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Abstract 

The objective of this research is to use Lebesgue strain measure theory and Seth's transition theory to build a mathematical model 

of steady state creep deformation of an orthotropic thick-walled rotating cylinder subjected to a thermal gradient. Because Seth's 

theory does not require any assumptions, such as the creep deformation is infinitesimally small, creep strain laws and the 

associated flow rules, it is crucial for calculating creep stresses based on generalized strain measure theory and asymptotic 

solution at the turning points of the differential equations defining the deformed field. This theory's consideration of the material's 

nonlinear character is one of its advantages. The combined effects of temperature and angular speed have been presented 

numerically and graphically using examples of thick-walled cylinders made of orthotropic, transversely isotropic, and isotropic 

materials. It is observed that near the cylinder's outer surface, cylinders composed of orthotropic materials (boron-aluminum and 

graphite-magnesium) have a larger radial creep stress value than those made of titanium and steel. From the inner to the outer 

surface of the cylinder the tangential creep stress for isotropic material (steel) and transversely isotropic material (titanium) is 

greater than the tangential creep stress of the cylinder composed of orthotropic boron-aluminum and graphite-magnesium 

materials. At the outer surface of the cylinder, titanium and steel material has higher axial creep stress value than orthotropic 

materials. The findings of this paper can be useful in the analysis and design of a cylinder that is exposed to high temperatures, 

such as high-speed structures involving aerodynamic heating, chemical plants and nuclear plants. 
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1. Introduction 

Many engineering structural components are exposed to 

high temperature for a long period of time changes within the 

component due a constant stress or load is called creep, which 

generally occurs at high temperatures (T >(0.3 -0.5) Tm), un-

der a constant load or stress where Tm is a material’s absolute 

melting temperature and T is thermal creep. In various struc-

tural and industrial applications such as aerospace industries, 

pressure vessels, nuclear reactors, and military applications, 

piping, turbine blade within a jet engine, steam generator, steel 

power plants, oil refineries, rubber band, concrete bridge deck 
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etc., the operating temperature is sufficiently high to cause sig-

nificant creep. Predicting how long a structure will last is one 

of the most significant uses of creep deformation analysis. The 

usage of the Larson-Miller parameter is one of several criteria 

employed in research to estimate life of a structural compo-

nent Much progress has been made in both theoretical and ex-

perimental to describe some aspects of the mechanisms in-

volved in creep [1-3]. In addition to studying creep behavior 

on structural components, its behavior also varies based on 

material properties that form the structures. Material proper-

ties such as permeability, creep, stiffness, strength, thermal ex-

pansion, and thermal conductivity can vary depending on di-

rection or axis. Creep analysis of orthotropic materials is used 

to determine the time-dependent deformation of substances 

that exhibit distinct mechanical properties along three mutu-

ally perpendicular axes when subjected to prolonged stress. 

Examples of orthotropic materials include wood, certain types 

of plywood, paper, paper laminates, resin laminates reinforced 

with woven glass fiber (used in aircraft radomes), and most 

core materials utilized in high-speed aircraft sandwich panels. 

Proficiency in creep deformation analysis is vital for develop-

ing sound structural designs for orthotropic materials operat-

ing under high-temperature conditions [4-7]. This fact is 

pointed out in 1830’s, the first recorded experiments relating 

to creep in connection with suspension bridges, steam engines 

and measuring instruments has been recorded [8]. After a long 

time in 1910, Andrade [9] used uniaxial creep tests with con-

stant load or stress and got the primary, secondary and tertiary 

creep. In 1922 Dickenson [10] published his researches on the 

creep resistance of structural steel and alloy steel members in 

a furnace and he has given the recognition of the importance 

of creep to the industrial. James Clerk Maxwell is credited 

with important foundational work in early mechanics, which 

is where the study of stress distribution in rotating bodies, es-

pecially cylinders and discs, originated. In 1852, the familiar 

Lam𝑒̀′𝑠equations provide the solution to the stress and defor-

mation problem of thick-walled tubes under axially symmetric 

loading within the elastic range. Despite a century of research, 

Nadai [11] and Hoffman and Sachs [12] treated rotating per-

fectly plastic cylinders without strain-hardening under the 

simplifying assumption of incompressibility. Thereafter, Da-

vis and Conelly [13] studied rotating cylinders and tubes of a 

strain hardening material. Interested primarily in the defor-

mation of a rotating cylinder are Hodge and Balaban [14] but 

their solution, which includes finite strain, lacks continuity of 

displacement at the elastic-plastic interface. Recently, the 

creep behavior of a thick-walled cylinder exposed to thermo-

mechanical loads along with internal heat generation were ex-

tensively studied by Seddighi et al [15] and their research 

demonstrated that the effective stress and radial displacement 

during the creep process can be effectively controlled by opti-

mizing either the external cooling profile or the internal heat-

ing profile. Other authors [16-19] studied the creep behaviors 

of different structural components using classical treatment 

which uses the method of superposition and semi-empirical 

laws such as creep strain laws, the associated flow rule, yield 

criteria and some simplifying assumptions like incompressi-

bility of material and yield criterion. Seth [20-27] developed 

transition theory of creep in which he has defined the measure 

concept in mechanics in 1966 and creep transition in 1972. 

