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Abstract : In this paper, we consider the nonparametric recursive kernel density estimator on a compact ensemble when
observations are censored and S-mixing. In this type of model, it is widely recognized that the traditional empirical distribution
does not allow the densities F and G to be efficiently evaluated. Thus, Kaplan and Meier suggested a consistent estimator of G, to
properly estimate G. Let {T}, k > 1} be a strictly stationary sequence of random variables distributed as 7. We aims to establish
a strong uniform consistency on a compact set with a rate of recursive kernel estimator of the underlying density function f when
the random variable of interest 7" is right censored by another C' variable. In censoring, the observation is only partially known,
which means that there are only the n pairs (Y, d;), Y; = min(7;, C;) and 0; = I{7,<¢,}, where 14, where the indicator function
for event A. Firstly, we propose the uniform convergence of this recursive estimator towards the density f. Then, we showed the
veracity of our results by establishing all the necessary proofs. In other words we will prove our main result by establishing three
lemmas. And finally we validated our theoretical results with a simulation study.

Keywords : Censored Data, Kernel Estimator, Density Function, Sure Convergence, 3-mixing

1. Introduction

Let be {T},,,n > 1} a sequence of positive and continuous
random variables (lifetime) defined on a common probability
space (€2, F, P). It refers to the time spent until the occurrence
of a specific event, commonly referred to as “death”, which
corresponds to a statutory change (usually a change from
“alive” to “deceased”)). In probability theory, most of the
conclusions we have about random variables are generally
only applicable to autonomous random variables. However,
numerous concrete cases demonstrate that this postulate of

1

l\.’)\»—l

B(A,B) —sup{

i=1 i=1

> Y P4 N By)

independence would not be realistic. For example, if we look
at air pollution in the city of Saint Louis, the pollution rate
observed during the month will be significantly lower.

This information therefore induces a certain form of
dependence, illustrated in mathematics by dependent data.
The study of weak dependence, which is modeled by various
notions, notably includes the notion of 5 mixture. Volkonskii
and Rozanov [19] introduced it as a dependence structure,
mainly for pragmatic motivations.

For any two o-fields A and B C F define the following
measure of dependence :

—P(A; )P(Bj)l} (D)
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see [1]

where the latter supremum is taken over all pairs of finite
partitions (A1, As, ..., A7) and (B1, Ba, ..., By) of ? such that
A; € Aforeachiand B; € B for each j.

Now suppose T := (Ty,k € Z) is a strictly stationary
sequence of random variables on (2, 7, P). For the given
random sequence 7', for any positive integer n, define the
dependence coefficient, define the dependence coefficient.

B(n) = B(T,n) = sup B(F o, F535,) )
JEZ

We say that the sequence (7}) is S mixing if the mixing
coefficient 5(n) — 0 when n — oo.

Currently, attention has become more focused on the
specification of nonparametric estimates, models where
the predictor does not come in a pre-established form,
but is developed from information gleaned from the
data. Parzen [15] and Rosenblatt [14] introduced kernel
density estimators (KDE), which are frequently found in
various scientific applications, especially in the medical
field Reviews, epidemiology, decision-making theory and
forecasting, genetics as an instrument of exploration.

In many cases, the full 77,...,7,, data are not available
because we do not have all the information. Suppose that
the censoring instants C ... C,, are independent identically
distributed (i.i.d.) and independent of T;;7 = 1;2;...;n
of distribution function G unknown. Among the various
forms of data where there is partial information, mainly
on censorship and truncation. Right censoring is the most
commonly observed case in survival analysis and has appeared
extensively in the literature ([4, 7]), [6].

In censoring, the observation is only partially known, which
means that there are only the n pairs (Y3, 6;), Y; = min(T;, C;)

and 6; = W7, <c,}, where I 4, where the indicator function
for event A. For a long time, statisticians were wondering how
to identify non-parametric estimation and inference techniques
for f and its mode 6 within the n actually observed pairs
(Y;,9;) ? We know that in this type of model, the traditional
empirical distribution does not make it possible to effectively
evaluate the densitie (G. Therefore, Kaplan and Meier[9]
proposed consistent estimator G, for G (see (4)).

