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Abstract: The classical Dirac operator of a regular order reduces smoothness of functions by the amount of the order and
that property is valid when the order is fractional. What is interesting is that fractional order derivatives offer more practical
framework on studying physical phenomena such as motion in viscous or resistive media. This article introduces a fractional
half order Dirac operator and develops theoretical results in Sobolev spaces of an inner product which permit orthogonality.
Using domain and boundary integrals, the author establishes that solutions to first and second order boundary value problems of
the half order Dirac operator decompose in a unique way as an orthogonal sum of functions, one that evolves from the interior
domain data and the other from the boundary trace value data. These results extend successfully classical decomposition results
of spaces by a regular order Dirac operator to results of a fractional half order. At the end we demonstrate the practical use
of Dirac operators of fractional orders and orthogonal decompositions through motions in electromagnetic fields and viscous
media where a solution vector of a boundary value problem of fractional half order Dirac equation splits as an orthogonal sum of
solution parts called irrotational and solenoidal.

Keywords: Fractional Half Dirac Operator, Orthogonal Sum, Boundary Value Problems (BVPs), Hilbert Spaces,
Sobolev Spaces, Caputo Fractional Derivative, Riemann-Lioville Fractional Derivative

1. Introduction
We develop some functional theoretical results based on

In this paper we use the following notations. (&) : for the fractional Dirac operator defined above (1) and see the
orthogonal sum of subspaces of a generalized Hilbert/Sobolev  application of the theory in an applied fields [1, 7, 8, 16].
space with an inner product and (W) : for orthogonal sum Note that

of elements from the orthogonal subspaces, () : for Fourier
tansform and () : conjugation. ( ) Z € + Z ilesen} = Z 87 #D

We introduce the fractional Dirac operator of a half order: where D is the regular vector Dirac operator given below, but

2
. (D%) is a scalar partial differential operator.
Definition 1.1. .. . .
Definition 1.2. The Dirac operator is defined by

¢ 0u? )
;J j D= Zeja% )

m\»—A
w\»—A

-N\»—A

Py,

in a Clifford/hypercomplex algebra with basis vectors, 3 partial differential operator of first order in a hyper complex
e1, €, €3, ..., ey, and multiplicative properties: or Clifford analysis setting

There is a good amount of work done regarding the Dirac
operator, its variants and Clifford analysis in general. See
where 6 is the Kronecker delta function. [2,3,5,6,9,10, 15, 17, 18] Our work focuses on the fractional

2
e; = —1 and €i€; +eje; = —(Sij
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half order Dirac derivative D. To have some observation
on fractional order derivatives, the regular ordinary derivative
£ f(z) of a differentiable function f makes the function to
loose smoothness or regularity by 1, while the half order
derivative makes the function to loose f—regularlty exponent.
Lose of regularity creates discontinuity on functions that are
rough on their graphs. The lose of half order rate of change
different from the regular lose of 1 in differentiation, has
physical meanings in applied sciences. For instance, if a
particle moves in a media of resistance, then the half order
rate of change of the position displays the reduced speed in
the media due to the resistance the object encounters, such as
viscosity,wave fronts or others, see the versatile places where
fractional rates of change appear and used. )

Let us consider the half order derivative Dz = d‘ﬁ% of

X

2 Although there are few more fractional derivatives, we
consider what are called the Caputo and Riemann-Lioville
fractional derivatives.