Seth has defined the generalized principal strain measure as 

𝑒𝑖𝑖 = ∫ (1 − 2𝑒𝑖𝑖
𝐴)

𝑛

2
−1𝑑𝑒𝑖𝑖

𝐴 =
1

𝑛
(1 − (1 − 2𝑒𝑖𝑖

𝐴)
𝑛

2)
𝑒𝑖𝑖

𝐴

0
  (1) 

where 𝑛 is the coefficient of strain measure, 𝑒𝑖𝑖
𝐴 is the princi-

pal Almansi finite strain component and 𝑖 = 1,2,3. The gen-

eralized principal strain components 𝑒𝑖𝑖
𝑚 in terms of the prin-

cipal Almansi strain components 𝑒𝑖𝑖
𝐴 are 

𝑒𝑖𝑖
𝑚 = [

1

𝑛
(1 − (1 − 2𝑒𝑖𝑖

𝐴)
𝑛

2)]
𝑚

  

The generalized strain measure for uniaxial case, it is given 

by Seth as 

𝑒 = [
1

𝑛
(1 − (

𝑙0

𝑙
)

𝑛

)]
𝑚

  

where 𝑙0 and 𝑙 are the initial and strained lengths of the rod 

respectively and 𝑚  is the irreversibility index. For 𝑛 =

0,1,2, −1, −2, it gives the Hencky, Swainger, Almansi, Cau-

chy and Green measures respectively when 𝑚 = 1. Seth has 

shown that the well-known creep strain laws used in current 

literature such as Norton’s law, Odqvist law, Kachonov law, 

Andrade’s law etc. can be derived from the generalized meas-

ure. The generalized strain measure not only gives many well-

known strain measures for different values of n, but it is also 

used to find the creep stresses when combined with the transi-

tion points of the governing differential equations. Seth has 

also shown that the transition point analysis does not require 

any ad-hoc assumptions of incompressibility, creep strain law 

(or a power relationship between stress and strain) and yield 

conditions like in classical theory. 

Starting from 1972 researchers used to treat problems either 

using some simplifying assumption (classical) or Seth transi-

tion theory (non-classical) approaches. In non-classical ap-

proach, the transition function through the combination of 

principal stresses at the transition points of the differential sys-

tem describing the deformed medium successfully applied to 

a more general and wider range of problems [28-31]. The stud-

ies using the non-classical treatment of thick-walled cylindri-

cal structural component are rather limited as compared to 

classical treatment even though the method neglects the em-

pirical assumptions [36]. For instance, Temesgen et al. [32-34] 

studied modeling of creep deformation of a transversely iso-

tropic rotating disc with a shaft having variable density and 

subjected to a thermal gradient and observed that the value of 

radial creep stress at the internal surface is maximum for the 

disc made of steel material in comparison to a disc made of 
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titanium material. They also investigated creep and elasto-

plastic analysis in functionally graded thick-walled rotating 

transversely isotropic cylinder under a radial temperature gra-

dient and uniform pressure. Pankaj et al. [35] studied elastic-

plastic transition in an orthotropic material disk by using tran-

sition theory and concluded that the isotropic material disk at 

the transition state requires more angular speed to yield at the 

internal surface in comparison to an orthotropic material disk. 

Although heat gradients occur in many rotating engineering 

structural components made of orthotropic materials, the ma-

jority of the studies used generalized measure theory to study 

creep on isotropic and transversely isotropic materials. No an-

alytical research has been identified to the best of the author's 

knowledge on creep deformation in an orthotropic composite 

thick-walled rotating cylinder exposed to a heat gradient under 

secondary creep conditions using Lebesgue strain measure 

theory and Seth's transition theory. The main objective of this 

article is to present an analytical solution for the calculation of 

creep stress of a rotating thick-walled cylinder subjected to 

thermal gradient under steady-state creep conditions, taking 

into account temperature variation in the cylinder and the ef-

fect of rotation on the cylinder made of orthotropic materials. 

Seth's transition theory utilizes the concept of generalized 

strain measure and asymptotic solution at the turning points or 

critical points of the governing differential equations defining 

the deformed field. 

2. Non-Linear Differential Equation 

Governing Transitions 

2.1. Mathematical Model 

Consider a homogeneous thick-walled cylinder with a cen-

tral bore of inner radius a and outer radius b made of ortho-

tropic, transversely isotropic, or isotropic material rotates 

gradually increasing at angular velocity w around an axis per-

pendicular to its plane and passes through the center, as shown 

in Figure 1. It is assumed that the thickness of the cylinder is 

constant and a steady-state temperature 𝜑𝑜 is applied to the 

inner surface of the cylinder's center bore. 

