −

2 6( , , ) [0, ] , ( , , , , , ) R , 1,2
i i i i i i

t T y z y z iω ω υ υ′ ′ ′′∀ ∈ ×Ω ∈ =  

 

And 
2

0
E E ( , , ) ,

T
l
o t dtθ ω ω′ ′ <∞∫  ,l f g=  

Where ( ) ( )0 0 3 4, , ' , , ',0,0,0,0,0,0 , 1l lt w w t w wθ θ α α= + < . 

Under the above assumptions, for any ( )v ∈i adu , there 

exists a unique solution ( ) ( ) ( )2 2, 0, ; 0, ;v vY Z S T M T∈ ×R R  

of the equation (1). And the performance index defined is 

reasonable.[7-8] 

Assumed ( )u ⋅⌢  is the optimal control. ( ) ( )( ),Y Z⋅ ⋅
⌢ ⌢

 is the 

corresponding optimal trajectory. ( )v ⋅  meet ( ) ( )u v⋅ + ⋅ ∈⌢

adu .because of the convexity of adu , for any 

( ) ( ) ( )0 1,u u vεε ε≤ ≤ ⋅ = ⋅ + ⋅ ∈⌢
adu . there exists a unique 

solution ( ) ( )( ),Y Zε ε⋅ ⋅  of u
ε  

Lemma 1. hypothesis (H1) is established, for any t ∈ [0, T], 

2 2
2 2ˆ ˆ( ) ( ) , ( ) ( ) .

T

t
E Y t Y t C E Z s Z s ds C

ε εε ε− ≤ − ≤∫  

Proof. Notice that ˆ( ) ( )Y t Y tε −  to meet the following 

MF-BDSDE: 

ˆ ˆ ˆ ˆ( ) ( ) [ ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))]
T

f f

t
Y t Y t s Y s Z s u s s Y s Z s u s dsε ε ε ε− = Γ − Γ∫

ˆ ˆ ˆ[ ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))] ( )
T

g g

t
s Y s Z s u s s Y s Z s u s d B sε ε ε

←
+ Γ − Γ∫ ˆ( ( ) ( )) ( )

T

t
Z s Z s d W sε

→
− −∫  

Applying Ito
⌢

 formulas to 
2

ˆ( ) ( )Y t Y t
ε −  

2 2

ˆ ˆ( ( ) ( ) ( ) ( ) )
T

t
E Y t Y t Z s Z s ds

ε ε− + −∫ ˆ ˆ ˆ ˆ2E ( ) ( ), ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))
T

f f

t
Y s Y s s Y s Z s u s s Y s Z s u s dsε ε ε ε= − Γ − Γ∫

2
ˆ ˆ ˆE ( , ( ), ( ), ( )) ( , ( ), ( ), ( ))

T
g g

t
s Y s Z s u s s Y s Z s u s dsε ε ε+ Γ − Γ∫  

According to (H1), there is 
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2 2

ˆ ˆE ( ) ( ) E ( ) ( )
T

t
Y t Y t Z s Z s ds

ε ε− + −∫
2

22

1 2
ˆE ( ) ( ) E ( )

T T

t t
k Y t Y t ds k s ds

ε ε υ≤ − +∫ ∫  

Where ( 1,2)
i

k i = is constant rely on (H1). According Gronwall Inequality and Burkholder-Davis-Gundy Inequality, results 

are verified. 

