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Abstract 

Several algorithms and computer codes are developed for the configurational aerodynamic design. Mathematical background, 

physics involved and their applications are brought out. These range from subsonic to supersonic, including transonic Mach 

number. Vortex lattice method is applied for handling subsonic and supersonic flow conditions under the linearised flow regime. 

Finite difference methodology is applied for transonic flow nonlinearities. Matrix of optimization is formed through principles 

of calculus of variations. The codes developed provide capabilities for inverse design for given loading, aerodynamic drag 

reduction, high lift to drag designs, generation of morphed profiles, wing optimization in the presence of canard, control surfaces 

sizing, design of reflex camber wings, and effect of ground proximity on flare manoeuvre, Analysis and Design is made over 

larger domain of flow field. Details on Camber morphing of wings are elaborated. Camber-morphing aerofoils aim to achieve 

their camber changes in a smooth way to potentially reduce the drag penalty. Morphing is possible by applying optimisation 

while restraining variation in camber in certain portions of the wing. A matrix for morphing is developed and scheme so 

developed is applied herein. Morphing as a concept is also applied to optimise wing for minimum induced drag in the presence 

of canard, where the slopes of canard camber are made to remain invariant to changes. As the aircraft comes close to ground 

during landing, runway interferes with aircraft flow field. Some aspects of interference effects of solid boundary wall are 

established. The influence of wall boundaries on the wing is estimated. Wing is placed at different heights above a horizontal 

solid surface plane, and an equal opposite vortex system is placed at depth equal to height below this surface. Codes developed 

find a useful application for design of aircraft for several aspects. 
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1. Introduction 

Capabilities of codes include generation of optimal camber 

shapes for max range and endurance conditions, morphing of 

wings, canard-wing interactions, transonic and supersonic 

flow field analysis, inverse designs, estimation of differential 

loads, effect of runway presence for modelling of flare ma-

noeuvres. Vortex lattice method is applied for handling sub-

sonic and supersonic flow conditions under the linearised flow 

regime. Finite difference methodology is applied for transonic 

flow nonlinearities. Reduction in induced drag is considered 
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as the objective for the shape optimization. Matrix of optimi-

zation is formed through principles of calculus of variations. 

In the supersonic regime influence towards downwash is con-

sidered from an upstream Mach cone. Objective function for 

drag minimum is subjected to constrained value of lift or a 

combination of lift and pitching moment constraint. Value of 

lift can be incremented, and the value of pitching moment can 

be decremented while solving for the matrix of optimisation. 

Later of which produces reflex camber. Such a design has 

practical application for tailless aircraft. Initially a flat surface 

is considered for optimization. The resulting optimal warp is 

split into twist and camber. Angle-of-attack is alleviated by the 

value of washout at root, and camber is also reduced by this 

value. Thus, maintaining the same value of lift coefficient and 

aerodynamic efficiency at a reduced angle-of-attack for the 

optimized wing. Maximum range or maximum endurance cri-

teria is applied to generate camber to meet the required in-

duced drag values. Codes developed include the capability to 

handle differential loading i.e. aileron deployment and/or roll-

ing motion including aeroelastic effects. 

Camber-morphing aerofoils aim to achieve their camber 

change in a smooth way to potentially reduce the drag penalty. 

Morphing technology involves in altering the aircraft's shape, 

structure, or surface characteristics in real-time in response to 

external conditions. By adapting the shape and structural fea-

tures of wings, morphing aircraft can achieve improved lift-

to-drag ratios, superior flight performance, and increased ver-

satility across various mission profiles. Morphing is possible 

by applying optimisation while restraining variation in camber 

in certain portion of the wing. A matrix for morphing is devel-

oped and scheme so developed is applied herein. Morphing as 

a concept is also applied to optimise wing for minimum in-

duced drag in the presence of canard, where the slopes of ca-

nard camber are made to remain invariant to changes. 

Computations of transonic flow is progressed on the devel-

oped aerofoils to check for presence of shock waves in a bid 

to establish critical Mach number where the drag rise is high. 

Algorithm and physics for application of transonic flow equa-

tions is developed. Computations of transonic flow are pro-

gressed for two different wing configurations. 

As the aircraft comes close to ground during landing, a flare 

manoeuvre is executed. Some aspects of time constant and in-

terference effects of solid boundary wall are established. The 

influence of wall boundaries on the wing is estimated. Wing 

is placed at different heights `h` represented by `h/b` above a 

horizontal solid surface plane, and an equal opposite vortex 

system is placed at depth `h` below this surface. The vertical 

velocity component induced at any point on the solid surface 

plane by the wing is equal and opposite to that due to the in-

verted mirror image of wing at distance `h` below the ground 

surface. This satisfies the solid surface requirement that there 

should not be component of vertical velocity across a solid 

surface. The heigh `h` is varied to study its influence on the 

aerodynamic coefficients. Inverted image of given wing is re-

ferred to as `carbon wing`. 

The computer programs are developed in FORTRAN lan-

guage, and Gfortran complier of Fedora-12 Operating System 

(OS) is used to run these programs. Fedora-12 is supported on 

LINUX platform of VMware and is an open licence that is 

available for free-download. The programs are run on a 64-bit 

double precision Laptop. 

Following commands comply and create a binary ready for 

executions. 

gfortran -o program name program name.f 

Following command executes the 

./program name<input file name 

Computer codes so developed are useful for educational 

purposes, research and innovative projects and can be applied 

for design studies of aircraft. 

2. Mathematical Formulation 

Subsonic and Supersonic flows: Ideal flow without the ef-

fect of viscosity is modelled here since such flows can be re-

garded as potential flows that are useful for configurational 

aerodynamic purposes in linearity and steady conditions. In 

the approach made here, wings are represented by a large 

number of vortex Lattice panels to model circulation. These 

panels are used for estimation of pressure difference coeffi-

cients. Circulation is determined through tangential flow 

boundary conditions. Programs developed generate the output 

matrix of pressure difference coefficients from where lift, in-

duced drag and moments are determined. Thereafter optimi-

zation constraint of the lift is introduced i.e., lift before and 

after the optimization is maintained as same. It can also be 

increased by multiplying with a factor referred to as `LIF`. 

Due to the effort of optimization, the wing becomes cambered 

and gets twisted thereby creating washout [1-5]. Figure 1 

shows the axis system, paneling scheme and related moments. 

