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1. Introduction

In this paper we consider the second order neutral
differential equations of the form

[y® + p@y ()] +a®f (y(o(®)) = 0.t = to,5 = £1(1.1)

Under the following assumptions:

(A) p(t), q(t) € C([to, ®); RT), p(t) > 0.

(Az) ©(8), 0(t) € C([to, @); R), lim_,o, (L) = o,

lim;,, a(t) =o0, 7(t) <t is increasing function. and
™) = (r (), k = 1,2, ..,n, TFU(E) = ¢,.

(A3) f(w) EC(R;R), wf(w) >0 for w#0, f(uv) =
f@f @), uv >0 and |f(u)| = Blul,p > 0.

By a solution of (1.1), we mean a function y(t) such that
y(t) + Sp(©)y(z(t)) is twice continuously differentiable
and y(t) satisfies (1.1) on [t,, o).

A solution is said to be oscillatory if it has arbitrarily large
zeros, otherwise it is said to be nonoscillatory, that is a
solution y(t) is nonoscillatory if and only if y(t) is
eventually positive or eventually negative. Equation (1.1) is
said to be oscillatory if every solution of (1.1) is oscillatory.

There has been a considerable investigation of the
oscillations of second order neutral differential equations. For
typical results we refer to the papers [1,3,5-7,10,12-14]. The
results in this paper extend and improve some results well

known in ([14], theorem 3.2.1 and theorem 3.2.2 pp.385-388).

Also, we show that (A;) implies that f(t) is nondecreasing
while in [13] they assume (A3) holds in addition to f(t) is
nondecreasing. Some examples are given to illustrate the

obtained results.

2. Main Results

In this section we present our main results, the following
lemma shows that (A;) implies f(u) is nondecreasing.
Lemma 2.1 Suppose that f € C(R,R),uf(u) =0 for

uiO,%Zﬁ >0 and f(uv) = f(w)f(v) for uv >0 .

Then f is nondecreasing function.
Proof: Assume that u, v > 0 then f(u), f(v) > 0. We have

fuw) = ff @), f(w) = Bu.Then
fuv) = Buf (v)
fuv) =2 Bvf (u)
0 = Bluf(v) —vf(uw)]
vf (W) = uf (v)
uf(w) ~ uf(w
f v

< —
f " u
If v < u then (2.1) implies that f(v) < f(w)
Hence f is nondecreasing function. O
Lemma 2.2. [7] Suppose that f(t); g(t): Rt - R*;
g(t) < t,limg,q g(t) = o and

(2.1)
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lim inf,_ fgt(t)f(s)ds > i

Then the inequality y'(t) + f()y(g(t)) < 0 cannot has
eventually positive solution, and the inequality y'(t) +
f(®y(g(t)) = 0 cannot has eventually negative solution.

In the following theorem we investigate eq. (1.1) when
§=1.

Theorem 2.3 Assume that (4;) — (A3) hold, a(t) = ¢, and

n+1

lim sup,e, 3,2, TR p(r4 (0(e)) < 1

For some positive odd integer n and there exists a function
h(t)eC*[ty, ), R*] such that

2.2)

[h'(9)]?
4h(s)

lim sup;_e th [,Bh(s)q(s)f(y(s)) - ]ds =0, T>t, (2.3)

Tl+1
y(@®) =1-32 TS p(* (o () -
solution of (1.1) oscillates.

Proof. Assume for the sake of contradiction that (1.1) has a
nonoscillatory solution, let y(t) be eventually positive
solution of (1.1) and there exists a positive odd integer n
such that y('ri(t)) >0,i=012,..,ny(c(t)) >0, for
t =t =t Let

where Then every

z(t) = y(®©) + p®y(z(®)) (24)
From (1.1) and (2.4) it follows that
z"(t) = —q(t)f (y(a(t))) <0,t>ty, (2.5)

Since z(t) > 0 then it follows that z'(t) > 0,t > t, >t
Form (2.4) we obtain

y(@®) = 2(t) = pOy(z(®)
=z(t) = p®)[z(z(®)) — p(z(®))y(z*(1))]
= 2(6) = p(®) [2(x(©)) — p(x(®)[2(z2(©)) — p(2O)y(T* )]

2(6) + Iiop (1) y(e1®) +
zl 11121 3 P @)z (©)) -
21‘:1 Hil 11 P ( k— l(t)) z (TZL_I(t))