The Caputo fractional half derivative of a function f defined

on an interval (0,1) C R atz € (0,1)

: a0
CDZf(x) = T +d
OD; f(x) T e

Clearly when f(z) =

t 3)

c— non zero constant, the Caputo

Note here that

which signifies:

RLD2(FLDZ (f(x))

which is the regular first order derivative of f(z),i.e., ** D, f(x)

1 c d
T dr

1
fractional half derivative D2 f(x) = 0.
When f(x) = 2, we have:

1 [ !
; ./ —

When o = % and \ = %We have

F(A+1) At
I'(A+1)

dt =

1 ﬁ
CDz(x?) = —
(D3 (22) = =5
One can observe that the Caputo fractional derivative and

the regular derivative of a non-zero constant coincides.
Definition 1.3. The a'"—order Riemann-Lioville fractional

derivative: for 0 < a < 1,
d xT
[ D e
dx (x —7)

Note that the constant function f(x) = ¢ behaves differently
in this case. "
Riemann-Lioville %

REDS f(z) = @)

—derivative:

1 d [* c T2 1
RLD2(c) = 7/ dr = =
(c) dr Jo (z—71)" TTT (3) “rz
I / L
tr — t2 vtz — t2
=hE -D:L’f(x)

= f’(x) to be shown next.

Corollary 1.1. For o = 1, the Reimann-Lioville first order derivative of a function f is the regular first order derivative. That

is BEDY f(z) = L f(=).

Proof. Fora € (0,1) :

1 d f(t)
DY (@) = o
1—a xo/
Then
o 1 d [ F(t) d 1 f(t)
"D, f(2) = aiﬂ}r(l_am/@_mdtdml;“im—a)/(x—t)adt
0 0
But
f0)zt-e f'(@)

1 €T
+1—a/(x—t)a*1
0
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U0
+1a0/(:ct)a1

fO) */z @0t

0

Therefore,
5 1 f(0)zt—=
i -TA-a) | 1-a
L B gy
- alil}ll* I (2 — 04)
— 1O+ [ Fde= 1), T =1
0
Hence,

d

RED! f(a) = - f(x)

Clearly, both derivatives, the Caputo fractional derivative
and the Riemann-Lioville derivative of a constant offers two
contrasting results. One, constants have invariant rate of
change, which is zero and the other one says, it behaves like a
non constant if the object is in resistive media such as viscosity.

In this work, we study orthogonally decomposable solutions
to boundary value problems of a fractional half or twice of a
half order in an inner product Sobolev space. We establish
that solutions to BVPs to be orthogonal sums () of functions
that evolve from the trace values on the boundary and the
values of the differential equation in the domain. In [5, 9—
11] we successfully developed regular decomposition results
of Hilbert and Sobolev spaces with an inner product. We
established properties of the inner product that are considered
and that of functions in the respective spaces.

Definition 1.4. Let 2 be a bounded domain in R™ with a
boundary 0f2. We define the fractional Sobolev space of
regularity %, denoted by W22 (Q) as

W2 (Q)={f e L2(Q): D2 f € L2(Q)}  (5)

Proof. From integration by parts:

dz

where D? f is the fractional %—Caputo derivative of f.
Proposition 1.1. For f,g € £? (), the BVP:

{ D%u:f

u=4g

in
6
on 052 ©
has a solution u in the Sobolev space W22 (©) of an inner
product (., '>W%’2 @ such that u is an orthogonal sum of its
parts, i.e.,

u=[ul;Wul, @)

with [u] ; be the part of the solution that evolves from f and
[u], the part that evolves from g with properties:

0 () a g =0

.. 2 o 2
(@)l = Il 12, 0 g + 11,

”2 1o
() wz7(Q)

1 1
[ uwDioy -ty = [ oy =)y wa09,~ [ Druwe, -2 de,
[ ll
u(x) 1
Cdg((u) X))
Céﬂ(g)
That is . |
w(@) = CGalg) + ¢4 () (8)
From the orthogonal decomposition
W2 (Q) = KerDE n\W32(Q) @ D3 (WOL2 (Q)) )

1
taking the Dirac half derivative D of both sides of the above integral equation, we have D%Q 30(9)=0
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— <z<
Example 1.1. Consider f(z) = { v 0 L (1) - i - f

Then
Vel g <2

g(x) = { ;’T

is the %—derivative of f in the Riemann-Lioville sense
Indeed,

S

<<l

1 d [* t
mdr Jo (z—1t)2
1 d [ t-1
:ff/ dt
mdr )i (g —t)2
1
= —2Vzx—1.
™
Therefore,
RLD f 1<(E<2
O<ax<l1

{ 71
g

Also g is the weekly %—derivative of f as well.
Vo € C5° ([0,2]),

That is

o,
)

Il
O\M
=
=

8

S
N o
-
®
~—
—
U
8

Now
yields, $
: :
Jg<x>¢<x>dm{2T¢< v)do
— [ 1@ (2Dio @) do
/

Therefore, g(z) is the week 1 —derivative of f.