Objective function (F) for the drag minima and specified 

value of lift (𝐿̄) are written in Lagrange form using Lagrange 

multiplier λ0 as below: 

𝐹 = 𝐷 + 𝜆0(𝐿𝐼𝐹 × 𝐿 − 𝐿̄)              (1) 

Lift is obtained from the following expression: 

𝐿 = 𝜌𝑈[𝐴1𝛾1 +⋅⋅⋅ +𝐴𝑁𝛾𝑁]            (2) 

Here, 𝛾1, 𝛾𝑁 are circulation strength of N number of pan-

els & 𝐴1,..𝐴𝑁 are related panel areas. Lift can be incremented 

either by raising alpha or through a multiplication factor. Ma-

trix of optimization is given by Eq. (3) that is obtained by dif-

ferentiating objective function (F) w.r.t circulation. 

 

http://www.sciencepg.com/journal/ajae


American Journal of Aerospace Engineering http://www.sciencepg.com/journal/ajae 

 

14 

 
Figure 1. Axis system, paneling scheme and moments. 
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Once the circulation is found, the optimal camber 

(𝑑𝑧/𝑑𝑥 = 𝑍𝑋𝑖) to support the minimum drag producing lift is 

determined from the following: 

𝑍𝑋𝑖 = (𝑎𝑖,1𝛾1 +⋅⋅⋅⋅ +𝑎𝑖,𝑛𝛾𝑛)𝐴𝑖         (4) 

Resulting optimal warp 𝑍𝑋𝑖is separated into spanwise twist 

and camber. The condition for max range and endurance for 

jet and prop planes can be applied to stop the process for in-

crementing the lift. The condition for max range of Jet- plane 

is (√𝐶𝐿/𝐶𝐷)
𝑚𝑎𝑥

  i.e. 𝐶𝐷𝑖 = 𝐶𝐷0/3 . This condition for max 

endurance of Jet - plane is (𝐶𝐿/𝐶𝐷)𝑚𝑎𝑥   i.e. 𝐶𝐷𝑖 = 𝐶𝐷0 

which is the also condition for max range for IC/Prop driven 

planes. The conditions for max endurance for IC/Prop is gov-

erned by (𝐶𝐿
3/2

/𝐶𝐷)
𝑚𝑎𝑥

 i.e. 𝐶𝐷𝑖 = 3𝐶𝐷0. 

The constraint of pitching moment is considered in addition 

to lift constraint to generate reflex camber by introducing RCF. 

Objective function (F) for the drag minima, constrained lift 

and specified value of pitching moment is written in the La-

grange form using Lagrange multipliers (𝜆0, 𝜆1) as given be-

low by Eq. (5). 

𝐹 = 𝐷 + 𝜆0(𝐿𝐼𝐹 × 𝐿 − 𝐿̄) + 𝜆1(𝑀𝑦 ∗ 𝑅𝐶𝐹 − 𝑀𝑦

−

)   (5) 

The value of 𝑀𝑦

−

 is now specified, that is obtained by re-

ducing the pitching moment which is obtained for the lift con-

straint alone. The matrix of optimization is given by Eq. (6) 

which is obtained by differentiating objective function (F) 

w.r.t circulation [5]. 

[
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𝜆1 ]
 
 
 
 
 
 

=

[
 
 
 
 
 
 

0
.
.
.
0

𝐿
−

𝑀̅𝑦]
 
 
 
 
 
 

             (6) 

where 𝑋𝐶1,…𝑋𝐶𝑁 are distances of panel control points from 

y-axis and 𝑎𝑖,𝑗 are influence coefficient towards downwash 

velocities. The solution of this matrix for given 𝐿̄ & 𝑀𝑦

−

 val-

ues result in optimal circulation from where pressure differ-

ence coefficient, lift, drag, and pitching moment and bending 

moment are determined. 

Morphing technology involves altering the aircraft' shape in 

response to external conditions. By adapting the shape and 

structural features of wings, morphing aircraft can achieve im-

proved lift-to-drag ratios. Morphing is developed by freezing 

some slopes of camber that are not intended for variations. 
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Objective function (F) now for the drag minima is formed as 

below for the case where certain number of `m` panels are not 

allowed to undergo change in shape. The slopes of these pan-

els are represented as  . In this equation   is the 

constrained value of lift, i.e. value of lift before optimization, 

and  used as Lagrange multiplier [6-11]: 

       (7) 

Matrix of optimization given by Eq. (8) is obtained by dif-

ferentiation of the objective function (F) w.r.t circulation.
 
The 

matrix provides the optimum circulation values   for 

the minimum induced drag, from where the lift and drag are 

calculated, and new camber line is determined. 

              (8) 

Drag is determined from equation below: 

𝐷 [
(𝑎1,1𝛾1+. . . +𝑎1,𝑁𝛾𝑁)𝛾1𝐴1 + (𝑎2,1𝛾1+. . . . +𝑎2,𝑁𝛾𝑁)𝛾2𝐴2

+. . . . . . . . . . . . . . . . . . . . . +(𝑎𝑁,1𝛾1+. . . . +𝑎𝑁,𝑁𝛾𝑁)𝛾𝑁𝐴𝑁

]
𝑚𝑖𝑛

                    (9)
 

The optimal warp is given by Eqn. (4). 

Aerodynamic optimization of wing in the presence of ca-

nard is developed through the objective function (F) for the 

drag (D) minima as below, where𝐿 is lift and 𝐿
__

 is constrained 

value of lift, 𝜆𝑙 are Lagrange multipliers, and 𝑍𝑋𝐶
____

 are con-

strained values of these canard slopes, i.e. the canard camber 

before and after the wing optimization, which are retained as 

invariants [12-14]. 

𝐹 = 𝐷 + 𝜆0(𝐿 − 𝐿
__

) + ∑ 𝜆𝑙
𝑚
𝑙=1 (𝑍𝑋𝐶 − 𝑍𝑋𝐶

___

)  

 
Figure 2. Canard and wing arrangement. 
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Figure 2 shows such an arrangement. Canard of any config-

uration can be positioned at various heights and distances 

from wing apex. Differentials of this function w.r.t circulation 

𝛾 results in the matrix below. In the equation above, the fixed 

slopes (𝑍𝑋1
𝐶  𝑍𝑋𝑚

𝐶  ) remain invariant and L   does not 

vary. Matrix of optimisation is developed that is given by Eq. 

