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Abstract: Oscillation criteria for a class of second order neutral delay differential equations of the form [c(t)((x(t) +
pLx(t—1)))a’+gtfxt—o=0, t=>¢01is studied. By using first and second mean value theorem of integrals, the new sufficient

condition is obtained and the corresponding result what was already obtained is generalized by the result in this paper.
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1. Introduction

In this paper, we are concerned with the oscillation
behavior for the second order neutral delay differential
equations of the form

[e((x(@) + p(O)x(t =1))' T +q(0) f(x(t =0)) = 0,1 2 1,. (1)

We assume that

(o)

(1) eyacipeman>o, [~ =e
0e(n)a
(2) a=1, r and 9 are nonnegative constants;
3) q(t) € C([tg, »),R),q(t) > 0 and not identically equal
to 0 on [t*,oo),t* 21y,
@)  p)oc(ry,=)R) and 0< p(t)<1;
(5) f(x)OC(R,R)and xf(x)>0,x#0.

Neutral differential equations have a fairly wide range of
applications in the study of natural phenomena, and many
natural phenomena can be modeled by neutral differential
equations. Neutral differential equations with delay are the
common mathematical model described in a large number of
phenomena and processes, common in electronics, physics and
other aspects. For example: delay differential equations are
used to describe the dynamic system with feedback. This
research have received considerable attention, and caused
extensive interest. The mathematical analysis of neutral delay

differential equations is often used for assessment of the
properties of the solution due to the time delay, and the
sufficient conditions for oscillatory of these equations.
Second order neutral delay differential equations evolved
on the basis of the first order, and the oscillation sufficient
conditions are obtained by applying the methods similar to an
order but more advanced, and get the model to be promoted.
The interval oscillation, linear oscillation, and oscillation of
second-order nonlinear neutral differential equations are
studied in recent years, which promote delay differential
equations to a new level, and many scholars propose some
new oscillation criteria. The oscillation of neutral differential
equations are studied in [1], [5], [6] and [8], and the oscillation
of neutral delay differential equations are studied in [2]-[4],
[71, [9] and [10]. In this paper, we introduced neutral delay
differential equations, with reference to [4] and [9]. The
second order neutral delay differential equations of the form

[H(O)Ax()+ p(t)x(t=T)))T ]'+ f(1.x(1=0)) =0,t 21
is studied in [4] and the equation is oscillatory if

r(s—o)

W)F 1+"(t,s)eXlo(I F(t,€)de)ds = +o.

t oo
Iy

limsup j (P(s)-

The second order neutral delay differential equations of the
form

[a()(x(@) + p(O)x(t =D)'T +q() f(x(t =0)) = 0,1 2,
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is studied in [9] and obtained the new oscillation condition

lim sup !
toe H(tato)

[H(t.)p()q(s) /(1= p(s = 0))ds = o.

to

In this paper, these two literatures play an important role in the
selection of the equation and the proof of the theorem.

The paper is organized as follows. In the next section, we
present preliminaries including two definitions and three
lemmas used in proof of the main results. In Section 3, we
carry out the theorem for oscillatory of equation and detailed
proof. Finally, some conclusions are given in Section 4.

2. Preliminaries

In order to prove the theorem we shall need the following
definitions and lemmas.
Definition 1. A nontrivial solution x(t) of Eq. (1) is called

oscillatory in [t,,0),t, >0 if it has arbitrarily large zeros.

Otherwise the solution is called non-oscillatory.

Definition 2. Neutral differential Eq. (1) is called be
oscillatory if all its solutions are oscillatory.

Lemma 3. Suppose that x(t) is an eventually positive
solution of Eq. (1), let

z() = x(0) + p(O)x( — 1), 2
then there exists a number Ty 2ty +T+0, such that
[e(t)(Z (1) ] <0,2'(t)>0,2(t)>0,2(t) > x(t),t = Ty.

Proof. Since x(?) is an eventually positive solution of Eq. (1),
there exists a number 7j; =¢, +7+0, such that

x(t)>0,x(t—-1)>0,x(t—-7-0)>0,t 2Ty, Ty 21, +7+0.
From (2), we have z(¢) >0,z(¢) > x(¢), and
[cOE @) T +q() f(x(t=0)) = 0,6 2T,
So
[eE' )T ==q) f(x(t=0) 0,1 2T,

It follows that the function c(¢)(z'(¢))?is decreasing and
Z(t) 18 claim that
z'(t) > 0 .Otherwise, if there exist 7 >7;, such that

eventually of one sign. We
z'(¢,) £ 0. By using conditions (3-5), there exist T, >¢,
such that z'(7,) < 0. We have

A1) % 21+ et 21 |2
" e(é)e

from condition (1), we have lim z(¢) = - .This is a

P
contradiction. Hence z'(¢)>0

Lemma 4. (First mean value theorem of integrals) If f(x)
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and g(x) are integrate in [a,b]. g(x) is the same number in
[a,b] and f(x)0OC[a,b]. Then there exist {0[a,b],
such that

b b
[rexgxas = 106 gteax.

Lemmal. (Second mean value theorem of integrals) If f(x)
and g(x) are integrate in [a,b]. f(x)=20 and is monotone

decreasing in [a,b]. Then there exist € [a,b], such that

b £
[ revgtx= rea) gtx

3. Main Results

The main result of this paper is the following.
Theorem. Let

D={(t.s)|tzs21t},HOC(D,R),

such that
(@ H(t,s)20,t=2s52t;;H(t,5)>0,t>521;
(b) H _, inD.
ds
Suppose f(x) such that
Al T du = du
J;f(u) ) I,] 7o)
A2 f(x)=20,x%0;

A3 =f(xy)z f(xy)zkf(x)f(y),xy>0,k0N.
If exist a function P :[#,,%] - (0,%) such that p'(1) 20,

<oo/7>0;

and [c(t—0)p'(t)] <0,t21¢,+0.
If

[H(@.$)xs)9(5) /(= p(s =o)ds =e0,  (3)

ty

limsup !
it H(tato)

then Eq. (1) is oscillatory.