If we continue taking the Riemann-Lioville %—derivative of
9

1 i 2/t —1
Vrde | Jrvr—t
0

_2d d (ﬂ(x—l))

T dx
=1.

RLD%g(x) = dt

That is

RLp} (RLD%(f(x)))) =1=""Dlf(2)

which is to be shown the regular ordinary derivative of first
order.

Note here that f is not smooth and hence not differentiable
on the given interval in a regular sense and RLD3 (1) £ 0.
Therefore the only function that has a zero derivative in the
Riemann-Lioville sense is the zero function.

We introduce the fractional half Dirac operator in the
Caputo sense.

Definition 1.5. The Dirac operator of order % (Caputo sense)
is defined to be

(10)

The fundamental solution to D? is given by

y—z
wa lly = |72

Y1 (y—a)=

That is )
D2y (y—z) =6(y — )

Definition 1.6. where ¢ is the Kronecker delta function.

Example 1.2. Let f(x) = x = >, e;x;. Then the fractional
i=1
%—Caputo derivative of f is

1 B _ Ofi (T1, @25 oo tiy s Tn)
D f(a:)fZez f/ m dt;

i=1
— €/
ﬁ; Zﬁ

Example 1.3. What happens, when we differentiate D2 f(z)
with half order in the Caputo sense again?

Note here that

1:Zei:D(x)

=1

n
with x = > e;x;, the regular vector Dirac derivative of first
i=1
order. But again,

D3 (1) =0

Therefore, we see
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60
D3 (D% (D% (x))) —0=D'3 Z 2 = zn:e] %1

=Dz (1)
=1 0z}
We introduce two integral fractional transforms (3

> where v (y) is the outward fractional half unit normal vector
1
(Teodorescu transform) and ¢, (Feuter transform),which are
domain and boundary integrals respectively.
Definition 1.7. For f € L2 ()

aty € 0f) and 1#5 (y — ) is the fundamental solution to the
Caputo Dx.
= / Yi(y—x

domain fractional integral

One can show that CQ is the right algebraic inverse of the
and

half Dirac operator Dz and C 5q 1s in its kernel. That is
1 1
(11) D* (CQ(f)):f and D3 (ng(f))zo
2 L (1) F(y)do%,
o0

(12)

boundary fractional integral

Let f € W2 (Q), and 1 (y — x) be the fundamental solution to the Caputo fractional half Dirac operator Dz. Then the
method of integration by parts yields:

[os oDt san, = [ vy -
Q

0y () F0)d00, — [ Dhoy (v - o) ),
Q

o
— [0y =00, W w02, - [3(-2) swan,
o

Q

~ [0y -0, ) Fwd0R, - f@
o0

Therefore we can write the following

Proposition 1.2. For f € W22 (Q),

0= [

vy (y) £ (y)do, - /w% — ) D} ()9,
Proposition 1.3. Let f,g € L2 (Q), then the BVP

D2uy=f, inQ
tru =g,
has a solution given by

Proof. The proof follows from the argument of integration by parts and taking the trace value of u on the boundary 92 and the
fractional %derivative of u in the domain 2.
Lemma 1.1. For g € L£? (Q), the function ¢ (z

f (CF —z)v vL (y) 9(y)dOS, is 2+ —monogenic or

5 —analytic over €2.

Proof. We need to show that for x € Q2 \ 9

%/w y-a)vy () g(w)ion, = [ D}
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Differently, we have to show that

1

Dz (1/)% (y — x)) = 0 in the above integral.