(10). 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐴1
𝐶 𝑎1,1

𝐶𝐶 . . 𝑎𝑚,1
𝐶𝐶

. .
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𝐶𝐶
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𝑊 𝑎1,1

𝑊𝐶 . . 𝑎𝑚,1
𝑊𝐶

. .
[𝑋3] [𝑋4] . .

. .
𝐴𝑛

𝑊 𝑎1,𝑛
𝑊𝐶 . . 𝑎𝑚,𝑛

𝑊𝐶

𝐴1
𝐶 . . . 𝐴𝑚

𝐶 𝐴1
𝑊 . . . 𝐴𝑛

𝑊 0 0 . . 0
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𝐶𝐶 . . . 𝑎𝑚,1

𝐶𝐶 𝑎1,1
𝑊𝐶 . . . 𝑎1,𝑛

𝑊𝐶 0 0 . . 0

. . . .

. . . .

. . . .
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𝐶𝐶 𝑎𝑚,𝑚
𝐶𝐶 𝑎𝑚,1

𝑊𝐶 𝑎𝑚,𝑛
𝑊𝐶 0 0 . . 0 ]
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𝑊
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0
.
.
.
.
.
.
.
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𝐶

__

.
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.
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𝐶
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     (10) 

Where 

[𝑋1] =

[
 
 
 
 

2𝐴1
𝐶𝑎1,1

𝐶𝐶 . . (𝐴1
𝐶𝑎1,𝑚

𝐶𝐶 + 𝐴𝑚
𝐶 𝑎𝑚,1

𝐶𝐶 )

.

.
(𝐴𝑚

𝐶 𝑎𝑚,1
𝐶𝐶 + 𝐴1

𝐶𝑎1,𝑚
𝐶𝐶 ) 2𝐴𝑚

𝐶 𝑎𝑚,𝑚
𝐶𝐶 ]

 
 
 
 

  

[𝑋2] =

[
 
 
 
 
(𝐴1

𝐶𝑎1,1
𝑊𝐶 + 𝐴1

𝑊𝑎1,𝑚
𝐶𝑊) . . (𝐴1

𝐶𝑎1,𝑛
𝑊𝐶 + 𝐴𝑛

𝑊𝑎𝑛,1
𝐶𝑊)

.

.
(𝐴𝑚

𝐶 𝑎𝑚,1
𝑊𝐶 + 𝐴1

𝑊𝑎1,𝑚
𝐶𝑊) (𝐴𝑚

𝐶 𝑎𝑚,𝑛
𝑊𝐶 + 𝐴𝑛

𝑊𝑎𝑛,𝑚
𝐶𝑊 )]

 
 
 
 

  

[𝑋3] =

[
 
 
 
 
(𝐴1

𝑊𝑎1,1
𝐶𝑊 + 𝐴1

𝐶𝑎1,1
𝑊𝐶) . . (𝐴1

𝑊𝑎1,𝑚
𝐶𝑊 + 𝐴𝑛𝑚

𝐶 𝑎𝑚,1
𝑊𝐶)

.

.
(𝐴𝑛

𝑊𝑎𝑛,1
𝐶𝑊 + 𝐴1

𝐶𝑎1,𝑛
𝑊𝐶) (𝐴𝑛

𝑊𝑎𝑛,𝑚
𝐶𝑊 + 𝐴𝑚

𝐶 𝑎𝑚,𝑛
𝑊𝐶 ) ]

 
 
 
 

   

[𝑋4] =

[
 
 
 
 

2𝐴1
𝑊𝑎1,1

𝑊𝑊 . . (𝐴1
𝑊𝑎1,𝑛

𝑊𝑊 + 𝐴𝑛
𝑊𝑎1,𝑛

𝑊𝑊)

.

.
(𝐴𝑛

𝑊𝑎𝑛,1
𝑊𝑊 + 𝐴1

𝑊𝑎1,𝑛
𝑊𝑊) 2𝐴𝑛

𝑊𝑎𝑛,𝑛
𝑊𝑊 ]

 
 
 
 

 

Here γ are the optimum values of circulation that result in 

minimum drag keeping the lift same, `A` are panel areas, and 

`ai,j` are influence coefficients. Suffix m indicates the number 

of panels on canard and n indicates number of panels on wing 

[12]. 

The matrix is solved for the optimal solution for  values. 

Once the optimal circulation is determined the drag can be cal-

culated from Eq. (11). Minimum drag is expressed from opti-

mal circulation by equation below: 

𝐷𝑚𝑖𝑛 = 𝜌𝑈 ∑ [∑ (𝑎𝑖,𝑗
𝐶𝐶𝛾𝑗

𝐶)𝛾𝑖
𝐶𝐴𝑖

𝐶𝑚
𝑗=1 ]𝑚

𝑖=1   

+ 𝜌𝑈 ∑ [∑ (𝑎𝑖,𝑗
𝑊𝐶𝛾𝑗

𝑊)𝛾𝑖
𝑊𝐴𝑖

𝑊𝑛
𝑗=1 ]𝑚

𝑖=1   

+ 𝜌𝑈 ∑ [∑ (𝑎𝑖,𝑗
𝑊𝑊𝛾𝑗

𝑊)𝛾𝑖
𝑊𝐴𝑖

𝑊𝑛
𝑗=1 ]𝑛

𝑖=1   
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+ 𝜌𝑈 ∑ [∑ (𝑎𝑖,𝑗
𝐶𝑊𝛾𝑗

𝐶)𝛾𝑖
𝐶𝐴𝑖

𝐶𝑚
𝑗=1 ]𝑛

𝑖=1                                   (11) 

Lift is given by Eq. (12). 

𝐿 = 𝜌𝑈[𝐴1
𝐶𝛾1

𝐶 +⋅⋅⋅ +𝐴𝑚
𝐶 𝛾𝑚

𝐶 ] + 𝜌𝑈[𝐴1
𝑊𝛾1

𝑊 +⋅⋅⋅ +𝐴𝑛
𝑊𝛾𝑛

𝑊]                      (12) 

Optimal panel warp at any panel is given by Eq. (13) & (14). 