 
Figure 1. Cross-Section of a rotating thick-walled cylinder under a 

radial temperature gradient 𝜑(𝑟). 

2.2. Displacement Coordinates and Strain 

Measures 

Because of the cylindrical symmetry of the structure, the 

displacements are a function of radial r. The physical compo-

nents𝑢, 𝑣 and 𝑤 of these displacements in cylindrical coordi-

nates are given by Seth [23, 24]. 

𝑢 = 𝑟(1 − 𝛽), 𝑣 = 0,𝑤 = 𝑑𝑧          (2) 

where 𝛽 is a function of𝑟 = √𝑥2 + 𝑦2 only, d is a constant 

which is the allowance for uniform 

longitudinal extension. 

For finite deformation, the Almansi strain measures are 

given by 

𝑒𝑟𝑟
𝐴 =

𝜕𝑢

𝜕𝑟
−

1

2
[(

𝜕𝑢

𝜕𝑟
)

2

+ (
𝜕𝑣

𝜕𝑟
)

2

+ (
𝜕𝑤

𝜕𝑟
)

2

− 𝑣2]=
1

2
[1 − (𝛽 + 𝑟𝛽′)2]                      (3) 

𝑒𝜃𝜃
𝐴 =

1

𝑟

𝜕𝑣

𝜕𝜃
+

𝑢

𝑟
−

1

2𝑟2 [(
𝜕𝑢

𝜕𝜃
)

2

+ 𝑟2 (
𝜕𝑣

𝜕𝜃
)

2

+ (
𝜕𝑤

𝜕𝜃
)

2

] −
1

2𝑟2 [−𝑣𝑟2 𝜕𝑢

𝜕𝜃
+ 𝑢

𝜕𝑣

𝜕𝜃
− 𝑣

𝜕𝑢

𝜕𝜃
+ 𝑢𝑟2 𝜕𝑣

𝜕𝜃
+ 𝑢2 + 𝑟2𝑣2]=

1

2
[1 − 𝛽2]   (4) 

𝑒𝑧𝑧
𝐴 =

𝜕𝑤

𝜕𝑧
−

1

2
[(

𝜕𝑢

𝜕𝑧
)

2

+ 𝑟 (
𝜕𝑣

𝜕𝑧
)

2

+ (
𝜕𝑤

𝜕𝑧
)

2

]=
1

2
[1 − (1 − 𝑑)2]                         (5) 

𝑒𝑟𝜃
𝐴 = 𝑒𝜃𝑧

𝐴 = 𝑒𝑧𝑟
𝐴 = 0 

where 𝑒𝑟𝑟
𝐴 , 𝑒𝜃𝜃

𝐴 ,𝑒𝑧𝑧
𝐴 , 𝑒𝑟𝜃

𝐴 𝑒𝜃𝑧
𝐴 , 𝑒𝑧𝑟

𝐴  are the components of the strain tensor 𝑒𝑖𝑗
𝐴, the superscript “A” indicates “Almansi” and 𝛽′ =

𝑑𝛽/𝑑𝑟.Substituting equations (3), (4) and (5) into equation (1), the generalized components of strain are given by: 

𝑒𝑟𝑟 =
1

𝑛
[1 − (𝛽 + 𝑟𝛽′)𝑛]                                        (6) 
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𝑒𝜃𝜃 =
1

𝑛
[1 − 𝛽𝑛]                                           (7) 

𝑒𝑧𝑧 =
1

𝑛
[1 − (1 − 𝑑)𝑛]                                        (8) 

𝑒𝑟𝜃 = 𝑒𝜃𝑧 = 𝑒𝑧𝑟 = 0 

2.3. Stress-Strain Relation for Orthotropic Material 

The constitutive equations for a linear, thermoelastic, orthotropic material are given by [4-7], 

[
 
 
 
 
 
𝜎𝑟𝑟

𝜎𝜃𝜃

𝜎𝑧𝑧

𝜎𝜃𝑧

𝜎𝑟𝑧

𝜎𝑟𝜃]
 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 0
𝐶12 𝐶22 𝐶23 0 0 0
𝐶13 𝐶23 𝐶33 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶55 0
0 0 0 0 0 𝐶66]

 
 
 
 
 

[
 
 
 
 
 
𝑒𝑟𝑟

𝑒𝜃𝜃

𝑒𝑧𝑧

2𝑒𝜃𝑧

2𝑒𝑟𝑧

2𝑒𝑟𝜃]
 
 
 
 
 

+

[
 
 
 
 
 
𝛽11

𝛽22

𝛽33

0
0
0 ]

 
 