For simple marking, make 

ˆ ˆ ˆ ˆˆ ˆ ˆ( ) ( , , , ( , ), ( , ), ( , ), ( , ), ( , ), ( , )),Y Z u Y Z uα α ω ω ω ω ω ω ω ω′ ′ ′ ′⋅ = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  

( ) ( , , , ( , ), ( , ), ( , ), ( , ), ( , ), ( , )),Y Z u Y Z uε ε ε ε ε ε εα α ω ω ω ω ω ω ω ω′ ′ ′ ′⋅ = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )1 1
, , , ,

T T

t t
t t F s s s ds G s s s dB sξ ψ ξ η ξ η= + +∫ ∫

��
( ) ( ),T

t
s dW sη−∫
��

               (2) 

Where 

( ) ( )( ) � ( ) ( ) � ( ) ( ) � ( ) ( ) � ( ) ( )1 , , ,f f f f
y z y zF s s s s s s s s s s sξ η θ ξ θ η θ ξ θ η′ ′ ′ ′ ′= Ε + + +  

 

( ) ( )( ) � ( ) ( ) � ( ) ( ) � ( ) ( ) � ( ) ( )1 , , ,g g g g
y z y zG s s s s s s s s s s sξ η θ ξ θ η θ ξ θ η′ ′ ′ ′ ′= Ε + + +  

 

And 

( ) � ( ) ( ) � ( ) ( ) � ( ) ( ) � ( ) ( ) ( ).
T T

f f g g

t t
t s s s s ds s s s s dB sυ υ υ υψ θ υ θ υ θ υ θ υ′ ′   ′ ′ ′ ′= Ε + + Ε +     ∫ ∫

��

 

Marked 

� ( ) ( ) � ( ) ( ) ( ), , , ,f f
y ys s s s dθ ξ θ ω ω ξ ω ω

Ω
 ′ ′ ′Ε = Ρ   ∫  

� ( ) ( ) � ( ) ( ) ( ), , , .f f
y ys s s s dθ ξ θ ω ω ξ ω ω′ ′

Ω
 ′ ′ ′ ′ ′Ε = Ρ   ∫  

Under the above assumptions, for any ( )v ∈i ad
u , there exists a unique solution ( ) ( )( ) [ ]( )2, 0, ;Rt t S Tξ η ∈ × ( )2 0, ;M T R  of 

the equation (2). 

Lemma 2. Marked 

( ) ( ) � ( ) ( )Y t Y t
y t t

ε
ε ξ

ε
−

= −  , ( ) ( ) � ( ) ( ).
Z t Z t

z t t

ε
ε η

ε
−

= −  

[ ]
( ) 2

0 0,

lim sup 0,
t T

y tε

ε → ∈
Ε =  ( ) 2

00
lim 0.

T

z t dtε

ε →
Ε =∫                             (3) 

( ),y zε ε
 is the solution of the equation as follows, 

( )

( ) 0,

dy t

y T

ε

ε

− =






 =

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1

1

,

y z y z

y z y z

f t y t f t z t f t y t f t z t f t dt

g t y t g t z t g t y t g t z t g t dB t

z t dW t

ε ε ε ε ε ε ε ε ε

ε ε ε ε ε ε ε ε ε

ε

′ ′

′ ′

′ ′ ′ Ε + + + + 

′ ′ ′ +Ε + + + + 

−

��

��

 

Where ,f gδ =  , 
� �( ), , ,,t t ttY Y Y Yε

ω ω ωωλ= + −  , ɵ ɵ( ), , ,,t t tt
u u u uε

ω ω ωωλ= + −  

( ) ( )1

, , , ,, ,
0

, , , , , , ,
y y

Y Z u Y Z u dε δ
ω ω ω ωω ωδ θ λ′ ′ ′⋅ ⋅ ⋅ ⋅⋅ ⋅⋅ = ⋅∫  
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and 

( ) ( ) � ( ) ( ) � ( ) ( ) � ( )1 , , ,y z yy z y

ε ε δ ε δ ε δ
ω ω ωδ δ θ ξ δ θ η δ θ ξ′′ ′⋅ ⋅ ⋅

     ⋅ = ⋅ − ⋅ + ⋅ − ⋅ + ⋅ − ⋅          
 

( ) � ( ) ( ) � ( ) ( ) � ( ), , , .zz

ε δ ε δ ε δ
υ υω υ ω υ ωδ θ η δ θ υ δ θ υ′ ′′ ′′ ′ ′⋅ ⋅ ⋅

     + ⋅ − ⋅ + ⋅ − ⋅ + ⋅ − ⋅          
 

Applying Ito
⌢

 formulas to ( ) 2

y tε  on [ ],t T  

( ) ( )2 2T

t
y t z s dsε εΕ + Ε∫ ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1

2 ,
T

y z y z
t

y s f s y s f s z s f s y s f s z s f s dsε ε ε ε ε ε ε ε ε ε
′ ′′ ′ ′ = Ε Ε + + + + ∫

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

1
.