𝑍𝑋𝑖
𝐶 = (𝑎𝑖,1

𝐶𝐶𝛾1
𝐶 +⋅⋅⋅⋅ +𝑎𝑖,𝑚

𝐶𝐶 𝛾𝑚
𝐶 )𝐴𝑖

𝐶 + (𝑎𝑖,1
𝑊𝐶𝛾1

𝑊 +⋅⋅⋅⋅ +𝑎𝑖,𝑛
𝑊𝐶𝛾𝑛

𝑊)𝐴𝑖
𝐶                       (13) 

𝑍𝑋𝑖
𝑊 = (𝑎𝑖,1

𝑊𝑊𝛾1
𝑊 +⋅⋅⋅⋅ +𝑎𝑖,𝑛

𝑊𝑊𝛾𝑛
𝑊)𝐴𝑖

𝑊 + (𝑎𝑖,1
𝐶𝑊𝛾1

𝐶 +⋅⋅⋅⋅ +𝑎𝑖,𝑚
𝐶𝑊𝛾𝑚

𝐶)𝐴𝑖
𝑊                    (14) 

Superscript `𝑐` refers to canard,`𝑤` refers to wing, `cc` re-

fers to canard on canard, `ww` refers to wing on wing, `wc ` 

refers to wing on canard and `cw` refers to canard on wing. 

Transonic Flow: Computations of transonic flow are pro-

gressed to study the effect of drag rise in transonic regime. 

Transonic small perturbation equation below is used, where γ 

is the ratio of specific heats [15-17]. 

  1 02   M x
x

y y z z                                     (15) 

where 1 2 M 1 2 M K x  and K
U

M M 








 

2
1

1

2

2 2
. 

Equation is solved with finite difference methodology with 

line relaxation process. Mass conservative form is useful for 

accuracy of results, i.e., Eqn. (16) to refer. Suffix i, j, and k 

refer to index of panel in x, y, and z directions respectively. 

𝑝𝑖,𝑗,𝑘 + 𝑞𝑖,𝑗,𝑘 + 𝑟𝑖,𝑗,𝑘 − (𝜇𝑖,𝑗,𝑘 𝑝𝑖,𝑗,𝑘 − 𝜇𝑖−1,𝑗 𝑝𝑖−1,𝑖,𝑘) =0                        (16) 

 provide the conservation in mass flax. 

p, q and r are the central difference operators. 

 i j k i j k  1 0 0, , , ,,  for elliptic region 

 i j k i j k  1 1 1, , , ,,  for hyperbolic region 

 i j k i j k  1 0 1, , , ,,  for sonic point operator 

 i j k i j k  1 1 0, , , ,,  for shock point operator 

The computational plane from the geometric plane is devel-

oped in the following manner: 

 




x x

x x

e

t e l e

1

,   y,    z        (17) 

Using this transformation, the values of   derivatives can 

be written as below: 

  x x ,     y y  ,   z  , 

𝜑𝑥𝑥 = (𝜑𝜉 𝜉𝑥)𝜉   x  

𝜑𝑦𝑦 = (𝜑𝜉 𝜉𝑦 + 𝜑𝜂)𝜉𝜉𝑦 +(𝜑𝜉 𝜉𝑦 + 𝜑𝜂)𝜂  

 z z  =     

Using above equations, the transonic small perturbation 

equation is written as below: 

     1 2  M x

y

x

y 



     



     
1 1

0


  


    

x

y

x

               (18) 

with  x c 1 , and  y c tan . 

or 

  1 2 M     x y

2 2        y         0                   (19) 

Condition for elliptic region for equations (18) or (19) is [(1 − 𝑀2) 𝜉𝑥
2 + 𝜉𝑦

2] > 0. 

Condition of the hyperbolic region is 

[(1 − 𝑀2) 𝜉𝑥
2 + 𝜉𝑦

2] < 0  
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The derivatives of 𝜑 are determined from following equations. 

(𝜙𝜂)𝜉
=

𝜙𝜂𝑖 + 1, 𝑗, 𝑘
− 𝜙𝜂𝑖 − 1, 𝑗, 𝑘

𝜉𝑖 + 1, 𝑗, 𝑘 − 𝜉𝑖 − 1, 𝑗 𝑘
 

 
   




 

   

     

 

   

i j k i j k

i j k i j k i j k i j k

1 1 1 1

1 1 1 1 1 1

, , , ,

, , , , , , ,

 

 
   




 

   

     

 

   

i j k i j k

i j k i j k i j k i j k

1 1 1 1

1 1 1 1 1 1

, , , ,

, , , , , , , ,

                           (20) 

 
kjikji

kjikji

,1,,1,

,1,,1,

 















 
   kjikjikjikji

kjikji

,1,1,1,1,1,,1,

,1,1,1,1













 

 
   




 

   

     

 

   

i j k i j k

i j k i j k i j k i j k

1 1 1 1

1 1 1 1 1 1

, , , ,

, , , , , , , ,

                              (21) 

 
 

 
 

 










i j k i j k

i j k i j k

, , , ,

, , , ,

2

2

 

 
   




 

 

  

 

   

i j k i j k

i j k i j k i j k i j k

, , , ,

, , , , , , , ,

1 1

2 1 1

 

 
   




 

   

    

 

   

i j k i j k

i j k i j k i j k i j k

2 1 2 1

2 2 1 2 1

, , , ,

, , , , , , , ,

                              (22) 

(𝜙𝜉)𝜂
=

𝜙𝜉𝑖, 𝑗 + 1, 𝑘
− 𝜙𝜉𝑖, 𝑗 − 1, 𝑘

𝜂𝑖, 𝑗 + 1, 𝑘 − 𝜂𝑖, 𝑗 − 1, 𝑘
 

 
   




 

  

    

 

   

i j k i j k

i j k i j k i j k i j k

, , , ,

, , , , , , , ,

1 2 1

1 1 1 2 1

 

 
   




 

  

    

 

   

i j k i j k

i j k i j k i j k i j k

, , , ,

, , , , , , , ,

1 2 1

1 1 1 2 1

                              (23) 

Equation (19) is transformed into difference equation 

through above equations and solved through line relaxation 

process. In the local supersonic region 

[(1 − 𝑀2) 𝜉𝑥
2 + 𝜉𝑦

2] < 0 condition provides the up-

wind conservation for appropriating the directional bias. 