Their work presents important results regarding the
estimation of the nonparametric survival function for right-
censored random variables.

This paper looks at the almost sure uniform convergence of a
non-parametric density function estimator based on a recursive
kernel estimator with censored data and [-mixing. Thus,
the estimator can be updated with each additional additional
observation. These recursive characteristics present multiple
storage benefits : their application, their interpretation, their
calculation do not require a considerable amount of data. In
certain specific circumstances, they also appear to perform
better than traditional methods.

We design a stochastic algorithm that approximates the
function f at a specific point ¢, while determining the zero of
the function g : y — f(¢) — y. According to the Robbins-
Monro model (see [13]), we set fo(t) € Rand foralln > 1,
Fa(t) = fa_1(t) + 7, Wi (t) where ,, is not random positive
sequence tending towards zero when n tends towards infinity.

To determine W, at a point ¢, we follow [16-18]. Going
in this direction we refer to the reader [2, 3, 5, 8, 10, 11].
We integrate the kernel K (i.e. a function which satisfies
Jg K (x)dz = 1) and the bandwidth ., (i.e. say a sequence of
positive real numbers which lie towards zero). Based on [18],
we substitute 71 with Gi;;1 and we obtain.

W = hy 10,G K (hy (= Y0)) = fuea (D) 3)

Where G,, =1 — G,, and G, is the Kaplan-Meier estimator associated with it has the expression :

e [1-
0

Gn(t) =

1—9
n—1+1

I
{rw=t} .
] s if t< Yv(n) 4)

it t> Y

Subsequently, we consider in this article the recursive estimator of the function f at the point ¢ indicated by the following

relation

fn(t) = (1 - "Yn)]gn—l(t) + 77167107:1[( (hgl(t -

Ya)) - 5)

We assume that fo(z) = 0 and Q,, = H;l( 1 — ;). We suggest examining the following estimator of f at the point.(see[18])

Fa(®) = Qu Y Qi wuhi G (Vi) K (t;Y’“). (©)
k=1

k

When G is known, the recursive pseudo-estimator fn of f estimates the common density well lifespans.

k

falt) = QnZQ;17k5kh,§1@71(Yk)K (thYk) ) (7
k=1
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2. Hypotheses and Main Results

To establish our results we will need these classic
hypotheses :

M;. {T;,i > 1} is a strictly stationary sequence of random
variable (- mixing with a common distribution function F
which has a probability density function f, admitting finite
second moments.

M,. The censoring times {C;,1 < i <n} are i.i.d with
distribution function G, and are independent of {7;,7 > 1}.

K. K is a Lipshitz density with true compact support
satisfying [ uK (u)du = 0.

D;. The density f(.) is twice continuously differentiable on
[0,7], where 7 < 7p = inf {¢, F(t) = 1}

D,. The coefficient of S-mixture of T; verifies S(n) =
O(n~Y)forally > 4:

H. The smoothing parameter h = h,, is such that h — 0,
nh, — 00, n3/2=vp=3/2 5 0 and nt/2-vH=3/2 5 0

i)vn € GS(—a) with o € (1/2,1]

ii)h, € GS(—a) with a € (0,1)
we recall that a sequence (v),, is said to have regular variation
and we note (v,,) € GS(v) if

lim n [1 — vn_l} =7
n—o0 Up,

To facilitate monitoring of the main results presented in this
document, we highlight that under hypotheses i) and ii), we
have

Qnd Qu'm=1+01), @QnY Q'whi=0(0h2) et Q2> Q7 %hy' =0 (wmhy')

k=1 k=1

k=1

The uniform convergence p.s from fn to f is given by the following theorem.
Theorem 2.1. Under slighty restrictive hypothesis on the mixing coefficient, the kernel K and the density f My, My, K, Dy

and D, and H

ogn o

sup |fu(t) — f(H) = O {max (1/ 1 ,hn> } a.s as n— oo (8)
telo,7] nh,

The proof of Theorem 2.1 is based on the following lemmas, before enoucing those lemma, let’s give this proposition, This
propisition is an adaptation of the Noureddine Rhomari [12] theorem in the case where Y;....Y,, are in R and p = 1, we will use

it for established the follow lemma 2.1.