1
But ¢ 1 (z — y) is the fundamental solution to the fractional %-Dirac operator D7 .

Therefore,

D} (b3 =) =0 -a) = {

0, z#y
0o, T=Y

But ¢ is defined at points € 2\ 92 and point y € 9. Therefore || y—x ||> 0 and hence = # y which implies § (y — x) = 0.

Hence,

6(@) = [ 0y (v 2) vy ) 9l0)doR, € KerD? (@)
oQ

Corollary 1.2. For a function u whose trace ujpq = 0 and
Diy= f, inQ , the solution is given by

(@) = — / ¥y (y - ) f(y)d,
Q

1

Likewise a function u which is 5—

trace value g on 0f2 is given by

monogenic on {2 and

u(z) = /w% (y — ) vy (y) 9(y)dos,
o

Remark 1.1. Note that the solution u for both cases is in the
fractional Sobolev space W22 (1).
Lemma 1.2. The initial value problem:

1
{ Dary(x) = y(x)
y(wo) = Yo
has a trivial solution y = 0 in R" for n > 1.

Proof. Taking the D7 of both sides, we have

D (D%y(a:)) = D%y(&") = y()
I

Dy(z)

That is
Dy(z) = y(z)

n

_ 0

where D = Zl €) Ba;
j=

F (Effj) (©) = i&; f(&)

Now from

where F or (.) is the Fourier transform, and taking the Fourier
transform of both sides of

Dy(x) = y(x)

we have

k,..]
-]
S
—
o
SN~—
I
[]=
o
K,.]
N
Q
<
~_
—
o
I
~
[]=
o
i\f\r
NS
—
o

=F(y) (&) = (&)
= i (e£y(§) =y (&)
= (i(e;§) =)y (&) = 0.

Now i (e, &) — I has eigen values £ || £ || —1 which will
never be zero.
Therefore
Yy =0=y=0

2. Orthogonality and Orthogonal
Decompositions

Let d be a positive integer and €2 be a smooth and bounded
domain in R? with a non empty boundary 92 and p = 2
Definition 2.1. (Weak Fractional Derivative) For a function
. . . 1 th
f, we say g is the fractional weak generalized 5 order
derivative of f over 2 written as

13)

Clearly a function that is differentiable in the ordinary sense
is also weakly differentiable but not the converse. That is
a weakly differentiable function may not be differentiable in
ordinary sense.
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Example 2.1. Consider the function

ro={,"

r—1,

0<x<1
1<x<2

Then f is continuous on [0, 1] but not differentiable in the
regular sense as the derivative

s ={ }

is discontinuous at x = 1. However g is the first order weakly
or generalized derivative of f on [0, 1] since

/f da:_/xqs dx—/¢

[0,2] [1,2] (1,2]

0<zx<l1
l<zx<?2

0,2]

Vo € C§ ([0, 2]).

Definition 2.2. For 1 < p < oo, k € N U {0}, the Sobolev
space W¥P (Q) is defined as the set of all functions f in
LP () such that the o' order weak derivative D f € LP ()
for 0 < |o| < k.

As I mentioned in the preliminary, these function spaces
are ideal spaces to search for solutions to problems of reality
unlike regular function spaces such as C'*, where continuity to
a particular order is required.

The particular square integrable Sobolev space (or Hilbert
space of higher regularity) W2 (Q) where p = 2, and k > 1
is an inner product space with inner product

> DYf(x)

o \0<al<k

(fs Dwrz@) = D%g(x) | dQ, (14)

with norm given by

[fllwrz@) = ((ﬁ f>wk,2(9))%

Therefore there is a distance or metric defined in terms of
this norm given by

pwrz) (f, 9) = IIf — glwr2)- (15)

When p = 2 and k = 0, we have the usual Hilbert space

wo2(Q) = £*(Q)

with inner product

{f, Qo) = 2)dQ,  (16)

