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Abstract: Viscosity’s implicit algorithm for finding a common element of the set of fixed points for nonlinear operators and
the set of solutions of variational inequality problems have been investigated by many authors in different settings in Hilbert and
Banach space. In most cases, they consider the following study of viscosity implicit double midpoint, generalized viscosity in
the class of nonexpansive and asymptotically nonexpansive mappings. The implicit midpoint rule can effectively solve ordinary
differential equations. Meanwhile, many authors have used viscosity iterative algorithms for finding common fixed points for
nonlinear operators and solutions of variational inequality problems. Recently, the convergence rate and comparison viscosity
implicit iterative algorithm has been studied widely. Under suitable conditions imposed on the control parameters, it is shown
in this paper that certain two implicit iterative sequences {w,, } and {,,} converge to the same fixed point of an asymptotically
nonexpansive mapping in Hilbert spaces without comparison. It is also proven that {w,, } and {&, } converge strongly to the same
solution, which also solves the variational inequality problem. The results presented in this paper improve and extend some
recent corresponding results in the literature.
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1. Introduction where
I is the identity of H. Many authors studied iterative

Considering I to be a real Hilbert space and E be a sequence for the implicit midpoint rule because of it’s

nonempty .closed convex subset of H,7 : E = E be a significant for solving ordinary differential equations; see [6]-
nonexpansive mapping with a nonempty fixed point set F(7). [2], John T [8], Mendy et al [9], [7] and the references therein.

The fo.llow.ing iteration methgd i§ known as the viscosity Recently, Xu et al [3], Aibinu et al, [1] proposed the following
approximation method: for arbitrarily chosen §o € E viscosity implicit midpoint rule (VIMR) for nonexpansive

Ent1 = anw(gn) + (1 - Ctn)Tfn,’n >0, (D MappIngs:
where ) : E — F is a contraction and {«a,} is a sequence En +Enin
in (0,1). Under some certain conditions, the sequence {&,} Ent1 = antp(§n) + (1 — an)T<7L B) . )7” >0, 3
converges strongly to a point z € F(7) which solves the
variational inequality (V1) In 2015, Ke and Ma [13] proposed the generalized viscosity

implicit rules of nonexpansive mappings in Hilbert spaces as
(I =)z, & —2) >0, € F(T), @) follows:
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Eny1 = anP(&n) + (1 — )T (60 +

and

(1 =0n)ént1),n =0, )

Wn+1 = anw(wn) + ann + ’YnT(énwn + (1 - 5n)wn+l)7 n Z 07 (5)

They proved that the generalized viscosity implicit rules 4 and 5 converge strongly to a fixed point of 7 under certain

assumptions, which also solved the V 1(2).

In 2016, motivated by the work of Xu [3], Zhao et al [6] proposed the following implicit midpoint rule for asymptotically

nonexpansive mappings:

uvr = ant(€a) £ (1 - a) T (2 5051) s g ©

where T is an asymptotically nonexpansive mapping. They proved that the sequence {,, } converges strongly to a fixed point of
T, which, in addition, also solves the V I(2). If in equations 4 and 5, letting §,, = % then we have equation 6, if 7" = 7 in an

nonexpansive mapping, and equation 7 respectively.

n + n
wn+1 - O‘n"/)(wn) + ﬂnwn + '-YnTn (wfw—i_l) ) n Z Oa (7)
In 2017, He et al [12] studied the following iterative
§n+1 = an¢(€n) + (1 - an)Tn(Bngn + (1 - 6n)§n+1)7 n >0 (8)

in the setting of a Hilbert space and proved that the sequence
{&n} converges strongly to £* = Pp(7)1(£*) which is also
the unique solution of the following V' I

(I =9)§v &) >0,V e F(T) )

Question 1.1. Its now so important to asked this question.
It is possible for the two iterative mentioned in 4 and 5
to be converge to the same fixed point of asymptotically
nonexpansive mappings in Hilbert space and will be the
solution to the variational inequality?