Grid Clustering: Grids need to be clustered around the 

shock wave. `W` a weighted length function is useful for such 

clustering [16, 17]. Consider the following weight function 

based on gradient of variable𝑢, where 𝛽can be adjusted when 

solution gradient becomes high (which is representative of 

shock wave in our case). 

𝑊(𝑥) =
1

√1+𝛽2𝑢𝑥
2, 𝛽 = √|1 − 𝑀2|  

We need weight function 𝑊(𝑥) in terms of computational 

domain 𝑊(𝜉), as below 

𝑊(𝜉) =
1

√1+
𝛽2

𝑥𝜉
2𝑢𝜉

2 

 

Differentiating wight function w.r.t 𝜉
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𝑊𝜉 = −
𝛽2

2

[
 
 
 2

𝑥𝜉
2𝑢𝜉𝑢𝜉𝜉−2

𝑥𝜉𝜉

𝑥𝜉
3 𝑢𝜉

2

(1+
𝛽2

𝑥𝜉
2𝑢𝜉

2)

3/2

]
 
 
 

 =
𝛽2𝑢𝜉(

𝑥𝜉𝜉

𝑥𝜉
𝑢𝜉−𝑢𝜉𝜉)

𝑥𝜉
2(1+

𝛽2

𝑥𝜉
2𝑢𝜉

2)

3/2     (24) 

Thus, 

𝑊𝜉

𝑊
=

𝛽2𝑢𝜉(
𝑥𝜉𝜉

𝑥𝜉
𝑢𝜉−𝑢𝜉𝜉)

𝑥𝜉
2+𝛽2𝑢𝜉

2
                                         (25) 

for example, in our case of grid generation 

𝑢𝑥𝑥 =
𝑢𝜉𝜉

𝑥𝜉
2 −

𝑢𝜉𝑥𝜉𝜉

𝑥𝜉
3 =

𝑢(𝜉𝑖+1)−2𝑢(𝜉𝑖)+𝑢(𝜉𝑖−1)

(
𝑥𝑖+1−𝑥𝑖−1

2
)
2 −

(𝑢(𝜉𝑖+1)−𝑢(𝜉𝑖−1))(𝑥𝑖+1−2𝑥𝑖+𝑥𝑖−1)

2(
𝑥𝑖+1−𝑥𝑖−1

2
)
3                       (26) 

If the grids are coarse, solutions are faster, however finer 

grids are needed which take larger time for convergence for 

accurate values. Multigrid techniques are helpful for faster 

convergence of solutions. Before the geometric multigrid 

scheme can be applied, the coarser grids must be generated. 

Effect of Ground Proximity: The effect of solid boundary 

presence on wing is modeled by taking mirror image of equal 

and opposite strength of panels. The height of wing above 

ground is varied and its effect on aerodynamic coefficients is 

determined. Effects of flap engagement are also considered. 

Wing is placed at height `h` above a horizontal plane, and an 

equal but opposite vortex system of carbon wing placed at 

depth `h` below the ground plane. The vertical velocity com-

ponent induced at any point on the ground plane by one of the 

wing vortices is made equal and opposite to that due to the 

carbon wing. This is done to make the net vertical velocity 

induced at any point on the solid boundary as zero [18, 19]. 

Figure 3 shows the schematics of wing above the ground and 

carbon wing below the ground at the same distance from 

ground. 

 
Figure 3. Schematics of wing above the ground and carbon wing (inverted image) below the ground. Arrow indicates the flow direction. 

The circulation strength of panels of both wings is deter-

mined from matrix given by Eq. (27), Superscript herein are 

abbreviated as below: 

W- Referred wing 

C-Carbon wing 

WOW-Influence of wing on wing 

COW-Influence of carbon wing on wing 

COC-Influence of carbon wing on carbon wing 
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WOC-Influence of wing on carbon wing 

[
𝑎𝑖,𝑗

𝑊𝑂𝑊 𝑎𝑖,𝑗
𝐶𝑂𝑊

𝑎𝑖,𝑗
𝑊𝑂𝐶 𝑎𝑖,𝑗

𝐶𝑂𝐶 ] [
𝛾𝑖

𝑊

𝛾𝑖
𝐶 ] = [

𝑤𝑖
𝑊

−𝑤𝑖
𝑤]        (27) 

The r.h.s. matrix of Eqn. (27) forms the boundary condition 

of tangential flow on the camber line. It may be noted that 

[𝛾𝑖
𝑤] = − [𝛾𝑖

𝑐]. The first matrix of this equation comprises of 

influence coefficients given by Eqns. (28) and second matrix 

comprises of unknown circulations that form the solution for 

circulation, from where the pressure difference coefficients 

are determined. Aerodynamic characteristics of the wing are 

analysed for varied ground proximities. As the wing operates 

closer to the ground, the lift is expected to increase due to 

higher pressure build up under the surface of wing. Changes 

in lift, induced drag and pitching moment coefficients are an-

alysed. 

𝑎𝑖,𝑗
𝑤𝑜𝑤 =

(

 
 

𝑎1,1
𝑤𝑜𝑤 ⋯ 𝑎1,𝑛

𝑤𝑜𝑤

. . .

. . .
⋮ ⋱ ⋮

𝑎𝑛,1
𝑤𝑜𝑤 ⋯ 𝑎𝑛,𝑛

𝑤𝑜𝑤
)

 
 

 𝑎𝑖,𝑗
𝑐𝑜𝑤  =

(

 
 

𝑎1,1
𝑐𝑜𝑤 ⋯ 𝑎1,𝑛

𝑐𝑜𝑤

. . .

. . .
⋮ ⋱ ⋮

𝑎𝑛,1
𝑐𝑜𝑤 ⋯ 𝑎𝑛,𝑛

𝑐𝑜𝑤
)

 
 

  

𝑎𝑖,𝑗
𝑤𝑜𝑐 =

(

 
 

𝑎1,1
𝑤𝑜𝑐 ⋯ 𝑎1,𝑛

𝑤𝑜𝑐

. . .

. . .
⋮ ⋱ ⋮

𝑎𝑛,1
𝑤𝑜𝑐 ⋯ 𝑎𝑛,𝑛

𝑤𝑜𝑐
)

 
 

 𝑎𝑖,𝑗
𝑐𝑜𝑐 =

(

 
 

𝑎1,1
𝑐𝑜𝑐 ⋯ 𝑎1,𝑛

𝑐𝑜𝑐

. . .