 
 
 

𝜑                         (9) 

or in indicial form by𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 + 𝛽𝑖𝑗𝜑where𝛽𝑖𝑗are called the thermal moduli and𝛽𝑖𝑗 = −𝐶𝑖𝑗𝑘𝑙𝛼𝑘𝑙where𝛼𝑘𝑙are the coeffi-

cients of linear thermal expansion and 𝐶𝑖𝑗𝑘𝑙arestiffness coefficients. Using equations (6), (7), and (8) in equation (9), the thermo-

elastic constitutive equations are given by: 

𝜎𝑟𝑟 =
𝐶11

𝑛
[1 − (𝛽 + 𝑟𝛽′)𝑛] +

𝐶12

𝑛
[1 − 𝛽𝑛] +

𝐶13

𝑛
[1 − (1 − 𝑑)𝑛] − 𝛼1𝜑 =

𝐶11

𝑛
[1 − 𝛽𝑛(1 + 𝑝)𝑛] +

𝐶12

𝑛
[1 − 𝛽𝑛] +

𝐶13

𝑛
[1 − (1 − 𝑑)𝑛] − 𝛼1𝜑                                   (10) 

𝜎𝜃𝜃 =
𝐶21

𝑛
[1 − (𝛽 + 𝑟𝛽′)𝑛] +

𝐶22

𝑛
[1 − 𝛽𝑛] +

𝐶23

𝑛
[1 − (1 − 𝑑)𝑛] − 𝛼2𝜑 =

𝐶21

𝑛
[1 − 𝛽𝑛(1 + 𝑝)𝑛] +

𝐶22

𝑛
[1 − 𝛽𝑛] +

𝐶23

𝑛
[1 − (1 − 𝑑)𝑛] − 𝛼2𝜑                                   (11) 

𝜎𝑧𝑧 =
𝐶31

𝑛
[1 − (𝛽 + 𝑟𝛽′)𝑛] +

𝐶32

𝑛
[1 − 𝛽𝑛] +

𝐶33

𝑛
[1 − (1 − 𝑑)𝑛] − 𝛼3𝜑 =

𝐶31

𝑛
[1 − 𝛽𝑛(1 + 𝑝)𝑛] +

𝐶32

𝑛
[1 − 𝛽𝑛] +

𝐶33

𝑛
[1 − (1 − 𝑑)𝑛] − 𝛼3𝜑                                   (12) 

𝜎𝑟𝜃 = 𝜎𝜃𝑧 = 𝜎𝑧𝑟 = 0 

where 𝛼𝑖(𝑖 = 1, 2, 3) are functions of the coefficient of linear thermal expansion and 𝐶𝑖𝑗, 𝑟𝛽′ = 𝑝𝛽 and 𝜑 is the temperature 

change. 

The temperature field satisfying Fourier heat equation ∇2φ =
1

𝑟

𝑑

𝑑𝑟
(𝑟

𝑑𝜑

𝑑𝑟
) = 0with the boundary conditions 

𝜑 = {
𝜑𝑜,at 𝑟 = 𝑎

0, at 𝑟 = 𝑏
  

where 𝜑𝑜 is a constant, given by Seth. Solving the heat equation using the given boundary conditions, one gets: 

𝜑 = 𝜑̅𝑜ln (𝑟/𝑏)                                         (13) 

where𝜑̅𝑜 =
𝜑𝑜

ln (𝑎/𝑏)
 

The stress equations of equilibrium are all satisfied except: 

𝑑(𝑟𝜎𝑟𝑟)

𝑑𝑟
− 𝜎𝜃𝜃 + 𝜌𝜔2𝑟2 = 0                                    (14) 

where 𝜌 is the density of the material. 

Substituting equations (10), (11) and (13) in equation (14), we get a non-linear differential equation governing transitions in 

𝛽as: 
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[𝑝(1 + 𝑝)𝑛 +
𝐶12

𝐶11
𝑝 +

𝛼1𝜑̅𝑜

𝐶11𝛽𝑛 −
1

𝑛𝐶11𝛽𝑛
{(𝐶11 − 𝐶21)(1 − 𝛽𝑛(1 + 𝑝)𝑛) + (𝐶12 − 𝐶22)(1 − 𝛽𝑛) + (𝐶13 − 𝐶23)(1 − (1 − 𝑑)𝑛) +

 (𝛼2 − 𝛼1)𝑛𝜑̅𝑜 ln(𝑟/𝑏)} −
𝜌𝜔2𝑟2

𝐶11𝛽𝑛] + 𝛽𝑝(1 + 𝑝)𝑛−1 𝑑𝑝

𝑑𝛽
= 0                       (15) 