T

y z y z
t

g s y s g s z s g s y s g s z s g s dsε ε ε ε ε ε ε ε ε
′ ′′ ′ ′ +Ε Ε + + + + ∫  

According to (H1), there is 

( ) ( ) ( )2 2 2

,
T T

t t
y t z s ds k y s ds Cε ε ε

εΕ + Ε ≤ Ε +∫ ∫  

Where k is constant, when 0ε → 时, 0Cε → . According Gronwall Inequality, results are verified. Because of ( )u ⋅⌢  is the 

optimal control,  

( )( ) ɵ ( )( )1 0.J u J uεε −  ⋅ − ⋅ ≥
 

                                    (4) 

According to lemma 2, there is 

lemma 3. Hypothesis (H1) was established, then the following variation inequality is established[9-10]
： 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

T

y z y zl s s l s s l s s l s s l s s l s s dsυ υξ η ξ η υ υ′ ′ ′ ′ ′ ′ ′Ε Ε + + + + +
 ∫ ɵ ɵ ɵ ɵ ɵ ɵ  

� �( ) � �( )0, 0, 0, 0,0, 0,, , 0.y yh Y Y h Y Yω ω ω ωω ωξ ξ′ ′′ ′
 ′+ΕΕ + ≥
 

                          (5) 

Where 

( ) ( ) ( ) ( ) ( ), , , .y yl s s l s s dξ ω ω ξ ω ω′ ′
Ω

 ′ ′ ′ ′ ′Ε = Ρ
  ∫ɵ ɵ  

Proof. 

( ) � �( )1
0, 0,0, 0,, ,h Y Y h Y Yε ε

ω ωω ωε −
′′ ′ΕΕ −  ( ) �( )1

1
0, 0, 0,0,

0
,yh Y Y Y Y dε

ω ω ωωε λ−
′′= ΕΕ −∫ ( ) �( )1

1
0, 0, 0,0,

0
,yh Y Y Y Y dε

ω ω ωωε λ−
′ ′′ ′′+ΕΕ −∫

� �( ) � �( )0, 0, 0, 0,0, 0,, , , 0y yh Y Y h Y Yω ω ω ωω ωξ ξ ε′ ′′ ′
 ′→ ΕΕ + →
 

 

Where � �( )0, 0, 0,0,Y Y Y Yε
ω ω ωωλ= + − . 

( ) ( ){ }1

0

T

l t l t dtεε −  ′Ε Ε − ∫ ɵ ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

T

y z y z ul s s l s s l s s l s s l s s l s s dsυξ η ξ η υ υ′ ′ ′ ′ ′ ′ ′→ Ε Ε + + + + +
 ∫ ɵ ɵ ɵ ɵ ɵ ɵ   

so (5) is verified. 

Considering the adjoin equation: 

( ) � �( ) � �( ) ( ) ( )( )*
*

0, 0, 0, 0, 2
0

, , , ,
t

y yp t h Y Y h Y Y F s p s q s dsω ω ω ω′ ′′= Ε + Ε + ∫ ( ) ( )( ) ( ) ( ) ( )2
0 0

, , ,
t t

G s p s q s dW s q s dB s+ −∫ ∫
�� ��

   (6) 

Where 

( ) ( )( ) � ( ) ( ) � ( ) ( ) ( )2 , , f g
y y yF s p s q s s p s s q s l sθ θ ′= Ε + +  