. . .
⋮ ⋱ ⋮

𝑎𝑛,1
𝑐𝑜𝑐 ⋯ 𝑎𝑛,𝑛

𝑐𝑜𝑐
)

 
 

                        (28) 

A flare model for landing manoeuvre in form of exponential 

function can be considered for studies, pl see Eq. (29). This is 

the critical part of the landing when the pilot pulls back on the 

yoke, increasing the alpha to reduce the aircraft' vertical speed 

for a smooth touchdown. A flare manoeuvre is the action of 

gently raising an aircraft' nose just before touchdown to slow 

the rate of descent and set the appropriate landing attitude, re-

sulting in a smoother landing. In control systems, the time 

constant (τ, or tau) is a measure of how quickly a first-order 

system responds to a step input, specifically the time it takes 

to reach approximately 63% of its final steady-state value. The 

parameter dominating the curvature of flare is this time con-

stant. Generally, the flare time constant is determined based 

on the distance between the transmitter point and the touch-

down point. The method involves in using an exponential 

function, its derivative, the glide slope angle, and the distance. 

A smaller time constant indicates a faster system response, 

while a larger time constant signifies a slower response. This 

parameter is considered to represent flare trajectory given by 

equation below. Wing loading and lift coefficient influence 

this parameter. 

ℎ𝑓𝑙𝑎𝑟𝑒 = ℎ0𝑒
−𝑡/𝜏                (29) 

Here, ho is the initial value of height of starting of flare ma-

noeuvre and ℎ𝑓𝑙𝑎𝑟𝑒 is height of flare manoeuvre at time `t`. 

𝜏 = −
𝑈𝑠𝑖𝑛𝛾

𝑔×∆𝑛𝑧
, where `γ` is the approach angle before initia-

tion of flare manoeuvre, which is the glide slope angle and is 

generally around 30 to 40. 

The value of time constant of around three to four seconds 

is normally taken for modeling the flare manoeuvre, and ∆𝑛𝑧 

is the value of vertical acceleration at the initiation of flare 

manoeuvre. Time constant is directly proportional to lift coef-

ficient and inversely proportional to wing loading. The latter 

of which has little choice because it is governed by the max 

all up weight and the fuel that is to be expanded. The lift co-

efficient during landing is approximately eight/nine times its 

value in flight. A lower lift coefficient is in favour of lesser 

time constant. Lower lift coefficient and higher drag coeffi-

cient are favouable for landing manoeuvre. Drag coefficient 

can be varied through leading edge flap deflection. A code is 

developed that gives information on % changes in lift, drag, 

and pitching moment as the height is varied to set a more ap-

propriate time constant value. 

3. Results and Discussions 

Mach number is taken as 0.75, and value of 𝐶𝐷0 is arbitrar-

ily taken as 0.02. Wing of following dimension is considered 

as candidate. 

Leading edge sweep =0.489 rad 

Trailing edge sweep =0.262 rad 

Taper ratio =0.367 

Aspect ratio =7.0 

Flat surface wing and a low value of angle-of-attack is taken 

to start the optimisation process. The lift is incremented by 

setting an increased value of lift coefficient by a factor re-

ferred to as lift increment factor. It is done to increase camber 

at given alpha. The value of LIF is limited to 1.4, otherwise 

the camber becomes larger, and benefit of wash out gets sub-

stantially reduced. The whole process involves in finding the 

desired range criteria at a suitable alpha and lift increment fac-

tor combinations. Table 1 shows the process. Values of alpha, 

LIF, lift coefficient, drag coefficients, range criteria, max cam-

ber in % of local chords, root wash out value for off-loading 

alpha and camber, change in pitching moment and wing root 
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bending moment are shown in this Table. Super script (*) 

shows the values after applying the process. Decrease in ratio 

of pitching moment before and after optimisation process 

shows increase in this pitching moment because of optimisa-

tion which is due to chordwise rearward shift in pressure dif-

ference loading. 

Criteria for maximum range for induced drag coefficient to 

be 1/3rd of profile drag is applied. It is driven from 

 (√𝐶𝐿/𝐶𝐷)
𝑚𝑎𝑥

 condition and is highlighted in this Table 1. 

A combination of 30 of alpha with LIF value of 1.1 results in 

this condition. Max camber is 2.2% occurring at 40% of local 

chord location which is of reasonable value for application on 

a high-speed aircraft. Optimisation results in drag reduction of 

(0.0162-0.0063)/0.0162, which is 61%. Optimal warp so gen-

erated is broken into twist and camber. Washout value at wing 

root is used to off-load alpha, as well as it is taken out from 

camber. Remaining twist is neglected. This alpha for offload-

ing is around 10. Reduced alpha is in favourable of lesser 

wing-body interference effects. Similar results are seen pub-

lished in literature [1, 2, 4]. 

Figure 4 shows the pressure difference coefficient on the 

optimal surface wing. Fore tip area has larger pressure differ-

ence as compared to root portion. This is because of non-el-

liptic nature of spanwise lift of the swept wing. This shows the 

pressure difference coefficient values for such a design pro-

cess. The shape of curves undergoes a total change because of 

optimisation. Peak loading lies at around 55% of local chord 

at tip in contrast to it being at around 65% of local chord at 

root. This happens because of vortical flow towards tips. Table 

2 shows the data generated for these design conditions i.e 

𝑀∞=0.75, alpha= 30. This table gives the details of aerody-

namic coefficients The resulting camber is shown in Figure 5 

which is at the mean aerodynamic chord. This camber is uni-

formly applied across the span, thereby making it planar. 

 
Figure 4. Pressure différence coefficient, optimal surface.𝑀∞=0.75, alpha=30

. 

 
Figure 5. Camber in% of chord at mean aerodynamic chord. 
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Table 1. Estimation of Camber for Maximum Range based upon Lift increment, M=0.75, CD0 =0.02. Range criteria (√𝐶𝐿/𝐶𝐷)
𝑚𝑎𝑥

 

→CDi=1/3CD0. 