2.4. Boundary Conditions 

Since the cylinder’s internal and external surface are free from mechanical loads. So, the problem’s boundary conditions are 

set by the boundary conditions on radial stress 

𝜎𝑟𝑟 = 0 at 𝑟 = 𝑎 and 𝑟 = 𝑏                                   (16) 

the overall equilibrium in the axial direction requires 

∫ 2𝜋𝑟𝜎𝑧𝑧𝑑𝑟 = 0
𝑏

𝑎
                                       (17) 

3. Analytic Solution of the Problem 

Seth and other authors [20, 24, 26, 29, 32, 34] showed that the asymptotic solution or the transition function through the 

principal stress difference leads to creep at the transition point 𝑝 → −1. We define the transition function 𝜓 to find the creep 

stresses at the transition point as, 

𝜓 = 𝜎𝑟𝑟 − 𝜎𝜃𝜃 =
1

𝑛
[

(𝐶11 − 𝐶21)(1 − 𝛽𝑛(1 + 𝑝)𝑛) + (𝐶12 − 𝐶22)(1 − 𝛽𝑛)

 +(𝐶13 − 𝐶23)(1 − (1 − 𝑑)𝑛) + (𝛼2 − 𝛼1)𝑛𝜑̅𝑜ln (𝑟/𝑏)
]                (18) 

Then 

𝑑

𝑑𝛽
ln(𝜓) =

−𝛽𝑛−1

𝜓
[(𝐶11 − 𝐶21)(1 + 𝑝)𝑛−1 (𝛽

𝑑𝑝

𝑑𝛽
+ 1 + 𝑝) + (𝐶12 − 𝐶22) −

(𝛼2−𝛼1)𝜑̅𝑜

𝑝𝛽𝑛 ]              (19) 

from equation (15) substitute the value of
𝑑𝑝

𝑑𝛽
in equation (19) and then taking the asymptotic value at 𝑝 → −1, we get 

𝑑

𝑑𝛽
ln(𝜓) =

𝑛𝛽𝑛−1[𝐶12(𝐶11−𝐶21)−𝐶11(𝐶12−𝐶22)]

𝐶11[(𝐶11−𝐶21)+(𝐶12−𝐶22)(1−𝛽𝑛)+(𝐶13−𝐶23)(1−(1−𝑑)𝑛)+(𝛼2−𝛼1)𝑛𝜑̅𝑜 ln(
𝑟

𝑏
)]

+

𝜑̅𝑜𝑛[𝛼1−𝛼2−𝛼1
𝐶11−𝐶21

𝐶11
]

𝛽[(𝐶11−𝐶21)+(𝐶12−𝐶22)(1−𝛽𝑛)+(𝐶13−𝐶23)(1−(1−𝑑)𝑛)+(𝛼2−𝛼1)𝑛𝜑̅𝑜ln (𝑟/𝑏)]
+

(𝐶11−𝐶21)𝑛𝜌𝜔2𝑟2

𝐶11𝛽[(𝐶11−𝐶21)+(𝐶12−𝐶22)(1−𝛽𝑛)+(𝐶13−𝐶23)(1−(1−𝑑)𝑛)+(𝛼2−𝛼1)𝑛𝜑̅𝑜 ln(
𝑟

𝑏
)]

+
𝐶11−𝐶21

𝐶11𝛽
               (20) 

As 𝑝 → −1, the asymptotic value of 𝛽 is obtained as 

𝛽 =
𝐷

𝑟
,                                            (21) 

where 𝐷 is a constant 

Using equation (20) and equation (21), we get 

𝜓 = 𝐴1𝜉(𝑟)                                          (22) 

where 𝐴1is a constantand𝜉(𝑟) = 𝑟
−(𝐶11−𝐶21)

𝐶11 exp (𝑓1(𝑟) + 𝑓2(𝑟) + 𝑓3(𝑟)) 

where 

𝑓1(𝑟) =
−𝑛𝐷𝑛

𝐶11
[(𝐶11 − 𝐶21)𝐶12 − (𝐶12 − 𝐶22)𝐶11] ∙ ∫

𝑟−𝑛−1

ℏ(𝑟)
𝑑𝑟  

𝑓2(𝑟) = −𝑛𝜑̅𝑜 [𝛼1 − 𝛼2 − 𝛼1
𝐶11−𝐶21

𝐶11
] ∙ ∫

1

𝑟ℏ(𝑟)
𝑑𝑟  
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𝑓3(𝑟) =
−𝑛(𝐶11−𝐶21)𝜌𝜔2

𝐶11
∙ ∫

𝑟

ℏ(𝑟)
𝑑𝑟  

where 

ℏ(𝑟) = [(𝐶11 − 𝐶21) + (𝐶12 − 𝐶22)(1 − 𝐷𝑛𝑟−𝑛) + (𝐶13 − 𝐶23)(1 − (1 − 𝑑)𝑛) + (𝛼2 − 𝛼1)𝑛𝜑̅𝑜ln (𝑟/𝑏)]  

Substituting equation (22) in equation (14), we get 

𝜎𝑟𝑟 = −𝐴1 ∫
𝜉(𝑟)

𝑟
𝑑𝑟 −

𝜌𝜔2𝑟2

2
+ 𝐴2                                (23) 

where 𝐴2 is an integration constant. 