Proposition 2.1. Let Y;,1 < t < n be a sequence of real centered random variables, with coefficient 5 — mizing, and for
n>2,1<i<2r |V < Mand E(|U;])?) < 0? = Q;?v20(h; ') we have

t=1

where

P (i Y;| > 6) < dexp <4[

262 +eM/3]

62

) + (n+2)B(1) )

62 =max (}!_ 0%, 0%_,)and r = r, is a sequence of positive numbers, defined by

S

[.] being the whole part.
Lemma 2.1. Under Assumptions K, Dy et H

sup
te(0,7]

Lemma 2.2. Under Assumptions K,D; and H

b 1alt) = BFa(0)] = o(

te(0,7]

Lemma 2.3. Under Assumptions DI, D2, K et H

sup |fu(t) = fult)] = O

te[0,7]

logn s
nhy, '

log 1
(,/Ogognhi) .
n

Efa(t) = /(1)] = O (n2) (10)

whenn — oo

(1)

(12)
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3. Proofs

3.1. Proof of Lemma 2.1

>

B = E[QnZlelmh,:lé—%Yk)K (t—Yk)]

k=1 k

- @ Sars e w (50

with

E |G~Y(Yi)0xhy, 1K( Y’“)] = h'E E(Gl(Yk)ékK <tYl)|Tk>}
hk L hk:
-1 [ ~—1 ="
= h'E|E (K< G (YK " T},
i t—T
1) E(“‘{Tmck}Tl)]

> P (T < C’k)]

= h'E G"l(Tk)K(

t—1T,
k

= h'E Gl(Tk)K<

- nE|G- (Tk)K(thkﬂ)G(Tk)}

o (o

/K(z)f(t — hiz)dz

By setting z = L Weusea Taylor expansion to order 2 so Taylor to order 2 so.
If D1 is verified and (¢* being between ¢ and ¢ — hu) then,

2
flt=tuz) = S0~ haaf () + 2 0()

therefore

E |G~ (Yi)orh, ' K (75’“)] = /K { — hpzf'(t) + hzzzf”(t*)} dz
/K (t)dz — hif(t )/zK(z)dz+W/22K(z)dz

hF( //
)+ G sup 177 |/ 2K (s

IN

< FO+"E sup ) \/ 2K (2

2 te[0,7]

F(r
< f(t)+Chi with C= (2 sup |f"(t)] | 22K(2)dz
te(0,7]

Thus
t—Y

hi

Bt & ()| < s+ o
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Under the hypotheses H, we have

Efu(t) = an”:@;l%E [@_1(Yk)5kh;1K<x_Yk)]

=1 b
< QnZQzlvk (f(t) + Ch3)
< QnZQk T f(t —i—an:Q,C . Ch3
k=1 k=1
< (140(1)f(t)+ O (h3)
< )+ O (hi)

Then ~
Efa(t) = f(t) = O (hi)

3.2. Proof Lemma 2.2

To establishe the convergence of f,,(t) — Ef,, () let’s calculate first

fa(®) = Efa(t) QRZQk Vi (Zi(x) — B [Z(2)))

k=1

where Z,(z) = hy, 'G71(Y,,) o1 K (ac ; Yn)
k

Let [0, 7] be compact, it can be covered by a finite number g, of intervals I; of center t; ;1 < 5 < g, and half length

/n3 [h3 [ h3
an = ;,smt[j: s — Z;t;—’_ ol

[0, 7] being bounded, there exists a constant ¢; > 0 such that ¢, < ¢4/ % (Indeed,