Proof. Suppose to the contrary that Eq. (1) has a
non-oscillatory solution x(z). Without loss of generality we
may assume that x(z) is a eventually positive solution, then
there exist Ty =7, + T+ 0, such that

x(t)>0,x(t—-17)>0,x(t—-7-0)>0,t 2Tj.
From Eq. (1) and Lemma 3, we have
[e()(Z ()T ] +q(t)f(2(t=0)=p(t=0)x(t-T-0))=0,12T. (4)

By using A2, and z(¢) > x(¢), then
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J(z(t=0)(1=p(t=0))) By Lemma 3, the function c(¢)(z'(¢))” is not increase,
=f(z(t=0)=p(t-0)z(t-0)) (5) then
<f(z2(t-0)=p(t-0)x(t=0))
< f(x(xm0)mpina)x(tmr=a)) co(t)(Z(1)) sc(t=0)((1=0))",
Furthermore, by using A3, we obtain Finally we obtained
fzt=0o)1-p(t=0)) 2k (z2(t=0)) f(0=pt=-0)). (6) t-o) 2 i-0)f

WS kol f(1=p1=0)+ P22 (10)

From (4) and (5), the following inequality is obtained.

[e(t)(Z(D) ] +a(0)f(=(t=0)(1=p(1=0))) Soforall 127, from (10), we have

<[ ' +a()f (z(1-0)-p(1-0)x(t-t-0)) (] t
=0. kjH(z,s),o(s)q(s)f(l—p(s—a))ds
Ty
By using (6) and (7), we get L ! . a
y g(©) ™ & S—IH(t,s)w'(s)ds+JH(l,S)C(S—U)p'(s)‘(f.z((zj;_o—a_))))ds
[e(t)(Z()) ] +kq(1)f (1= p(t=0))f(2(1=0T)) To To ‘
S[c(t)(z'([))a]'+q(t)f(z(t—0’)(l—p(t—0’))) < —H(t,s)w(s)‘;,o + aoi(t,s)w(s)ds
<0. n
In summary, we have +H(Z,T0)j.c(s—0')p'(s)Mds
2 f(z(s=0))
[c(t)(Z () ] +hg(1)f (1= p(t=0))f((t-0))<0t 2Ty, (8) : (2s-a )"
S H(1,Tg ){w(Ty )+ J'c(s—a)p'(s)‘i_ds .
Let 7, flz(s-0a))
1 By L 5, for t>T,, there exist ¢7 such that
wit) = pre) S y Lemma 0 £0/[Ty.1]
f(z(t=0)) ; ) .
et e dervative of faith . [ets=a)pts ) LEE= g
Clearly, w(t)>0. The first derivative of # with respect to w is & f(z(s=0))
obtained as follows. E i a
=e(Ty=0)p'(Ty ) [ EC=V s
e o GO (e (1)) 7/ (2s79)
R i=a) PY  t-a)) :
©) — Ty ~o)pi(ty) [ (EEZIV (s =a))
() ()1 . . 079/P %o flz(s-0)) v
—p(t)————f(x(1-0))Z(1-0)12Tp. T,
f(z(t-0))
0 6 g and by Lemma 4 and Al, the above formula can be
We can easily get from (8) transformed into
(c(t)(Z(1))7 ) <—kq(t) [(1=p(t=0))f(2(1-0T)), £ (s-0o)
co(Ty=—0)p'(Ty)m | —————ds
then Tof(z(s—a))
o) (VST ~ka(Of (1= p(1=0))[(=(1=)) (T, 0 )9 (T Jm M7
1(=(1-0)) f(=(1=0)) 079/ %0 f(u)
Z(TO—U')
=—k 1- — )
pt)a(t)f(1-p(t=0)) < o(Ty -0 )p'(Ty Jm J- du “M <o,
(T~ Slu)
SO, z( 1y 0')
50 (9) is transformed into the following inequality. where (Z'(§-0 ))a—l =m,&0/[Ty, ] O[Ty, t].
wzap
’ B Ci
W(t)S=kp(t)g(t)f (1= p(1=0))+p (”m t
o k_[ H(t.s)p(s)a(s)f(1=p(s=0))ds < H(t,Ty {w(Ty )+ M}.
() L i)z (1-0). h

fz(t-0))
We have
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t
H(t’TO)]:[H(t,s),O(S)q(S)f(l p(s—0))ds < .
Therefore,
1 t
li H = rem .
l:’?;wH(z,tO)t.[ (t.s)A(s)q(s)f(1-p(s—0))ds <
0

From (3), we have contradiction. The proof is complete.

4. Conclusions

In this paper, a new sufficient condition for a class of
second order neutral delay differential equations is obtained
and the corresponding result what was already obtained is
generalized by this result. If g =1, the equation

[e@x@) + p(O)x(t —T)T +q(@) f (x(t = 0)) = 0, 2 4,

is studied in [9]. The conclusion of theorem 1 of [9] is
contained, so the result in this paper is more extensive. On
the other hand, by using first and second mean value theorem
of integrals, the proof of theorem is different from the proof
in [4], so here is innovation of this paper.
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