Do = [ Ha)o
Q

Now we define the fractional 1—regularity order inner

2
product in a Hilbert space

Definition 2.3. When k = 1/2, p = 2,we define an inner product:

s 9 rogey = [ T
Q

and for f € W2:2(Q),the W2-2(Q) norm is defined by

2

£ o= Pyt =

Definition 2.4. We say two functions f, g € W22 ()
orthogonal with respect to the inner product defined by 17 if

(F Dyt = O (1)

For more orthogonal functions of integer regularity, see [2].
We investigate orthogonal decompositions of function
spaces with inner product (,) so that any function in the

o, [ [

) (9(z) —

9(y)
e o,

a7

_ 2
_ / A(2)d, + / / (ﬁ(;)_ y*’i(nyﬁf 0,92,
Q Q Q

/F “)+//x MM1MdQ

space is an orthogonal sum of component functions from the
orthogonal parts of the space. The spaces we considered in
earlier studies are the Sobolev spaces W*~12 (()), the space
for p = 2 and k¥ € N and established several properties in
[3-6, 9, 10]

We consider now fractional decompositions of Hilbert
spaces of fractional regularities:
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Proposition 2.1. The space £2 () has an orthogonal decomposition in terms of the Caputo fractional Dz :

£2(0) = 432 (@) & D} (W5 * (@) (19)
where
A32(Q) = KerD* N £2(Q) /w — ) vy (y) h(y)doQy : h € L2 (2)}
o0
and 1 N 1
Wi () = {f e WE2(): (fian: D fian) = (0,0)
so that

VfeL£2(Q),3g e A2 (Q) and h € D? (WO%’2 (Q))

f=g9h.
Proof. Let f € £?(2). Then consider g(x) = (Q [ f(x)dQ, which is a constant. Then g € KerD? (Q) N L2 ().
)
w2

Now consider h = f — g. Claim that h € Dz (

Therefore 41
By e WE(Q) 5 h(z) = Dn(a) = (—A) g (@) = = (43 )PV n (@) = dQ
° v [
Then
1 1 .
(9(2), b)) 2y = <g(x),D277(x)>£2(Q) - <D2g(x),h(x)>£2(m = (0, 1(2)) z2(qyy = 0,"." g is a constant
Hence,
f =g+ h with property : (g, h) o) =0 = f =gWh
Remark 2.1. Constants are also in KerDz (€2) N £2 (Q) as long as  is bounded, since for Ik Y1 (y —x)vs (y) cdofdy =

o0

c/w% (y—x)vé (y)doQy, =c¢
o0

I
1

Lemma 2.1. For ¢% (y — z), the fundamental solution to D3 ,we have
[y -2y, wdow, -

Proof. Fory € 9Q,and x € 2\ 9 consider a small ball Bs () C  of small radius § =|| « — y ||> 0. Consider the normal
vector vy (y) = 5.

5
Then
1 n—1
T/J% (yfx) % ( )daQ = Cn% T .0 dwn
’ -2
9B;5(z) 9Bs(x)
= Cu / 07 dw, =C,y 107 wy, =1
9B, (0)
: Cn,% = ?, where w,, := surface area of a unit sphere in R".

Corollary 2.1. KerD? (Q) = { [ Y1 (y - (y) 9(y)ddRy,, g € L? (09)}.
o0

1
2
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Proof. Clearly, for g € £2 (992)},let u be its smooth extension to §2. Then
2= [b) -2 9wy (v) a0, +/w (y - v) Dhu(y) de,
o0
Then differentiating both sides with half order:

U1
2

D3u(z D{/w y —z) g(y)vr (y) dOQ, +/w% —z)D3u(y)dy,}

:Df{/w%@—x)g( oy (y) o} + D {/w y— 2) Dhu(y) )
o0

But 1
D%{/w% (y—z) D>u(y) d,} = D23 (D u(x)) = D2 u(x)
Q

1
since Dégé is the identity operator.
Hence,

(y )d@Qy}+D2u( )

Ui
2

Diu(x D2{/¢ y— ) gy)v

— D[ ey gly ) o) —0, z'.e.,/%(y—x)g( oy (y) dOR, € ker D} (9).
oQ o0

This result includes constants as well, i.e., g(x) = ¢

Example 2.2. Consider f(z) = ||z|* = Z 2?2:Q:=11", [-1,1] — R.