110.7)) = 2t = 20, <2 [ N

by posing
My (t) = Qi v (Zi(x) — E[Zy(2)])

we have
n

fn(t) - Efn(t) = Qn ZMk(t)a

k=1
which we break down as follows

Q.Y = {[70-Fu6)] - [BF0 ~BR) } + [F6) ~BF5)
k=1

n

@n D Mi(t) +Qu Y My(t5)
k=1

k=1
Then
n n ~ n B
sup |Qn ZMk(t) < max sup (@Qn Y Mi(t)|+ max |Q, ZMk(t;‘) =A;+ A
t€[0,7] k=1 1<i<gn tel; k=1 1<j<qn =1
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On the other hand
|anm@ = |Ful) = £ —E[Fu) - Fu(2))]
k=1
n - . B t—Y; tr-Y;
< Qn;leékG 1(Yk)’ykh’k1 K( hk ) B K( ’ hk )‘
e A —1 t=Y; tj — i
E Qn’;Qk oG (Yi)vehy < i >_K( Jhk )’
n B _ B t— Y’Z t* —}/Z
< anZ:lel5kG (Yl K< I >_K<Jhk )‘
n R _— t*Yk t;k —}/i
< Bi(t) + Ba(t)
with

sup By (t) = suanZleh G

tel; tel;

t-Y; ;=Y
K L '
< by ) ( hy )’
t—Y; ;Y
K K (2
( hi > ( h )‘

= Qn Z Q. 'hy ! sup kG (V)
up

O30 )k ()
< n hy su K - K| -
< (T)Q ;Qk "V p ( I »
< Q zn:Qflhfl M K being lipschitzian .Moreover t € I; = |t —t}] < 2a
S G TR g | S
2\a ~
S = nQn Q_lh Q’Yk
G( ) ]; k k
2) o
- 2762 ZQ—lh—%k
= = —&n E "
G(r)Vnha® o
2\ -
< 77Qn Q}?lhzyk
G(r)Vnhy? ;
2\
< —F=0 hy
G(1)V nhy® ( )
2)\c
< C with C = =— and X\ being the Lipschitz constant
= (W ) G(r) ! i
1
- ()
nh=7

Then

1
Bi(t) =0 ——
sup B (¢) (mw)

In the same way arguments similar to the above give :
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Which leads to

Ai1(t) = max sup
1<j<qn te]

Qn Z My (t)| =
=1

For the study of Ao, we will use the technique developed in [6].

For ¢ € [0, 7], we apply proposition 2.1 to this sequence of random variables {U;, 7 € N}, with coefficient 5-mixing, checking
for everythingn € N, |U;| < M,1 < i < n.

Let’s put

()

Ui(ty) = Q7 i (Zi(t) —E[Zi(t)])  and  Zi(t}) = 6;G~1(Yi)h; %(mﬁ>

2

E(lU)?) = E(Qy ' (Zr(ty) — E[Zk(t})])
= Q" ME((Zi(t}) — E[Ze(t))))?
= QuWE (Zu(th)” + ElZe(t1))? — 22k (1) E[Zk (7))
= Q% (E(Ze(t1)?) + ElZk(t;))* — 2B(Z1(t)E[Z1 (7))
= Q% (B(Zi(t)?) — E[Zk(t))?)
= QiVar(Zi(t})

Var(Ze(ty)) = E[Zk(t})]* — E*[Zi(t})]

IA
=
N
o
=
=

IN
=
>,
>
Qi
|
=
>
= |
=
VRS
o~
>
=
N—
[ V]

IA
>
|
[\v]
=
=
7 N
=
N
~
%
= |
=
s
N———
Qlx
AR
~IIA
= |Q
~— |~
N———
ol
| IS
| I

IA
>
= |
N
=

IA
>
= |
¥
=

tr — Ty 1 \?
)G(n)) BT < Ci)

IN
>
= |
N
=

INA
>
= |
[\v]
&=
T T
/’\/;\/—\/—\
7~/ N 7 N 7 N 7N
%
|
3
"
|
—_
"
(V)
B
A
Q
B

IA

=

Do

Q

—

S~—
1

=

(V]
~
-
ks

|
i
~
| I

IN
-
Q
—
~—
2
—~
N
~
o)
~
[
>
ES
N
~—
U
I\

thus

=

=

=
I

Q,:%?O(h‘l)
CQ*vih, ! = o}

IN
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P (1fa(ti) — Efa(ti)] > ) P(’QnZQt Y (Z(t) — ElZi(#)]) > e

= P(’Q ZUt >5>

P( |Ut| >5Qn1>
t=

dewp ( 4252 + ainM/3])

Y < SoSuea]wor)