ɵ  
� ( ) ( ) � ( ) ( ) ( )* * * ,f g

y y ys p s s q s l sθ θ′ ′ ′ +Ε + +  
ɵ  
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( ) ( )( ) � ( ) ( ) � ( ) ( ) ( )2 , , f g
z z zG s p s q s s p s s q s l sθ θ ′= Ε + +  

ɵ � ( ) ( ) � ( ) ( ) � ( )* * * .f g
z z zs p s s q s l sθ θ′ ′ ′

 +Ε + +  
 

( ) ( ) ( )* * *, , ,y yl s l s dω ω ω′ ′
Ω

Ε = Ρ∫ɵ ɵ  

� ( ) ( ) � ( ) ( ) ( )* * * * *, , , .f f
y ys p s s p s dθ θ ω ω ω ω′ ′

Ω
 Ε = Ρ   ∫  

Define the Hamiltonian function [ ]: 0,H T R R R R R R R R R× × × × × × × × → as follows 

( )1 1 1 2 2 2, , , , , , , ,H t y z y z p qυ υ ( ) ( )1 1 1 2 2 2 1 1 1 2 2 2, , , , , , , , , , , , , , , ,f gt y z y z p t y z y z qθ ω ω υ υ θ ω ω υ υ′ ′= +  

( )1 1 1 2 2 2, , , , , , , ,l t y z y zω ω υ υ′+                                          (7) 

By the variational inequality (7), we present MF - BDSDEs stochastic control problem of stochastic maximum principle. 

Theorem 1,(stochastic maximum principle) Assumed ( ) ( ) ( )( )ˆ ˆ ˆ, ,Y Z u⋅ ⋅ ⋅  is the optimal trajectory of the control 

problem{(1),(2)}, [ ], . .    0, , . .v U a e t T a s∀ ∈ ∈  

� ( ) ( ) ɵ ( )( )* *, , , , 0H t H t u tυ υω ω ω ω υ′
 ′ ′  ⋅ −Ε
 

+ ≥Ε                                (8) 

where 

� ( ), ,H t ω ω′ � ( ) � ( ) ɵ ( ) � ( ) � ( ) ɵ ( ) ( ) ( )( ), , , , , , , , , , , , , , , , , ,H t Y t Z t u t Y t Z t u t p t q tω ω ω ω ω ω ω ω ω ω′ ′ ′ ′=               (9) 

Proof. Applying Ito
⌢

 formulas to ( ) ( ),t p tξ ,we can get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0
0

T

y z y z
p l s s l s s l s s l s s dsξ ξ η ξ η′ ′′ ′ ′ −Ε = Ε Ε + + + ∫

� ( ) ( ) ( ) � ( ) ( ) ( )
0

T
f gs s p s s s q s dsυ υθ υ θ υ′ ′ ′ ′ ′−Ε Ε +  ∫

� ( ) ( ) ( ) � ( ) ( ) ( )
0

T
f gs s p s s s q s dsυ υθ υ θ υ ′−Ε Ε +  ∫  

According (5) ,we can get 

� ( ) ( ) ( ) � ( ) ( ) ( ) ( ) ( )
0

T
f gs s p s s s q s l s s dsυ υ υθ υ θ υ υ′ ′ ′ ′ ′ ′ ′Ε Ε + +  ∫ ɵ

� ( ) ( ) ( ) � ( ) ( ) ( ) ( ) ( )
0

0
T

f gs s p s s s q s l s s dsυ υ υθ υ θ υ υ ′+Ε Ε + + ≥  ∫ ɵ  

According Hamiltonian function, we can get 

� ( )( ) � ( )( ) ɵ ( )( ) � ( ) � ( ) ɵ ( )(* * * *

0
, , , , , , , , , ,

T

H t Y t Z t u t Y t Z t u tυ ω ω ω ω ω ω′
Ε Ε
∫

( )( ) ( )( )) � ( ) � ( ) ɵ ( ) � ( )( ) � ( )( ) ɵ ( )( )(* *, , , , , , , , , , ,p t q t H t Y t Z t u t Y t Z t u tυω ω ω ω ω ω ω ω′ ′ ′ ′+ Ε ( ) ( )) ( ), , , 0p t q t t dtω ω υ ⋅ ≥  