2" n
g (z) |Q|/f x)d), / /Zm dridxs.. dxn—n(n.3>—3

Set h (z) = ||z||* — 2. Then f(z) = g(x) + h(x) and

Then we have:

Hence

Also the parallelogram law holds:
1 lleze = (g2 + 1Al

These decompositions enable us to give the following main results of our research.

3. Boundary Value Problems and Caputo fractional 1/2 order Cauchy problem
Decompositions Diu=f inQ
(20)
u=g on 0f)

In this section we consider first and second order boundary
value problems of the half Dirac operator and see how the has a solution u € W22 (€2) such that
solutions are simply the orthogonal sums of parts that evolve
from boundary values of the solution and interior values of the
derivative of the solution to the given order. We start with the
first order Cauchy problem of the half Dirac operator.

Proposition 3.1. Let f € L£*(Q),g € L£*(9Q) The first

u=[ul;Wul,

where [u] 7 1s the part of the solution that evolves from f and
[u], is the part of the solution that evolves from g with the
following properties
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. _ o _ 2

) (Bl 1y g2 =0 (i) (001 ) 4 gy = 0007 12
iy 2 _ 2 2 .

(4i) || u ||W%’2(Q)_|| [U]f HW%‘2(Q) + I [u]g ”W%’Z(Q) (iv) <u, [u]9>w%=2(9) =|| [u]g ||3V%12(Q)

Proof. For two functions f, g € C* (Q2), integration by parts provide
1 1
/f (y — ) Dy g(y)dSdy, = /f (y —x) vy (y) g (y) O, — /Dﬁ (y — ) g (y)dQy.
Q o0
Then taking f = I‘% and g = u, we have

[r1 -0 Diutan, = [t 0-00, @uwaom, - [ D

Q o2 Q

[N

where I' 1 is the fundamental solution to the fractional half Dirac operator Ds.
But L
DTy (y—2)=6(y—x)

the Kronecker delta function and thus,

[r1 -2 Dt = [Ty -0, Wuw a0, - [56-0uwa,
Q

o 99
— [Ty 0)v, e don, - ()
89
u(z) = /1"% (y — ) vy (y) u(y) doQdy, — /F% (y — x)D%u(y)de 2n
a0 @

which provides the integral representation of the solution u to the BVP given by

[ME

u(z) = /F% (y — =) vy (y) g(y)doLy, + —/F

[5}9] Q

We will see that this sum is in fact an orthogonal sum .

Because the solution . ) N 1,
we W (@) = 432 (@) & D} (W5 ()

3
has a unique decomposition as sum of components from the two sub spaces, A3z? (Q) and D3 (WO2 2 (Q)) and the first integral

/r% (y — ) vy (y) g(y)doL,
o0

is monogenic over {2 and hence an element of
KerD> N L2 (Q) = A2 (Q).

We need to verify that the second integral

- [Ty -2 fan, | € DF (W @)

Q

3
as well. That is, there is a function £ € W2 2 (€2) so that
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o0

we have, the trace 7 of © on 02

Tujgo =T (@ Iy (y — ) vy (y) g(y)doS, + (—/F; (y — ) f(y)dﬂy))
Q Q |09

_ (@ Ty (y—x)vy (y)g(y)daﬂy) +7 (—/F; (y — ) f(y)dﬂy)
Q |60 |09

Q

— 7 (_ / r, (y—x)f(y)dﬁy) = (—/ Lyly—a)f <y>d9y> =0
Q

Q 1692

Thus §5n = 0. In an analogous manner of the integral representation of the solution u, we get the integral representation of §
as