Under suitable conditions imposed on the control
parameters, the analytical proof is given to show that the two
sequences converge to the same fixed point of asymptotically

Definition 2.1. A mapping T : E — F is said to be:
a) nonexpansive if

1T€ = Twll < |I§ —wllVE,w € E;

nonexpansive mappings.It is therefore, of interest to give
affirmative answer to the question. Moreover, it is shown
analytically that the sequences 4 and 5 converges to the same
fixed point of 7.

The proved is been divided into different steps in section
three. These results are improvement and extension of some
recent corresponding results announced.

2. Preliminaries

In the sequel, we always assume that H is a real Hilbert
space and F is a nonempty, closed, and convex subset of H.

(10)

b) asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with lim k, = 1 such that
n—oo

1T — T"w|| < kyl§ — w||V€,w € Eand ¥n € N;

Y

¢) contraction if there exists the contractive constant « € [0, 1) such that

7€ = Twll < A€ —w|[ V¢, w € E;

Lemma 2.1. (The demiclosedness principle [5]) . Let H be
a Hilbert space, E be a nonempty closed convex subset of H,
and 7 : E — FE be a asymptotically nonexpansive mapping
with Fiz(T) # 0. If {&,} is a sequence in F such that {¢,}
weakly converges to u and {(I — 7)¢,, } converges strongly to
0, then £ = T (&)

12)

Lemma 2.2.[4]). Assume that {6, } is a sequence of
nonnegative real numbers such that

9n+1 S (1 - nn)en + 5n

for all n € N, where {n,} C (0,1) and {5,,} C R are two
sequences satisfying the following conditions:
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oo
. Then hm 0, =0
() Z Tn = 00
- Then the sequence {6, } converges to 0.
on >
(i) im sup — <0 or Z |05] < o0
nroe fin n=1 3. Main Result

We now prove the following new result.

Theorem 3.1. Let E be a nonempty closed convex subset a real Hilbert space H, T : E — E be asymptotically nonexpansive
mappings with the same sequence {k,} C [1,00) such that lim, oo k, = 1, Fiz(T) # () and ¢y : E — E be a contraction
mapping with the contractive constant A € [0, 1). Define two sequences {&,, } and {w,, } in E as follows:

€n+1 = an"/’(fn) + (1 - O‘n)Tn(éngn + (1 - 6n)§n+1)a n > 07 (13)

and

Wn4+1 = anw(wn) + ﬂnwn + ’)/nTn(énwn + (1 - 5n)wn+l)a n 2 O; (14)

where a,, B, Yn, 0n € (0, 1) satisfying the following conditions,
Al an+ﬁn +v =1

A2 Za,b—oo

A3 0<e<(5 <pp1 < lforalln >0
A4 hm'yn—l and hm a, = lim B, = lim 6, =0

n— oo n— oo
Then the sequence {&, } and {wn} strongly converges to a common fixed point p of 7, which is also the unique solution of the

following variational inequality

(I=v)n,q—n)>0 qeF(T),neH. (15)
1 2
Remark 3.1. The real sequences that satisfies the above conditions are o, = —, [, = — and Y =1——
n n
Proof. Step 1 Letting p € Fiz(T),then we will show that both the sequence 13 and 14 are both bounded.
lwntr —pll = llan(wn) + Brnwn + 70T (0pwn + (1 = 6n)wny1) — pli
o[t (wn) = Y(p)|| + anll¥(p) — pll + Bullwn — pll
YO | T"wn = T"pll + (1 = )| T "wnt1r — TPl (16)
anAl|wn = pl| + anllt(p) — pll + Ballwn — pl|
Vn(snkn‘lwn - pH + fYn(l - 6n)kn”wn+1 7p||

IN 4+ IA

+

From the last inequality we have the following

(Aan + Bn + Ynkndn)
1- 7nkn(1 - 5n)

Qp
”wn—O—l 7p|| § ”wn - p” + 1— ||1/1(P) - p” (17)

'Ynkn(l - 5n)
Since v, 6, € (0,1),1 — vk, (1 — 6,,) > 0and lim k,, = 1. From the condition (A1), we have
n—00

