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Abstract

The single-period inventory problem with uncertain demand, also known as the Newspaper Vendor Problem, is a commonly
encountered occurrence in industry and significant research literature exists on the subject. The critical ratio or fractile method
provides the decision maker with a method for quickly calculating the optimal stock quantity that either maximizes expected
profit or minimizes the expected cost. The critical ratio or fractile method is based upon the concept of finding the optimal
balance between the opportunity costs of having excess inventory versus having a insufficient supply on hand. Little research
publication, however, exists concerning EVPI for the Newspaper Vendor problem. This paper addresses that gap in literature.
Market research is often available to more accurately estimate next periods demand but usually it has an attached cost. The
Expected Value of Perfect Information (EVPI) represents the most that the decision maker would ever pay for market research.
It provides the scale for which all sources of information about future demand can be rated. This paper demonstrates the procedure
for finding EVPI for cases where demand is estimated by either a discrete or a continuous probability distribution. Practical
examples of both profit maximization and cost minimization are provided in the paper.
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1. Introduction

The newspaper vendor problem, also known as the
newsvendor, newsboy, or single-period inventory problem,
determines the optimal order quantity to order or produce of
an item when the demand for the item during the period is un-
certain. Specifically, the newspaper vendor problem is a sin-
gle-period inventory problem where the demand for the item
during the period is unknown and must be estimated. The de-
cision maker has one chance to order the item on or before the
beginning of the period and no chance to reorder the item dur-
ing the period. If supply exceeds demand, leftover items must
be disposed of at the end of the period. If demand exceeds

supply, a potential sale is lost, reducing profits, or a more ex-
pensive substitute item must be procured, increasing costs. [2,
3,5,11]

The newspaper vendor problem has been successfully ap-
plied to both profit maximization and cost minimization situ-
ations. [1, 4, 8, 13] Profit maximization examples typically in-
volve a retailer that is selling an item that has a high rate of
spoilage, deterioration or obsolescence, e.g. bakery goods, pe-
riodicals, imported seasonal fashions. Cost minimization ex-
amples often involve manufacturers and maintenance compa-
nies where the exact usage of a component or a supply item is
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uncertain due to its a high rate of spoilage/deterioration/obso-
lescence or that the item is of no further use and will be dis-
posed of at the end of the period, e.g. job shops filling custom
orders for unique products and hardware maintenance organi-
zations.

2. Newspaper Vendor Problem Solution

Assumptions:

1) Item is stocked for a single period

2) Demand is uncertain

3) Delivery or production of the item is made at the begin-

ning of the period in advance of demand

4) Overage and underage costs are linear

5) The decision criterion is either to maximize expected

profit or to minimize expected cost

Notation:

Q = Quantity

Q* = Quantity that maximizes expected profit or minimizes
expected cost

D = Demand for the product during the period

Co = Unit cost of overstock

Cu = Unit cost of understock

f(d) = Probability mass or density function of D

F(d) = Cumulative probability distribution of D (Probability
of D<d)

F(d) = Inverse cumulative probability distribution of D

E() = Expected value of ()

EOL (") = Expected Opportunity Loss of ()

An Opportunity Loss occurs when the amount stocked does
not equal the demand. It is a missed opportunity to reduce
costs or increase profits. Both Cy and Co are opportunity
losses per unit when supply does not equal demand.

Typically, in cost minimization problems,

Co = Cost of Item — Salvage Value of Item

Cu = Cost of Substitute Item — Cost of Item + Shortage Pen-
alty per Unit

If demand exceeds supply, then the decision maker incurs
an additional cost of Cy for each unit of shortage. If supply
exceeds demand, then the decision maker wasted Co for each
unit of overage. [6, 7, 9]

Co(Q* — D), when D < Q=
$0, when D Q *
CU(D — Q=x), when D > Q=

Opportunity Loss =

Typically, in profit maximization problems,

Co = Cost of Item — Salvage Value of Item

Cu = (Selling Price of Item — Cost of Item) + Shortage Pen-
alty per Unit

If demand exceeds supply, then the decision maker loses an
opportunity to make an additional profit of Cy for each unit of
shortage. If supply exceeds demand, then the decision maker
will lose Co for each unit of overage.