+

Y 2 20 - 55, B p (27 @) 2 (%20
> [1- 25 s (7 0) 20

y(o(@®) =

1- ZZ M5t p (v 1(a(t)))] 2(a(0)) (2.6)

By (A;3) and Lemma 2.1 we get
f(¥(e(®)) = £ = 5.2, TS p(r* (0(6)) 2(a(9))

> F(1 - 5,2, 5 (25 (00)) F (2o (®)

f(¥(e®)) = f(1 =52, T p (752 (09)) Bz(o®)  27)
Substituting (2.7) into (2.5) we obtain
z"(t) +

Ba(®) [f (1 S B (% 1(0(0)))] 2(0(©) <0 2.8)

Define
n()z' (t)
w(t) = ®) (2.9)
It is obvious that wlt)>0 . Let

n+1

y(®) =1-%,2, Mt p(z* (o (1)) then differentiate (2.9)
i=
and using (2.8) it follows that

HOESI R 2(0) + 55 2 (O + BIOF Y D)2(0(1) < 0 (28)
n' h'®)
h(t)

z'(t)

W) = S w(e) + 50 w(®) + FROOF () < 0

Thenfort > t;(=T) = ¢,

n' (t)
h(t)

w'(t) <

(t)

=20 0) - L w2(t) - RO (¥ (©))

h(t) h(t)

+ (h’(t))z

4h(t)

= ~BROAOf (©O)~ | s w(©) — 70

h(t) 2/h(t)

(W)

4h(t)

< =Br®qOf (v (D) +- -

w'((t) < —

Br®)q®)f (v(t)) -

(<>)]

4h(t)

Integrating the last inequality from T to t, we get

w(t) < w(r) - J} [ﬁh(S)q(S)f(V(S)) o) ] ds.

as t — oo the last inequality leads to w(t) - —oo , which is a
contradiction. O
Example 1 Consider the neutral differential equation

[y(t) +e7ty (t - 377:)]” + e_gf(y(t +2m)=0,t>1,(E1)

r(t)—t—— o(t) =t+2mp() =e¢,

f(y(t + 21'[)) = y(t + 2m) [eg - Ze_Hg] ,q(t) = e_g

one can find that all conditions of theorem 2.3 are hold
Letn=3,8=3,h(t) =c >0,

lim sup,e 2,2 lll'IZl to(t o) =

= lim L, [e7t72" + 73727 = 0



Pure and Applied Mathematics Journal 2015; 4(2): 62-65 3

lim sup,-.eo [} [BR()a(8)f (r () = ] g5 =

4ah(s)

= limy o, [ e (y(s))ds = o0

so every solution of eq.(E1) oscillates, for instance y(t) =
sin t is such solution.

The following theorem investigate equation (1.1) when
6 =-1

Theorem 2.4 Assume (4;)— (43) hold, p(t) <1,
T"(a(t)) > t,’r‘"(a(a(t))) < t,a(t) > t and there exists a
function h(t)eC[ty, ), R*] such that

(2.10)

IR 050 - B ds] = 0,7 2 1,

lim inf,_, ff—n(a(a(m) [59 q) f(6()) dvds > é @.11)

where )il(t)_l-l'z L idop@ (0(1), 6(H) =
Yi=1 ;clom Then every solution of (1.1) is
oscillatory.

Proof : Assume for the sake of contradiction that (1.1) has
a eventually positive solution y(t), then there exists t; > t,

such that fort > t;,y (Ti(t)) >0,i=12,..,
positive integer and y(o(t)) > 0. Let

n, where n is

z(t) = y(©) — p(Oy(z(t) (2.13)
From equation (1.1) and (2.13) we get
2"(t) = —q(O)f (y(a(t))) <0,t>t,  (2.14)

hence z'(t),z(t) are monotone functions, we claim that
z'(t) >0,for t =t, =t, otherwise z'(t) <0 leads to
z(t) <0 for t > t, > t; and lim;_,, z(t) = —co it follows
that y(t) < p(t)y(z(t)) < y(r(t)) then y(t) is bounded.