For any ,v U F∈  is the any element of ( )lg tA ebra Fσ − ,setting 

( )

ɵ ( )

ɵ ( )
ɵ ( )

,

,

,

,

u s

s
u s

u s

υ
υ



= 




 

[ )
[ )
[ )
[ ]

0, ,

, , , ,

, , , ,

, ,

s t

s t t F

s t t F

s t T

ε ω
ε ω

ε

∈

∈ + ∈

∈ + ∈ Ω −

∈ +

 

We can know ( ) adv s u∈  , because ( )tυ  meet ɵ ( ) ( ) adu t t uυ+ ∈  , setting ( ) ( ) ɵ ( )t t u tυ υ= − , The above inequalities can be 

rewritten as 
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� ( ) � ( ) ɵ ( )( )* *1 , , , , 0
t

F
t

H s H s u s ds
ε

υ υω ω ω ω υ
+

′ ′ ′Ε Ε + Ε ⋅ − ≥
 ∫  

Differential on a variable ε  at 0ε = , we can get 

� ( ) � ( ) ɵ ( )( )* *1 , , , , 0F H t H t u tυ υω ω ω ω υ′ ′ ′Ε Ε + Ε ⋅ − ≥
   

So (8) is verified. 

3. Mean-Field Backward Doubly Stochastic LQ Problem 

This section, we apply the maximum value principle to Mean-field backward doubly stochastic LQ problem. 

( ) 1 2 2 2

0, 0, 0 0, 0 0,

1 1
,

2 2
q Y Y Q Y Q Yω ω ω ω′ ′= +  

And 

( ), , , , , ,, , , , , , , ,s s s s s sf s Y Z Y Zω ω ω ω ω ωω ω υ υ′ ′ ′′ ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 2 2

, , , , , ,s s s s s sA s Y B s Z C s A s Y B s Z C sω ω ω ω ω ωυ υ′ ′ ′= + + + + +  

( ), , , , , ,, , , , , , , ,s s s s s sg s Y Z Y Zω ω ω ω ω ωω ω υ υ′ ′ ′′ ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 2 2

, , , , , ,s s s s s sD s Y E s Z F s D s Y E s Z F sω ω ω ω ω ωυ υ′ ′ ′= + + + + +  

( ), , , , , ,, , , , , , , ,s s s s s sl s Y Z Y Zω ω ω ω ω ωω ω υ υ′ ′ ′′ ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2 2 2 2 2 2 2

, , , , , ,

1

2
s s s s s sM s Y N s Z W s M s Y N s Z W sω ω ω ω ω ωυ υ′ ′ ′ = + + + + +   

Where  is bounded.  is 
2

sM  measurable (similarly, other coefficient 

satisfies the hypothesis). ,
i i

M N  are nonnegative, iR  is positive. The state equation is 

( ) ( ) ( ){ }1 1 1

, , , ,
E E E

T

t s s s
t

Y A s Y B s Z C s dsυ υ υ
ω ω ω ωξ υ′ ′ ′     = + + +     ∫ ( ) ( ) ( )2 2 2

, , ,
E

T

s s s
t

A s Y B s Z C s dsυ υ
ω ω ωυ′ ′ ′′  + + + ∫  

( ) ( ) ( ){ }1 1 1

, , , ,
E E E

T

s s s s
t

D s Y E s Z F s dBυ υ
ω ω ω ωυ′ ′ ′     + + +     ∫

��
( ) ( ) ( ){ }2 2 2

, , , ,
E

T

s s s s
t

D s Y E s Z F s dBυ υ
ω ω ω ωυ′ ′ ′′  + + + ∫

��

, ,
,

T

s s
t

Z dWυ
ω ω−∫
��

                                          (10) 