Substituting the boundary conditions (16) in equation (23), one gets 

𝐴1 =
−(𝑏2−𝑎2)𝜌𝜔2

2∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑏
𝑎

  

and 

𝐴2 =
𝜌𝜔2𝑎2

2
−

𝜌𝜔2(𝑏2−𝑎2) ∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑎
0

2 ∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑏
𝑎

  

Using the values of 𝐴1and𝐴2 equation (23) becomes 

𝜎𝑟𝑟 =
(𝑎2−𝑟2)𝜌𝜔2

2
+

𝜌𝜔2(𝑏2−𝑎2)

2

∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑟
𝑎

∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑏
𝑎

                                 (24) 

Using equations (22) and (24), we get 

𝜎𝜃𝜃 = 𝜎𝑟𝑟 +
(𝑏2−𝑎2)𝜌𝜔2𝜉(𝑟)

2 ∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑏
𝑎

                                 (25) 

Using equations (10), (11) and (12), we get 

𝜎𝑧𝑧 =
𝐶32

𝐶12+𝐶22
[𝜎𝑟𝑟 + 𝜎𝜃𝜃] + 𝜑̅𝑜ln (𝑟/𝑏) [

𝐶32

𝐶12+𝐶22
(α1 + α2) − α3] + 𝐾1                    (26) 

where 

𝐾1 = 2 [
1

𝑛
(𝐶31 −

𝐶32(𝐶11+𝐶21)

(𝐶12+𝐶22)
) + (𝐶33 −

𝐶32(𝐶13+𝐶23)

(𝐶12+𝐶22)
) 𝑒𝑧𝑧]  

Using the boundary condition (17) and equation (26), we get 

𝐾1 =
𝐶32𝜌𝜔2

2(𝐶32+𝐶32)
(𝑏2 − 𝑎2) −

2𝐶32𝜌𝜔2

(𝐶12+𝐶22)
∫ 𝑟

∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑟
𝑎

∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑏
𝑎

𝑏

𝑎
𝑑𝑟 −

𝐶32𝜌𝜔2

(𝐶12+𝐶22)

∫ 𝑟𝜉(𝑟)𝑑𝑟
𝑏
𝑎

∫
𝜉(𝑟)

𝑟
𝑑𝑟

𝑏
𝑎

+ 𝜑̅𝑜 [
𝐶32(𝛼1+𝛼2)

𝐶12+𝐶22
− 𝛼3] [

𝑏2−𝑎2+2𝑎2ln (𝑎/𝑏)

2(𝑏2−𝑎2)
]  

and𝑛𝑒𝑧𝑧 = (1 − (1 − 𝑑)𝑛) =
𝑛

𝐾1
2

−𝜁1

𝜁2
, where 𝜁1 = (𝐶31 −

𝐶32(𝐶11+𝐶21)

(𝐶12+𝐶22)
) and 

𝜁2 = (𝐶33 −
𝐶32(𝐶13+𝐶23)

(𝐶12+𝐶22)
)  

For appropriate use, we introduce the following non-dimensional quantities, 

𝑅𝑜 =
𝑎

𝑏
, 𝑅 =

𝑟

𝑏
, 𝜎𝑟 =

𝜎𝑟𝑟

𝐶33
, 𝜎𝜃 =

𝜎𝜃𝜃

𝐶33
, 𝜎𝑧 =

𝜎𝑧𝑧

𝐶33
,2 =

𝜌𝜔2𝑏2

2𝐶33
, 𝛽𝑜 =

𝜑̅𝑜𝛼3

𝐶33
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Creep transition stresses (24), (25) and (26) in non-dimensional form become: 

𝜎𝑟 = −2(𝑅2 − 𝑅𝑜
2) + Ω2(1 − 𝑅𝑜

2)
∫

𝜉(𝑅)

𝑅

𝑅
𝑅𝑜

𝑑𝑅

∫
𝜉(𝑅)

𝑅
dR

1
Ro

                            (27) 

𝜎𝜃 = 𝜎𝑟 + Ω2(1 − 𝑅𝑜
2)

𝜉(𝑅)

∫
𝜉(𝑅)

𝑅

1
𝑅𝑜

𝑑𝑅
                                 (28) 

𝜎𝑧 =
𝐶32

𝐶12+𝐶22
[𝜎𝑟 + 𝜎𝜃] + 𝛽𝑜 [(

α1+α2

α3
)

C32

C12+C22
− 1] [ln(R) +

Ro
2

1−Ro
2 ln(Ro) +

1

2
] −2(1 + Ro

2)           (29) 

where 

𝑛𝑒𝑧𝑧 =
𝑛

2
𝐾1−𝜁1

𝜁2

  