The optimal order quantity Q" is the optimal balance be-
tween the possible lost profit or increased cost by having over-
stock versus understock is given by the well-known result:

Q" = the smallest value of D for which F(d) > —2
Cy+Co

Its solution is referred to as the critical-fractile rule:

Q =F'(—Y) [1,2,3,5, 11]

Cy+Co

2.1. Expected Value of Perfect Information in
Cost Minimization

In a cost minimization setting, the Expected Value of Per-
fect information (EVPI) is the expected reduction in cost that
would result if the decision maker knew what demand would
be in advance of stocking or producing the item. Expected
Cost with Perfect information (ECPI) is the expected cost
when the value of demand (D) is known in advance and the
decision maker stocks D units.

EVPI = ECPI - E(Cost of Q")

Although there are few or no sources of perfect information
in most business environments, it remains an important con-
cept. It represents the most that the decision maker would ever
pay to eliminate the uncertainty in the business problem. It
provides the scale for which market and other sources of im-
perfect information can be rated.

An infallible predictor of demand (perfect information)
would allow the decision maker to minimize costs thus elimi-
nating all opportunity losses. [10, 12, 14] This decrease in to-
tal cost is exactly equal to the reduction in opportunity loss
that will be generated if the perfect information is obtained. It
is a well-known fact that when Qis stocked, EVPI equals
EOL since the perfect information will reduce the EOL from
its current value to 0. Therefore,

EVPI = ECPI - E(Cost of Q) = EOL(Q")

If probability distribution for estimating demand is discrete,
then

EOL(Q") = £, Co(Q" = d)f (d) + X 4_gu1s Cud = Qf(d)

Example: Knotty by Nature is a furniture manufacturer who
has just renewed a lease with an equipment rental supplier that
provided several lathes that the company currently uses. The
term of the lease is for one additional year. The lease is a triple
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net lease where Knotty by Nature is responsible for all mainte-
nance procedures and repairs of the lathes. At the end of the
lease, Knotty by Nature expects to replace the lathes with a
newer model. The lathes have a drive belt that sometimes
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breaks and must be replaced at an average rate of 2 per month
for the shop. Breakdowns do not seem to be usage or wear
related but rather seem to occur randomly. As a courtesy, the
leasing agency stocks and sells replacement belts by the piece
to their customers. The regular cost of the belts is $100 each
but the equipment supplier has made a one-time offer of a
quantity discount of 30% on spare belts purchased as part of

the lease renewal. It is estimated that any unused belts at the
end of the could be sold on eBay for $55 each. Other vendors
also sell these belts for $100 each, but they are only sold by
the case which contains 12 belts. Thus, the equipment rental
supplier is currently Knotty by Nature’s best source for the
belts.

In this example,

Co = Cost of Item — Salvage Value of Item = ($70 - $55) = $15

Cy = Cost of Substitute Item — Cost of Item = ($100 — $70) = $30

E(D) = (2 per month)(12 months) =24 belts

Since belt failures are occurring randomly over time, the
Poisson Distribution would provide an appropriate model of
belt breakage. The probability mass function for the Poisson
Distribution is given by:

f(d) =[(E(D))" eE®)/ d! = [(24)¢ &4/ d!

The critical fractile is

Cy _ $30
Cy - Co $30 + $15

=.6667

Looking up the.6667 fractile on the Poisson distribution
with E(D) of 24 reveals that

Q" =26 belts

It was found that

E(Q") = (870)26) + ¥'2° (=$55)(Q* — d)[(2H)® e™24]/ d!

+ YT $30(d— QOI2H? e/ d!

E(Q") = $1,761.01

If the value of D is known in advance, the decision maker would order D so

ECPI = $70 (E(D)) = $1,680

Therefore,

EVPI = ECPI - E(Cost of Q%) = $1,761.01 — $1,680.00 = $81.01

Uncertainty concerning the number of belts needed is costing Knotty by Nature $81.01 in this problem. The opportunity loss

function in this example would be

Co(Q* — D)= $15(26 — D),when D < 26

Opportunity Loss =

when D = 26

CUD — Q%)= $30(D — 26),when D > 26

EOL(Q) = Y27 15(Q" - )[4 e/ d' + Y

As expected, EOL of Q" equals the $81.01 found for EVPI.
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Figure 1. Knotty by Nature Cost Functions.