Performance indicators is 

( )( )J υ ⋅ ( ) ( ) ( )( )2 2 2
1 1 1 2 1

, , , 0 0,
0

1
E E E

2

T

s s sM s Y N s Z W s ds Q Y
υ υ υ
ω ω ω ωυ   ′ ′= + + +      ∫

( ) ( ) ( )( )2 2 222 2 2 2

, , , 0 0,
0

1
E E E .

2

T

s s sM s Y N s Z W s ds Q Y
υ υ υ
ω ω ω ωυ′ ′ ′ ′

   ′ ′+ + +      ∫  

In order to mark is simple, put  for . Hamiltonian function is 

( )1 1 1 2 2 2, , , , , , , , , ,H s y z v y z v p qω ω′ ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 2 2

1 1 1 2 2 2A s y B s z C s v A s y B s z C s v p = + + + + + 

( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 2 2

1 1 1 2 2 2D s y E s z F s v D s y E s z F s v q + + + + + + 

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2 2 2 2 2 2 2

1 1 1 2 2 2

1
.

2
M s y N s z W s v M s y N s z W s v + + + + + +   

According Theorem 1, we can get 

( ) ( ) ( ) ɵ ( ) ( ) ( ) ɵ1 1 1 * 2 * 2 * 20 E E ,s ss s s sC s p F s q W s u C s p F s q W s u   ′= + + + + +
                   (11) 

Where 

[ ] 2
: 0,

i
A T × Ω →R ( ) ( ), , ' , , '

i
s w w A s w w֏

( ). ,iA s ω ω′ ( )iA s
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( ) ( ) ( ) ( )* 1 1E , , , ,sC s p C s p s P dω ω ω ω
Ω

′ ′  =  ∫  

( ) ɵ ( ) ( ) ( ) ( )* 2 2 * *E , , , ,W s u s W s u s P dω ω ω ω
Ω

  =
  ∫  

( ) ( ) ( ) ( )* 2 * 2 * * *E , , , ,sC s p C s p s P dω ω ω ω
Ω

  =  ∫  

And 

( ) � � ( ) ( )( )1 * 2
0, 0,0 0 2

0
E E , ,

t

p t Q Y Q Y F s p s q s dsω ω   ′= + +
    ∫ ( ) ( )( ) ( ) ( ) ( )2

0 0
, , ,

t t

G s p s q s dW s q s dB s+ −∫ ∫
�� ��

     (12) 

And 

( ) ( )( ) ( ) ( ) ( ) ( ) ( )1 1 1

2 , , EF s p s q s A s p s D s q s M s′  = + +  ( ) ( ) ( ) ( ) ( )* 2 * 2 * 2E A s p s D s q s M s + + +   

( ) ( )( ) ( ) ( ) ( ) ( ) ( )1 1 1

2 , , EG s p s q s B s p s E s q s N s′  = + +  ( ) ( ) ( ) ( ) ( )* 2 * 2 * 2E B s p s E s q s N s + + +   

Theorem 2. Assumes u
⌢

 that satisfy (9), the (p, g) is the solution of equation (10), the above LQ problem have unique solution 

Proof. 

( ) ɵ( )J J uυ − ( ) � ( ) �
2 22 2

1 1
, ,, ,

0

1
E E

2

T

s ss sM s Y Y N s Z Z dsυ υ
ω ωω ω

    ′= − + −      
∫

( ) ɵ ( ) �
22 221 2

,,, ,
0

1
E E

2

T

sss SW s u M s Y Y dsυ
ωωω ωυ ′′

   ′+ − + −        
∫

( ) � ( ) ɵ
2 22 22 2

, ,, ,
0

1
E E

2

T

s ss sN s Z Z W s u dsυ
ω ωω ωυ′ ′′ ′

    ′+ − + −        ∫ � �
2 22 2

1 2
0, 0,0 0, 0 0,

1
EE

2
Q Y Y Q Y Yυ υ

ω ωω ω ′′
    ′+ − + −        

 