€@ =~ [TyG-a) [T} 027w,

Q
_ 7//r% (2 = ) Ty (y — 2) Fy)dydS2. € W2 ().
QQ
Therefore, there is a function:

E@)=— | [T1(z—2)T1(y—2) f(y)dQydQ. € Wy*(Q)
/] o

so that
Die(x)=D: |- //r% (z—2)Ty (y - 2) f(y)dedQZ)
Q Q
— [1) - ) fwan,
Q
Hence

with
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[u], = /1"% (y —z) vy (y) 9(y)doQy, and [u], = —/F% (y — ) fy)dSy.
o)

() Then since W2 3 2 (Q) is an inner product space of an orthogonal decomposition we have

<7/ Ly —2)vy (y )g(y)daﬂy,/F;(yx)f(y)d9y> =0.

Q W22(Q)

(#4) From the fact that the sum is an orthogonal sum, the components obey the parallelogram law

lal e, ||/% 2)vy ) 9oy %, +|\/% D) 1A% 121

_ 2
il 12,0+ 1Ty 12,

(#i1) The third result follows from the fact that

(u, [u1f>wé,2(m—<8{2 Oy (v =) vy (1) 9(0)d0%, — [Ty (v — ) ()0, [ T (yw)f(y)d9y>

Wt2(Q)
= <—/F; (y — ) fy)dSy, —/F% (y—fc)f(y)dﬂy>
Q Q wW22(Q)
- [Ty -0 w0y 12
Q
and likewise (iv) follows from
<u, [u}g>W%,2(m: <5/1“; (y —z)vs (y) g(y)doSyy, /F% (y—x)vy (y)g(y)d59y>
a0 W22(Q)
= I / L =)0y ) 9oy I,

The next result is for second order BVP of the half Dirac operator.
Proposition 3.2. Let f € £2(Q) and g; € W22 (9Q),go € W 2:2 (9Q), then the second order BVP interns of D

1 2 .
{ (D5> u=f inQ (22)
u= (g1, g2) ondf

with )
g1 = Tujpq and g2 = TD2>ujpq

has a solution u € W12 (Q) given by

u(z) = /F%(yf:r)vé(y)gl(y)dany//F; (z=2)T'1 (y — 2) vy (2) g2 (2) dOQ:dSYy

with the following properties
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Falye@=l | [Ty =20 0o wdo2, = [ [Ty =0Ty =20, () () 400,492, | s
Q
I

(y — 2) f(2) d€2.dy, ”%/VLZ(Q)

=l g, g, r2) + 1 Tl 20 -

Proof. Clearly since the input function f € £2 (), which is the weekly second order derivative of the solution u, we have u to
be in W12 (Q). This is because the Dirac operator D is a regularity exponent diminishing operator, between Sobolev spaces.
The repeated application of the integral representation given in ( 21 ) will be used. Let v (z) = D2u(x), then we have a first
order BVP
—Div=f inQ
v = go on 0f)

whose solution is given by

But Dz u = v and hence we have again a first order BVP
—Diu=f inQ
u=q on 02

with a solution

0 Q
I Ty = 9wy () ()00,
= F; —T)vL 1 daQy— F; — T de
64 L= )vy W ) Q/ B =) + <—£F§ (2 — y)f(Z)sz>
= /F% (y —x) vy (y) 91 (y) dOQ, 7//I‘% (y —2)T'1 (2 = y) vy (2) g2(2)dO€2.dQ,
a0 Q o0
+ Ly (y—2)T1 (2 —y) f(2)dQ.dSy,
/]

We need to show that this sum is again an orthogonal sum from the orthogonal decomposition

Wi2(Q) = 422 (Q) & (D%)2 (ng2 (Q))
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proven in [1]. Clearly

/F% (y — ) vs (y) g1 (y) dOSYy — //F% (y—2) T3 (2 — y) vy (2) g2(2)dOQ.d,
89 Q 80