α0 

Increment 

factor for 

CL 

CL CDi CD=CD0+CDi √𝑪𝑳/𝑪𝑫  

(ζ/c) max 

camber in% 

of chord 

(bracket 

shows loca-

tion in% of 

chord) 

Root wash-

out 

Values for 

off-loading 

Alpha 

CL/CDi 
𝑴𝒚

𝑴𝒚⁄ ∗  𝑴𝒙
𝑴𝒙⁄ ∗  

 LIF  Before After Before After Before After   Before After   

2 

NIL 0.1872 0.0065 0.0023 0.0265 0.0223 16.32 19.40 1.36(40%) 
0.0145rad 

(0.83deg) 
28.8 81.39 0.849 1.027 

1.2 0.2246 0.0078 0.0033 0.0278 0.0233 17.05 20.34 1.63(40%) 
0.0104rad 

(0.59deg) 
28.8 68.06 0.707 0.856 

1.4 0.2620 0.0091 0.0046 0.0291 0.0246 17.59 20.80 1.85(40%) 
0.0063rad 

(0.36deg) 
28.75 56.95 0.606 0.734 

3 

NIL 0.281 0.0147 0.0052 0.0347 0.0252 15.27 21.03 2.0(40%) 
0.0217rad 

(1.24deg) 
19.11 54.04 0.849 1.028 

1.1 0.309 0.0162 0.0063 0.0362 0.0263 15.35 21.13 2.2(40%) 
0.0187rad 

(1.07deg) 
19.07 49.05 0.772 0.934 

1.2 0.337 0.0176 0.0075 0.0376 0.0275 15.44 21.11 2.37(40%) 
0.0156rad 

(0.89deg) 
19.14 45.00 0.707 0.856 

 

Thereafter, morphing is applied to this profile for the con-

dition that CDi=CD0 which results from the criteria of 

(𝐶𝐿 𝐶𝐷⁄ )𝑚𝑎𝑥. It is applied to a limited region which is 20% of 

local chord from leading edge and 20% of local chord from 

trailing edge. These can also be visualised as the areas where 

flaps are generally formed. Mach number is taken as 0.5. Fig-

ure 6 shows results of morphed slopes. Straight line in this 

figure represents pre-morphed slopes and shows 60% mid re-

gion remaining invariant to changes in slopes. Similar results 

are seen reported in references 9, 10 and 11. 

 
Figure 6. Resulting camber slopes of pre-morphed and morphed 

Profiles, Mach number is taken as 0.5, alpha=30. 

Transonic flow programme is applied to the wing camber 

designed for jet airplane range condition. Optimal camber of 

wing is superimposed with thickness of NACA 0009 airfoil. 

Developed wing template is shown in Figure 7. Transonic 

flow code is applied to this wing for 𝑀∞ = 0.9, and alpha of 

40. The flow field values of pressure coefficient are shown var-

ying with z/c on upper surface. The strength of shock wave 

weakens as the z distance increases. Transonic code is further 

applied to a delta wing and to another a delta wing with inte-

grated LEX (leading edge extension). LEX span is 1/3rd of 

wing span and LEX chord is half of wing root chord. Wing 

tips are slightly clipped to prevent infinite solutions towards 

tips. All data is generated for alpha equal to 40. Mach number 

is varied from subcritical to supercritical conditions. Figure 9 

shows comparison of drag coefficients of these wings with 

Mach number variation. There is remarkably low transonic 

drag rise in case of LEX-Wing. Wing has the following Data. 

Leading edge sweep=450 

Trailing edge sweep=00 

Aspect ratio=3.2 

Taper ratio=0.1 

Matrix involved in these techniques are highly diagonally 

concentred and has non-zero elements only on main diagonal 

and the two diagonals immediately above and below it. This 

poses the problem in parallelism support. Recent advances in 

parallel algorithms have addressed the computational demand 

of solving tridiagonal and block-tridiagonal systems on mod-
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ern hardware. Artificial intelligence-based algorithms are in-

creasingly used to analyze and classify the sparse matrices 

generated in Computational Fluid Dynamics (CFD) to opti-

mize parallelization. These algorithms aim to identify struc-

tural properties (sparsity pattern, symmetry, diagonal domi-

nance) to select the best partitioning strategy (e.g., domain de-

composition) and solver. 

 
Figure 7. Template of wing developed for max range condition of Jet 

aircraft. 

 
Figure 8. Progressively varying field values of pressure coefficient 

on upper surface near root, 𝑀∞ = 0.9, and Alpha= 40. 

Aerodynamic interference with ground is now studied. 

Wing of template at Figure 7 is considered. Aerodynamic co-

efficients with deployed flaps are worked out for working out 

flare manoeuvre. Following conditions are taken for this study: 

Leading edge flap is taken full span and is 20% of local 

chord 

Trailing edge flap is taken 60% of semi-span from root and 

is 30% of local chord 

Mach number is taken as 0.25 

Trailing edge flap deflection, 𝛿𝑡𝑒𝑓=250 

Leading edge flap deflections 𝛿𝑙𝑒𝑓 and alpha are varied to 

study the effect of aerodynamic characteristics of such combi-

nations. It helps in selecting the value of leading edge flap de-

flection for flare manoeuvre. Table 3 shows such a data which 

is plotted in Figure 10. It can be seen from this figure that as 

the lift coefficient is increased at a constant value of induced 

drag coefficient, leading flap defection requirement gets in-

creased. If lift coefficient is held at a constant value, induced 

drag coefficient gets reduced with increasing leading edge flap 

deflection. It shows the significant role of leading edge flap in 

reducing the induced drag coefficient. Table 4 shows the 

choice of aerodynamic coefficients for landing flare manoeu-

vre. 

 
Figure 9. Comparison of Drag Coefficients. 

With the deflected leading edge flaps, 𝐶𝐷𝑖/𝐶𝐿 is higher for 

𝛿𝑙𝑒𝑓=100, as compared to 𝛿𝑙𝑒𝑓=150, and therefore, this condi-

tion is taken for landing. 

 
Figure 10. The plot of lift coefficient vrs induced drag coefficient 

for varied leading edge flap deflections, 𝑀∞=0.25 and 𝛿𝑡𝑒𝑓=250. 
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Table 2. Design point Data. 

𝑴∞=0.75, =30, LIF=1.1  

𝑪𝑳  𝑪𝑫𝒊  𝑪𝒎𝒚  
𝑴𝒚

𝑴𝒚⁄ ∗  

𝑪𝒎𝒙  
𝑴𝒙

𝑴𝒙⁄ ∗  

 Before After Before After Before After 

0.309 0.0162 0.0063 0.2283 0.2957 0.772 0.2988 0.3198 0.934 

Table 3. Aerodynamic coefficients with flaps deployment. 