( ) � �( ) ( ) � �( )1 1
, , , ,, ,

0
E E

T

s s s ss sM s Y Y Y N s Z Z Z dsυ υ
ω ω ω ωω ω

 ′≥ − + −
 ∫ ( ) ɵ ɵ( ) ( ) � �( )1 2

, ,, ,, ,
0

E E
T

s ss ss sW s u u M s Y Y Y dsυ
ω ωω ωω ωυ ′ ′′

 ′+ − + −
 ∫  

( ) � �( ) ( ) ɵ ɵ( )2 2
, , , ,, ,

0
E E

T

s s s ss sN s Z Z Z W s u u dsυ
ω ω ω ωω ωυ′ ′ ′ ′′ ′

 ′+ − + −
 ∫ � �( ) � �( )1 2

0, 0, 0, 0,0 0, 0 0,EE Q Y Y Y Q Y Y Yυ υ
ω ω ω ωω ω′ ′′

 ′+ − + −
 

 

Applying Ito
⌢  formulas to  on  

� �( ) � �( )1 2
0, 0, 0, 0,0 0, 0 0,EE Q Y Y Y Q Y Y Yυ υ

ω ω ω ωω ω′ ′′
 ′ − + −
  ( ) ( ) ɵ( )1 1

,, , ,
0

E E
T

ss s s
C s p F s q u dsωω ω ωυ′  = + − ∫

( ) � �( ) ( ) � �( )1 1
, , , ,, ,

0
E E

T

s s s ss sM s Y Y Y N s Z Z Z dsυ υ
ω ω ω ωω ω

 ′− − + −
 ∫ ( ) ɵ( ) ( ) ɵ( )2 2

, ,, , , ,
0

E E
T

s ss s s sC s u p F s u q dsω ωω ω ω ωυ υ′ ′′ ′
 ′+ − + −
 ∫

( ) � �( ) ( ) � �( )2 2
, , , ,, ,

0
E E .

T

s s s ss sM s Y Y Y N s Z Z Z dsυ υ
ω ω ω ωω ω′ ′ ′ ′′ ′

 ′− − + −
 ∫  

We can get 

( ) ɵ( ) ( ) ( ) ɵ( )
( ) ɵ( ) ( ) ɵ( ) ( ) ɵ( ) ( ) ɵ( )
( ) ( ) ɵ( ) ( )

1 1
,, , ,0

1 2 2 2
, , , ,, , , , , , , ,

0 0

1 1 1
,, , , , ,

0

E E

E E E E

E E E E

T

ss s s

T T

s s s ss s s s s s s s

T

ss s s s s

J J u C s p F s q u ds

W s u u W s u u ds C s u p F s u q ds

C s p F s q u ds W s

ωω ω ω

ω ω ω ωω ω ω ω ω ω ω ω

ωω ω ω ω

υ υ

υ υ υ υ

υ υ υ

′ ′ ′′ ′ ′ ′

 ′− ≥ + − 

   ′ ′+ − + − + − + −      

   ′ ′= + − +   

∫

∫ ∫

∫ ɵ( ) ( ) ɵ ɵ( )
( ) ( ) ɵ( )

* 2
, ,,

0

2 * 2 *
,,

0

E

*
E E

T

s ss

T

ss s s

u W s u u dss

C s p F s q u ds

ω ωω ω

ωω

υ

υ

  − + −   

 + + − 

∫

∫

 

Theorem 2 is verified. 

�( ),, , ss w sp Y Y
υ

ωω − [ ]0,T
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4. Summary 

Theorem 1,(stochastic maximum principle) Assumed  is the optimal trajectory of the control 

problem{(1),(2)},  

                             (13) 

where 

       (14) 

Theorem 2. Assumes  that satisfy (9), the (p, g) is the 

solution of equation (10), the above LQ problem have unique 

solution. 
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