ℏ̌(𝑅) = [(𝐶11 − 𝐶21) + (𝐶13 − 𝐶23)𝑛𝑒𝑧𝑧 + (𝐶12 − 𝐶22) (1 − (
𝐷

𝑏
)

𝑛

𝑅−𝑛) + (
𝛼2−𝛼1

𝛼3
)𝛽0C33ln (𝑅)]  

𝑓1̌(𝑅) =
−𝑛

𝐶11
(

𝐷

𝑏
)

𝑛
[(𝐶11 − 𝐶21)𝐶12 − (𝐶12 − 𝐶22)𝐶11] ∙ ∫

𝑅−𝑛−1

ℏ̌(𝑅)
𝑑𝑅  

𝑓2̌(𝑅) = −𝑛𝛽𝑜𝐶33 [
𝛼1−𝛼2

𝛼3
−

𝛼1

𝛼3

𝐶11−𝐶21

𝐶11
] ∙ ∫

1

𝑅ℏ̌(𝑅)
𝑑𝑅  

𝑓3̌(𝑅) =
−2𝑛𝐶33Ω2(𝐶11−𝐶21)

𝐶11
∙ ∫

𝑅

ℏ̌(𝑅)
𝑑𝑅  

𝜉(𝑅) = 𝑏
−(𝐶11−𝐶21)

𝐶11 𝑅
−(𝐶11−𝐶21)

𝐶11 exp (𝑓1̌(𝑅) + 𝑓2̌(𝑅) + 𝑓3̌(𝑅)) = 𝑏
−(𝐶11−𝐶21)

𝐶11 𝜉(𝑅)  

4. Numerical Illustration and Discussion 

To illustrate the analysis, the elastic constant values for or-

thotropic materials (Boron-Aluminum and Graphite-Magne-

sium), transversely isotropic material (Titanium), and iso-

tropic material (Steel) are taken from the literature [28-35] and 

shown in Table 1. The creep stresses of the cylinder are deter-

mined using the following values based on the previously de-

scribed analysis: D/b = 1, 𝛼1 = 𝛼2 = 𝛼3, and 𝛺2 = 10;𝛽0 =

0.75, 𝑛 = 1/2 (i.e., N = 2 since in the classical theory meas-

ure N is equal to 1/n). Simpson's 1/3rd method of numerical 

integration has been used to approximate the values of the def-

inite integrals in Equations (27) and (28). 

Table 1. Elastic stiffness constants𝐶𝑖𝑗used in units of GPa. 

Material Symmetry Materials 

𝑪𝒊𝒋  

𝐂𝟏𝟏  𝐂𝟐𝟐  𝐂𝟑𝟑  𝐂𝟒𝟒  𝐂𝟓𝟓  𝐂𝟔𝟔  𝐂𝟏𝟐  𝐂𝟏𝟑  𝐂𝟐𝟑  

Orthotropic 

Boron-aluminum 

composite 
184 181.7 243.6 54.5 55.2 50.3 74.2 59.7 58.8 

Graphite-magnesium 

composite 
28.19 27.08 174.68 17.91 17.70 8.76 10.66 12.41 12.41 

Transversely Isotropic Titanium 162.4 180.7   46.7   92.0 69.0 

Isotropic Steel 2.908       1.27  
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Figure 2. Radial creep stresses in a thick-walled rotating cylinder along radii ratio 𝑅. The legend Bo-Al for 𝜎𝑟of boron-aluminum, Gr-

Mgfor𝜎𝑟ofgraphite-magnesium, Titanium for 𝜎𝑟 of titanium and Steel for 𝜎𝑟 of steel. 

In Figure 2, the distribution of radial creep stresses in the 

steady-state portion of the cylinder composed of steel, tita-

nium, graphite-magnesium, and boron-aluminum materials vs 

radii ratio is depicted under the influence of angular speed and 

temperature. When comparing rotating thick cylinders made 

of boron-aluminum material to those constructed of graphite-

magnesium, titanium, and steel, Figure 2 shows that the radial 

creep stress is highest at the central surface, whereas graphite-

magnesium and titanium have the lowest value. Additionally, 

it can be seen that the transversely isotropic titanium and iso-

tropic steel materials have higher radial creep stress values up 

to nearly the middlesurface than the orthotropic boron-alumi-

num and graphite materials. Furthermore, steel materials have 

higher radial creep stresses than titanium, boron-aluminum, 

and graphite-magnesium materials close to the cylinder's inner 

surface, while boron-aluminum materials have higher radial 

creep stress values than graphite-magnesium materials close 

to the cylinder's inner surface, with graphite-magnesium ma-

terial having the lowest value among all other materials. Near 

the cylinder's outer surface, cylinders composed of orthotropic 

materials (boron-aluminum and graphite-magnesium) have a 

larger radial creep stress value than those made of titanium 

and steel. The radial creep stress of graphite-magnesium ma-

terials is higher close to the cylinder's outer surface than that 

of boron-aluminum materials. Steel cylinders have the lowest 

radial creep stress value close to the cylinder's outer surface. 