𝑴∞=0.25, and 𝜹𝒕𝒆𝒇=250 

 𝜹𝒍𝒆𝒇=00 𝜹𝒍𝒆𝒇=100 𝜹𝒍𝒆𝒇=150 

Alpha 𝑪𝑳  𝑪𝑫𝒊  𝑪𝑳  𝑪𝑫𝒊  𝑪𝑳  𝑪𝑫𝒊  

-100 0.462 0.067 0.416 0.099 0.362 0.177 

-50 0.873 0.074 0.829 0.062 0.780 0.096 

00 1.301 0.153 1.259 0.097 1.212 0.084 

50 1.754 0.310 1.712 0.207 1.669 0.146 

100 2.245 0.552 2.204 0.400 2.161 0.289 

150 2.789 0.89 2.748 0.687 2.705 0.522 

Table 4. Choice of Aerodynamic coefficients with flaps deployment. 

𝑴∞=0.25, and 𝜹𝒕𝒆𝒇=250 

 𝜹𝒍𝒆𝒇=00 𝜹𝒍𝒆𝒇=100 𝜹𝒍𝒆𝒇=150 

Alpha 𝑪𝑳  𝑪𝑫𝒊  𝑪𝑫𝒊/𝑪𝑳  𝑪𝑳  𝑪𝑫𝒊  𝑪𝑫𝒊/𝑪𝑳  𝑪𝑳  𝑪𝑫𝒊  𝑪𝑫𝒊/𝑪𝑳  

150 2.789 0.89 0.319 2.748 0.687 0.25 2.705 0.522 0.19 

Table 5. Lift coefficient and drag coefficient variation with decrease in height Mach No. 0.25 and Alpha =150. 

h/b 𝑪𝑳  % change in 𝑪𝑳 𝑪𝑫𝒊  

1.0 2.748 - 0.688 

0.5 2.798 1.8% 0.697 

0.25 2.930 4.7% 0.723 

0.125 3.217 9.7% 0.790 

0.0625 3.799 18.0% 0.947 
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Table 6. Effect of height variations on pitching moment coefficients with decrease in height, Mach No. 0.25 and Alpha =150. 

h/b 𝑪𝒎𝒚  ∆𝑪𝒎𝒚  𝝏𝑪𝒎𝒚 𝝏𝒉⁄   

1.0 -2.298 -  

0.5 -2.338 -0.040 0.002 

0.25 -2.443 -0.105 0.009 

0.125 -2.671 -0.228 0.041 

0.0625 -3.146 -0.475 0.173 

 

The height is varied and aerodynamic coefficients com-

puted; Table 5 is to refer. Figure 11 shows the% increase in 

Lift coefficient with decrease in height. This Table shows ris-

ing lift coefficient associated with deceasing height. This has 

an implication on floating tendency of plane while being close 

to runway and therefore is of significance in framing time con-

stant as a variable with height for designing automatic landing. 

 
Figure 11. The% increase in lift coefficient during at landing. 

Table 6 shows variation of pitching moment coefficient 

about leading edge (𝐶𝑚𝑦), and its derivative with height. The 

growing negative pitching moment, as the height is lowered, 

indicates increasing strong nose down tendency being devel-

oped, thereby effecting pilots’ control. Derivative of pitching 

moment with height is positive which indicates development 

of instability as a function of height variation. Figure 12 shows 

Pressure plots at two different spanwise stations under two ex-

treme height conditions that are considered. There is larger in-

crease in the value of ΔCp near root as compared to that to-

wards the tip. Peak pressure occurs at around 75% of local 

cord in case of root station, whereas it is at around 65% of 

local chord in case of tip station; and that is shown by a dotted 

line in this figure. Adverse pressure gradients are stronger at 

root station compared to mild such gradients at tip station. The 

curves in these plots show unique follow-up. 

 
Figure 12. Pressure plots at two different spanwise stations under 

two extreme heights conditions considered during landing. 

4. Conclusions 

Aerodynamic optimisation applied herein has shown a large 

reduction in induced drag coefficient. A technique has been 

brought out to break optimal warp into twist and camber and 

lower the angle-of attack and camber by the washout value at 

root of optimised wing. The remaining camber is uniformly 

applied across the span and no twist is considered, thereby a 

planar wing is formed. A technique of morphing has been suc-

cessfully developed and applied. Transonic flow field analysis 

has been developed and applied. The implication of deploy-

ment of leading-edge flap for flare maoneuvre is highlighted. 

The effect of ground proximity is analysed. There is nose 

down tendency that gets developed due to increases in pitch-

ing moment because of increase in lift coefficient, thereby re-

quiring modelling of time constant as a function of lift coeffi-

cient. 
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Abbreviations 

A Panel Area 

𝑎𝑖,𝑗  Influence Coefficient of jth Panel on ith Control 

Point 

af Influence Coefficient of Panels with Fixed Slopes 

b Span 

c  Local Chord 

ΔCp Pressure Difference Coefficient 

𝐶𝐷0  Profile Drag Coefficient 

𝐶𝐷𝑖  Induced Drag Coefficient 

𝐶𝐿  Lift Coefficient 

𝐶𝑚𝑥  Wing Root Bending Moment Coefficient 

𝐶𝑚𝑦  Pitching Moment Coefficient About Wing Apex 

D Induced Drag 

L Lift 

𝑀∞  Freestream Mach Number 

M Local Mach Number 

𝑀𝑥  Wing Root Bending Moment About Longitudinal 

Axis 

𝑀𝑦  Pitching Moment About y Axis 

N Number of Panels 

U Freestream Velocity 

w Downwash 

x,y,z Chordwise, Spanwise and Vertical Coordinates 

Respectively 

𝜌  Density 

g Gravitational Constant 

 Angle-of-Attack (Alpha) 

𝜑  Velocity Potential Function 

 Circulation Strength of Panels 

𝛿𝑙𝑒𝑓   Leading Edge Flap Deflection 

𝛿𝑡𝑒𝑓  Trailing Edge Flap Deflection 

i Control Point of Panel for Collocation of 

Downwash 

j Panel Index 

le Leading Edge 

te Trailing Edge 
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