3

IA

IA

+(n+2)8(1)

A

fn(tZ) - Efn(tZ) >

o

P max
1<k<qn

52Q72
< Adgnexp (- n + qn(n+2)8(1
< 4q p( 4[2&3+5Q;1M/3]> an(n+2)8(1)
1 210gn 2
LetS:z-:m/ﬁ then 4qexp | — @n
nh - logn 1
4[20’% + €0 Qn M/3]
logn ~— —
gnexp | — 0 i On” = g exp( Eglog?}Q"Q 20T )
" 1o " 852nh + 4eo(logn)'/2(nh)/2Qn M /3
4[25’%+€0 gninM/3] UTn 60( Ogn) (Tl ) Q / }
g2 lognQ;>
= In€IP 52 1/2p1/20)=1
© 852nh + deg(nlogn)/2h1/2Q; M /3]
= gnexp <— 000 )
" 862(logn)~1nh + 4eo(nlogn)=1/2h1/2Q,* M/3]
= gnexp | — % ?
! 852(1982)~1h + deg(nlogn)~1/2h1/2Qy M /3]
—- 0
So
egloen 2
4qnexp | — » —0 when n —» 00 (13)
4[262 + 2 g”QnM/?,]

We will look at the case where 03; > 03,_, by framing >, _ 03, > >""_ 02, and
T T T T
S PIED SEN B SRS WSS LR
=1 =1 i=1 i=1
= D QMO = QPR Y_ Q7o)
= =2
< Q7PQ2Y Q7P = cQPO0(veh )

j=1

= O(Vrhvjl)
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If 03, < 03;_4, by framing }7_, 03, <371, 03, ; and
53 = max (Z U%i» ZU;‘1> = Zo—gifl = Z Qgiz—17§i710(h5¢£1)
i=1 i=1 i=1 i=1
= > QO ") =Q2QN> QO
j=1 j=1
< QRN Q7P hy = QP O(v b )
j=1

= O('th;l)

In conclusion

5'72» = O('Ynh;l)

The nonincreasing of 5 allows us

in(n+2)B(1) < qn(ﬂ+2)ﬁ(n)écl\/g(n+2)6(n)

n1/2 —v —vy— —vy—
< clcgm(n—i—Q)n < clcg(n3/2 h3/24opt/2-vy, 3/2) -0
(14)
Considering the fact 13 et 14, we obtain
o logn
Ay = max. Qn;Mk(tj) =0 (\/ i ) :

In conclusion

sup [7u(t) ~ Ef.(0)] = O (\/ 1°i”)
te(0,7] Ty

3.3. Proof of Lemma 2.3

lfn(t) — fo(t)] = QnZQEl&th;lK <t;:/k> (Gk(lyk) B G(i@))

k=1

e (P |GR(Y) — G(Y)))
< Q> Qptwh 1K< ) £ (1) =
,;1 bR hi Gr(Y;)G(Y7)
supyeo [Gn(y) =G| o~ . (t=Y
< = = n MK ([ —2&
< AT Q ;Qk why, ™
SUPye[o,7] |G7l(y) - G(y)‘ - 1 2 (t — Yk>
< - " hiK
S Gr (T)G(T) Q ; Qk Vi lge e
< e loglogn %
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Indeed

_ _ log logn
sup G (y) — G(y) =O<\/”> p.s
y€[0,7] n

According to the law of iterated logarithm (LIL) for censored data, in the case i.i.d. (see Deheuvels and Einmahl (2000)) and

t—-Y,
since K is a bounded function = K ( W k) <M
k

SN t—Y, L
QnZlefykhiK( ’“) < MQ.Y Q'

k=1 hi. k=1
Mch?

czhi with co = Me¢

3.4. Proof of Theorem 1

The proof of the Theorem is based on the lemmas above and the triangular inequality allows us to write :

sup |ful) = £ < sup |fu®) = F0)| +sup| Fu(t) —E (Fu(0))| +sup [E (Fu(t)) = £0)
teQ teQ teQ teQ
= S1+ 59+ 53
where
3 . -1 —1~—1 i =Y
Fa(t) = Q> Qi wbrhi ' G (V) K
k=1 s
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