N2
is annihilated by (DE) since
N2
(p4) Q Ly (= 2)oy W )00, ~ [ [Ty =)0, G -v)oy (z)m(z)daszzdﬂy)
Q

= (o)’ r;(y—x)v;(y)gmy)da@y)—(D%)Q (/ r;<y—x>r;<z—y>v;<z>gg<z>daazdﬂy)
Q

Thus

/F% (y —x) vy (y) g1 (y) dOSY, — / / F% (y — x) I’% (z—y) vy (2) g2(2)dOS2.dQ, € A2 (Q).
99 Q 00

Next, we need to show that 3¢ € W (Q) such that

N2
//r% (v~ )Ty (= — ) F(:)d0%d0, = (D) & (@)
Q Q

Clearly
£ @)joa = (£ @0 DI @) 90) = (0,0).

By applying the result of integration by parts above twice and the fact that

§lon =0
we have
e = [ [ [ [ryw-or,c-nTyw-aT) - 0 f @d2dud0.de, € Wi @)
Q0 Q0
Setting
Wl = | T3 W= 2)vy ()61 (4) A0, = //r% (y — )Ty (2 — y) v (2) g2(2)d0Q.dQ,
o0 Q 80
and
iy = /F% (y —2) Ty (2 — y) f(2)dQ2:dQ,
Q Q
we have

which proves (7).
(i) follows from the fact that
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4. Applications

We consider the application of fractional orthogonal
decomposition. A common field of investigation of a physical
phenomena to consider is a vector field F' of electromagnetism
[7, 8, 16] which is the orthogonal sum of the fractional

s
gradient of the scalar potential 1 := — (V2) * (V.F) and the

fractional curl of the vector potential ¢ := (V?) = (V x F).
That is
Proposition 4.1. For a vector filed F,we have F' =
Viyp W Curl?¢  with ¢ and ¢ defined above.
N~~~ N~——

irrotational/normal solenoidal/tangential

Proof. Orthogonality: We use Fourier transform to address and the Parseval’s invariance of inner product of two vector fields

and their Fourier transforms.

V2 (z) .Curl? ¢()dS,

F(Vhe@), F (Cutto))
F{(viv)}©.F {(curtto) } g

F{(viv)}@=iclelT 4

F{(curtro)}© =i(¢x0©) 1617

1

Thus,
(Vi Curtbg) = Q/
=
-
But
and
F{lewio)}© = iexd@lel
.
Then

(Vho,Curtty) =

I
"~
I

A
<
™
N—
L |
I~
°
—
o

X
<)
~—~
o

Nl
QU
-~

From vector triple product property we have:

go(6x09)=(x9-0(©)=0

Therefore,
<V%¢, Curl%¢>9 -

which proves orthogonality of the component vector parts.

Next, we show: V21) + Curlz¢ = F.

~

/|£|‘1¢<£>[0]d5:0

Again, taking the Fourier tansform of the left side of the equation and its linearity property: From the construction of ) and ¢,

we have

F{y (@)} (§)

Therefore,

b =-1¢17 (€F(©) ad Flo@)}©) = o) =117 (€ x F ()

F (Vi + Curtio) = F (Vi) + F (Curtio) = €17 ()9 (©)+ | €17 (i€ < 9)

1¢|F o) [~ 1617 (ieF©)]+1¢1F [iex (1617 (iex F(©))]
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— e [ig (i{.ﬁ(&))} e [z‘f X (2'5 X ﬁ(ﬁ))}

Then from the property of triple vector product:
ux (vxw)=

we have

(u-v)u—|ul?v

— e [ (ieF©)]+ g1 [ig x (igx P )]
= —l¢ 2[zf(z§F 5)}+|£|—2 [(ig- F©)ie— i€ | F(&)]

That is

— &I P P ) =F ()

F (V%w + Curz%¢) — F(e)

Then taking the inverse Fourier transform, we have

Véw + C’url%¢ =F.

Therefore, we can state:

PVOPOS”IOn42 || F H2—|| Eangentml H2 + || Fhormal ||2
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