 
Figure 3. Tangential creep stresses in a thick-walled rotating cylinder along radii ratio 𝑅. The legend Bo-Al for 𝜎𝜃of boron-aluminum, Gr-

Mg for 𝜎𝜃 of graphite-magnesium, Titanium for 𝜎𝜃 of titanium and Steel for 𝜎𝜃 of steel. 

Figure 3 shows the distribution of tangential creep stress 

along with the radii ratio. As the radii ratio rises from the inner 

to the outer surface of a rotating cylinder, the tangential creep 

stress falls due to the influence of angular and thermal speed. 

From the inner to the outer surface of the cylinder, Figure 3 

shows that the tangential creep stress for isotropic material 

(steel) and transversely isotropic material (titanium) is greater 

than the tangential creep stress of the cylinder composed of 

orthotropic boron-aluminum and graphite-magnesium materi-

als. However, steel material has a larger tangential creep stress 

than titanium up to the cylinder's middle surface, whereas ti-

tanium has the highest tangential creep stress of all four mate-

rials close to its outer surface of the cylinder. Furthermore, up 

to the cylinder's center surface, tangential creep stress for bo-

ron-aluminum is greater than that of graphite-magnesium; 

nevertheless, near the cylinder's outside surface, the opposite 

is true. 
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Figure 4. Axial creep stresses in a thick-walled rotating cylinder along radii ratio 𝑅. The legend Bo-Al for 𝜎𝑧 of boron-aluminum, Gr-Mg 

for 𝜎𝑧 of graphite-magnesium, Titanium for 𝜎𝑧 of titanium and Steel for 𝜎𝑧 of steel. 

The axial creep stress along the radii ratio is presented in 

Figure 4. From the inner surface up to the middle surface of 

the cylinder, it is evident that the axial creep stress of the ro-

tatingthick-cylinder composed of orthotropic materials: bo-

ron-aluminum and graphite-magnesiumis greater than that of 

the isotropic and transversely isotropic materials: steel and ti-

tanium respectively. Boron-aluminum has the highest axial 

creep stress on the inner surface. On the other hand, the inner 

surface of a steel cylinder has the least value of axial creep 

stress. At the outer surface of the cylinder, titanium and steel 

material has higher axial creep stress value than orthotropic 

materials. Furthermore, titanium has the highestaxial creep 

stress at the rotating thick-cylinder's outer surface, while bo-

ron-aluminum has the least. Boron-aluminum has the lowest 

axial creep stress, while titanium has the highest around the 

center. 

5. Conclusions 

This article presents the analytic solution of steady-state 

creep deformation in an orthotropic composite thick-walled 

rotating cylinder subjected to a thermal gradient using lebes-

gue strain measure theory and Seth's transition theory. The an-

alytical solution considers only the principal stresses, meaning 

the transition occurs through the principal stress difference. 

Consequently, the asymptotic solution describes the onset of 

creep at a transitional point, governed by the principal stress 

difference, with a transition function defined to determine the 

stresses. Significant findings from this study include the fol-

lowing: It is observed that radial creep stress is greater at the 

center in titanium and steel cylinders, but higher near the outer 

surface in boron-aluminum and graphite-magnesium cylin-

ders. Steel cylinders show higher tangential creep stress than 

titanium up to the mid-surface, while titanium surpasses steel, 

boron-aluminum, and graphite-magnesium near the outer sur-

face. Boron-aluminum shows the highest axial creep stress at 

the inner surface, while steel has the lowest; at the outer sur-

face, titanium and steel exceed boron-aluminum, and graph-

ite-magnesium. 

Abbreviations 

a Inner Radius (m) 

𝐴𝑖 Constants (dimensionless) 

b Outer Radius (m) 

Cij Material Constants (N/m 2) 

d Constants (dimensionless) 

D Constants (dimensionless) 

eij Strain Tensor (dimensionless) 

n Strain Measure Coefficients (dimensionless) 

𝑅𝑜 Radii Ratio at Inner Surface (dimensionless) 

𝑢, 𝑣, 𝑤 Displacement Components (m) 

𝛼𝑖  Thermal Expansion Coefficient (1/℉) 

𝛽𝑖  Thermalmoduli (𝑁/ 𝑚 2 ℉) 

𝜂  Function of 𝑟 Only 

𝜎𝑖𝑗  Stress Tensor (𝑁/ 𝑚 2) 

𝜑  Temperature (℉) 

Φ  Transition Function 

𝜔  Angular Velocity 
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