>\ n-— Mn "~ In n

fonsr =pll < 1= 2B, g+ T (o) — ]
an(l =) an(l—N) 1

feoms =pll < 1= g2 5n)||wn—p||+1_%(1_ 53

IN

s =pll < mae{ s = . =5 100) 21

Therefore by mathematical induction, we have

s ol < mae { = ol =55 12) = 1}
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Now, from 13, we have

[€n+1 =Dl = llan(€n) + (1 = an)T"(6n&n + (1 = 8n)ént1) — 1l
< aal[v(én) — YD) + anllv(p) — pll
T (=)o T = T"pll + (1 = an) (1 = 00) | T"Ensr — T"p||
< oAll&n = pll + anll¥(p) —pll
+ (1- an)énkn“gn _pH +(1— O‘n)kn(l - 5n)||§n+1 - p||
(18)
From the last inequality we have the following
Ao + (1 — an)kndn) anp
||§n+1 7p|| S 1_(1_an)k/’n(1_6n)”£n7p”+ 1—(l—an)k’n(l—én)nww)ip"
(19)
Since §,, € (0,1),[1 — (1 — ap)kn (1 — 6,)] > 0 and nl;n;o k, = 1, we have
(1= XNay) Qnp
[€nr1—pll < 1= W”gn -l + ﬁ”ﬂ’( p) —pll
< masc {6 — . ;55 100) — 1} (20)

Therefore by mathematical induction, we can see that both the sequences {¢,},{w,} are bounded and also

{(wn)} and {P(&n)}.

Step 2 We now prove that both the sequence {&,, }, {w, } converges p if and only if {£,,+1}, {wn+1} converges to p as n — oo.
Thatis lim [[£n41 —p[ = lm [lopr —pl| =0

lwnir —pll = llwppr =T "p+T"p—pll
= Harﬂb(wn) + Bnwn + 'YnTn(éan + (1 - §n)wn+1) - (5n +an + ’Vn)T”pH + ||p - Tan

< anY(wn) = Tl + Bullwn — pll + Bullp — T2l
+ 7n5nkn”wn —p|| + 'Yn(;nanp - Tan + ’Ynkn(l - 5n)||wn+1 —p||
+  kn(1=3)lp =T pll +lp — T"pll (21)
< _
Qp n (/Bn + ’Yna kn) (6n + ’Ynk + 1) n
T k(1= ) V) =Tl T g e =Pl T =g,y P = T

Again from 13, we have

[€ns1 =2l = &1 =T "p+T"p—p
Hanw(gn) + (1 - an)Tn((sngn + (1 - 5n)§n+1) -T"p+T"p— p”

< anl[(&) = TPl + (1= n)du | T — Tl + (1 = @) (1 = 8) [ T"€ns1 = T"pl + | T"p = |
< an[¥(&n) = Tl + (1 — an)dnknll&n — pll + (1 —an)(1 = 6)knllnsr — pll + 1T — pll

1
+ I7"p = p| )

T— (1 — an) (1 —op)kn

Since hm an = lim B, = hm 0n = 0, and with the fact that | 7"p — p|| < kn|lp — p|| = 0, we then conclude that

n—oo

from 21 and 22, lim ||&n41 —pH lim ||wn41 —p|| = 0. This implies that lim ||, —p|| = lim ||w, —p|| = 0. Then
n—o00 n— 00 n—o0 n—00
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its clear that

lwns1 —&npill = llwnyr —p+p— &t
< lwng1r =2l + [P — &nga |l (23)

N

Then taking limits on both sides, we have

lim [lwny1 = &niall < lim Jlwnyr —plf + lim [[p— &l =0 (24)
n—oo n—oo n—oo
This implies that
lim (Jwy — &l < lm [wn —p[ + lim [[p— &l =0 (25)
n— oo n—oo n—oo

Next, we shown that the implicit iterative sequences 13 and 14 converge to the same fixed point of a asymptotically
nonexpansive mapping 7 .