On the other hand z(t) > —p(t)y(z(t) = —y(z(t))

Then lim,_,, y(t) = oo, leads to a contradiction. Therefore
z'(t) > 0 fort = t, > t;, there are two cases for z(t):

(@) z()>0fort=t,=t;;(b)z(t)<O0fort=t, >t

Case (a) z(t) >0, z'(t) > 0and 2''(¢t) < 0
From (2.13) it follows that

y(@®) =z(®) + p(Oy(x(®) =
=z(0) +p®[z(z(®) + p(r@®))y(z2(D))]

=z(t) + p()z(z()) + p(OP(T()[2(z* (D))
+p(T?O)y(*®)]

y(®) =
2(6) + 2 T p (740) 2 (21©) + e p (1) y @™ (1)

> 2(8) + X, [ p (7 ©)z (7))
> [1+ 21, [ p (24 (0)12((©)

Then there exists t;(=T) = t, such that fort > T
y(@@®) = [1+ X, [TiZo p( (0 (N2 (0 () (2.15)

Then by using (4;) and Lemma 2.1 we have
fO(e®)) = f[1+ 2L b p T (@ (ONIf (2™ (0()))

> Bf(1+ X iz (T (0 ()2 (z™ (0(1)))

By substituting (2.16) in (1.1) we obtain

z'(6) + Ba(®)f (1 + XL, [Tz

Define

(2.16)
bpEF(e())))z(z™ (0 (1)) <0 (2.17)

h(t)z’ h(®)z' (t)
w(t) ==

Then w(t) > 0, moreover

R (t)

()—m w(t) +

(t)
BRI (1) “r < 0

Where y;(t) = 1+ X, [T p(t* (a(0))-
Since z(t) < z( ”(a(t))) then

w () < = Z8w(e) + LQw(e) - pr©)a(Of (12 ()
= — L w? () + 22w(®) - BROaOf 0 ()
_ n'(6) (v @)
- M w(t) -3 h(t] 0o
—BR(®a(Of (11 (D)

Thus

’ (r' (£))?
W) <5

= Br®q ) f (1 (1))

Integrating the last inequality from T to t we get

w(t) < w(T) — [ IBRS)q()f (1 (s) — LD )as

4h(s)

ast - oo, and by (2.11) we deduce that w(t) - —oo this is a
contradiction.

Case (b) z(t) < 0,z'(t) > 0 and z”(t) <0

From (2.13) it follows that y(r(t)) =— () —z(t))

(t)
Then ¥(8) = Sy Y& (0) = 52267 ()

p(T‘l(t))

YO = s b ()

p(T™2(t)
— ey 2 O)] -

Y(f)=wy(f n(t)) P | [ (

p(r‘l(t)) 2(t7H(6)

@) 7O

2 Zl IHk 1 ( Z(T l(t))

k( 0)
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= _Z?=1H;.c 1 ( z(TT"(t)

k( 0)

Then there exists t;(= T) = t, such that fort > T

y(e@®) = -3k, ITi- 1m z(tT"(0(1))) (2.18)

Then by using (43) and Lemma 2.1 we have
fOEO) 2 f & Thmr sy f(-2E0ON)

> —f (2 Meer stz 2" @@ 219)
By substituting (2.19) in (2.14) we obtain

2"(®) = Ba(Of (X1 Mems 5oy 2 M @ON <0 (2.20)

p(t~ "(U(t)))

Integrating (2.20) from t to a(t) where a(t) >t is
continuous function, we get

2'(0) + pz(e (o @@) [ a)f (6()) = 0 2:21)

n _r
where 6(t) = Xi 1Hk 0p(z= k(o(t)))

condition (2.13) it follows that eq(2.21) cannot has
eventually negative solution, which is a contradiction.

Then every solutions of (1.1) is oscillatory. O

Example 2 Consider the neutral differential equation

[y(6) —e™"(3 —sint) y(t — 2m)]"

By lemma 2.2 and

_on I
+2e 2 (cost+2)y(t—?)=0,t2T (E2)

one can find that all conditions of theorem 2.4(or corollary
2.5) are hold, to see that:

Letn=2,,8=%,h(t) =c>0,

f(r1()) =1+ e 2 (3 + cost) + e 2™(3 + cost)?

1
fe®) = e 2™ (3 4+ cost) * e *"(3 + cost)?
t T
}im ce 2 (coss+2)f(y1(s)) ds =0
t om
}im ce 2 (coss+2)f(0(s)) ds=o0

so every solution of eq.(E2) oscillate for instance y(t) =
etcost is such a solution.

3. Conclusions

As mention in the abstract the results in this paper
extended and improved theorem 3.2.1 and theorem 3.2.2 [4]

The authors in[13] assume (A3) holds in addition to f(u)
is nondecreasing while we show that (A;) implies f(u) is
nondecreasing. Moreover we can establish other results by
assuming f(uv) < f(u)f(v) and f(u) < fu also implies

that f(u) is nondecreasing in similar way.
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