Uncertainty concerning actual demand is costing Knotty by

Nature $81.01 in this problem. 2.2. Expected Value of Perfect Information in
Although there is likely no way for Knotty by Nature to es- Profit Maximization

timate the exact number of spare belts that will be needed in

the next 12 months, EVPI could prove to be exceedingly use- In a profit maximization setting, EVPI is the increase in
ful. Consider the following scenario: There is a membership profit that would result if the decision maker knew what de-
store that sells replacement parts wholesale. At this establish- mand would be prior to stocking the item. Expected Payoff
ment, the belts are sold by the piece and cost $70 each. The  with Perfect information (EPPI) is the expected profit when
membership fee for one-year costs $60. Should Knotty by Na-  the value of demand (D) is known in advance and the decision

ture join the club and procure the replacement belts there? The ~ maker stocks D units.
wholesale club option is the equivalent of perfect information

since the uncertainty of demand is no longer pertinent in de- EVPI = EPPI — E(Profit of Q") = EOL(Q")
termining the optimal course of action. EVPI is worth $81.01
which is greater than the $60 membership cost so that Knotty If the uncertainty concerning demand happens to be mod-

by Nature expected net cost would be reduced by $21.01 by elled by a continuous random variable, then
joining.

EOL(Q") = [ Co(Q" — d)f(d)dd + J,.Cu(d — Q")f(d)dd
If the random variable estimating demand is normally distributed, then

1 (d-p)? 1f (d-p)?
EOL(Q)_fOQ*CO(Q*—d)%e_E«T) >dd+f;;CU(d— Q*)%e 2<(G)>dd

This could be the case if demand is estimated by either re- based uni supplier where Uni Delight has exclusive rights to
gression or statistical estimation for large samples by the Cen- ~ market and sell their Grade A uni in Ventura and Santa Bar-
tral Limit Theorem. Notice that the first term is the left-hand bara counties. The quality of the uni from the waters around
normal linear loss function and the second is the right-hand  the Channel Islands is second only to that from offshore Japan.
normal linear loss function. As such, the Standard Normal Early each morning, Dave picks up a load of Grade A uni for
Loss Function Table can be used to calculate these 2 values. $60 a pound at the supplier and for the rest of the day drives

Example: Uni Delight is a sole proprietorship owned by his regular route in the aforementioned counties and sells the
Dave Welch. Uni, sea urchin roe, is a sea food delicacy usually ~ fresh uni to high-end sushi restaurants. Dave charges the sushi
eaten raw, so freshness is of paramount importance. Dave is 3 restaurants $140 a pound. If Dave has any leftover uni, the
months into a one-year contract with an Oxnard, California
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supplier will buy it back for $40 a pound and it will be down- ~ was symmetric, unimodal, and bell shaped with a mean (p) of
graded to Grade B and sold. Dave drew a histogram for daily =~ 30 pounds and a standard deviation () of 4 pounds.
demand over the first 3 months of the contract demand, and it In this example,

Cu = (Selling Price of Item — Cost of Item) + Shortage Penalty per Unit = $140 - $60 = $80
Co= Cost of Item — Salvage Value of Item = $60 - $40 = $20

And

Cuy $80

Cy - Co - $80 + $20 =.8000

The.8000 fractile for a normal distribution with p =30 pounds and ¢ =4 pounds is 33.37 pounds, therefore

Q*=33.37 pounds

3 (d=wy?
E(Profit of Q%) = 13337140 — $60 + 40)(33.37 — d) ﬁe 2(( =) >dd *

— 1<(d_u)z> $2,350.96
* 2 o = ) X
J333,(40 —60)(d — 33.37)—=e dd

= *y = (3337 1 —1((ﬂ)2>
EVPI=EOLQ) = 32 203337 —d)—=e \" 7’ Jad *

1

“ 80(33.37 — d)— _E((%)2>dd:$38'83
J334,80(33.37 — )ﬁe
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Figure 2. Uni Delight Opportunity Loss and Normal Curve.

Uncertainty concerning demand costs Dave an average of
$38.83 profit per day. There are 9 months remaining in the Website Benefit = (39 weeks in 9 months) (5 days a week)

contract between Uni Delight and the supplier. Dave is con- ($38.83 per day) = $7,571.85

sidering developing a web site with which Dave’s customers

would place uni orders for the next day’s delivery. The web Website Cost = $2,500 + $100(9 Months) = $3,400
site will cost $2,500 to develop and cost $100 a month for in-

ternet access. Should Dave launch the web site? Dave should launch the website.

The website would remove all uncertainty concerning daily
demand so that its value is equivalent to that of EVPI.
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3. Conclusion

The methodology for calculating EVPI for the single-period
inventory problem with uncertain demand has been demon-
strated in this article and its use and application illustrated.

Abbreviations

EVPI  Expected Value of Perfect Information

EOL  Expected Opportunity Loss
ECPI  Expected Cost with Perfect Information
EPPI  Expected Profit with Perfect Information
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