antp(wn) + Brnwn + YT (Snwn + (1 — 6p)wnt1)

| t(0) + (1= Q)T (Gnn + (1 = 8n)En1)|

ot ((wn) = ¥ (&) + Bu(wn = T (0nén + (1 = 6n)€n+1))
Vu[T" (Onwn + (1 — 0p)wn1) — n( n&n + (1 = 0)6n11) ||

anHl/J(wn) — (&)l + Brllwn — T (6n&n + (1 = 6n)&n+1)|

Yol T (6nwn + (1 = 6n)wnt1) — T (0n€n + (1 — 05)€n+1)|l]

apA|wn = &nll + Bullwn — T (0nén + (1 — 6n)&nt1)|

'Ynkn[”‘snwn + (1 = 0n)wnt1 — 0nén — (1 — 5n)fn+1”]

anAlwn = &nll + Bullwn — T (0nén + (1 = 6)&nt1) |l

’Ynkn(gnuwn - §n|| + 7nkn(1 - 6n)||wn+1 —&nt1 H (26)

lwnt1 — Ensll

+ IAN + IN + AN+ A

[T (6n&n + (1 — 6n)&nt1)l [T (6nén + (1 = 6n)nt1) — T p+ Tl

[T (6nn + (1 = 0n)nt1) — Tpll + I T"p — pll + [Pl
| T (6n — P + (L = )| T (€ntr — P) |

I7"p = pll + llpll

Snknll&n — pll + (1 = 0n)kn €1 — pll + llpll

5nkn||§n _p” + (1 - 5”)an£’”+1 _pH + ”p”

ININ + IN A

Again since, from induction 20, the sequence {&,} are bounded, then it follows that {w,} and {T"(6,& + (1 —
dn)En+1)} are both bounded. Now setting Q = max ||w, — T (6n&n + (1 — 6,)&n+1)]| in 26, we have the following

_ < -
||(Un+1 §n+1|| = 1_ ’Ynkn(l _ §n) Hwn gn” + 1— ’Ynkn(l — 671)

Brn+ (1= Nay QBn

= (1 1 — k(1 — 5@)”“" b R k(1 — )
(1 - )\)an Qﬁn

< (- (1 — 5n)>””" B wy

(1—Nay QBn(1 = Ao,
= (1 "1 — k(1 — 5n)>”“’” ~ll+ rkn (1 — 0n) (1 — N)am

With definition that the lim «,, = lim £, = 0, we then conclude that from 25, that hm lwnt1 — &nsa|l = 0. This
n—o0

n— oo
implies that the sequences 13 and 14 converges to the same fixed point.
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Step 3 We now prove that the sequence {wy, 41} converges to {w, } as n — oco. Thatis lim |wp+1 —wy|| =0
n—oo

lwnt1 —wnll = [lwntr — T wn + T wn — wal|

lant(wn) + Brwn + ¥ T" (Gnwn + (1 = 0p)wnt1) = (Bn + an +70) T || + [|T"wp — wy|
lan(wn) = an T wnll + [|Bawn — BaT " wn |l + (1 = S| T wnt1 — T wyll + [ T"wn — wall
an|lP(wn) = T wn |l + Ballwn — T"wa|| + ¥n(1 = 6n)kn||wnt1 — wall + | T"wn — wall

VAN VANVA

[0 6n+1

n - Wn S = n) " n n - " n 27
st =l € T ) = Tl + o = Tl @D
1T wn — wnll < knllwn —wn]| =0 (28)
Let M :> max{\\w(wn) - T”wnH}, then we have
a, M L+ 1 "
wntr —wnll < o Jeon — T 29)

T (1= 000k T T= (1= 0,k
From 29 and with the definition of {a,} in 3.1 A4, we can see that ||w,+1 — wy|| — 0. This means that w41 —
wy, or lim w41 —wy| =0

n—oo
With the same computational, with the definition of {c,} in 3.1 A4, we can see that ||, +1 — &,|| — 0. This means that
Ent1 =& oOr nh—>H;o [€nt1 — &nll =0

Again we then show that lim |(w, — 7 (wy,)|| = 0. Estimating as follows we have
n—oo
lwn = T"wnll = flwn — wns1 +wnpr = T wn

< lwn = wpga || + [lwngr = T wa|

S ||wn - Wn+1|| + ||an'l/}(wn) + ﬂnwn + ’YnTn((Snwn + (]- - 5n)wn+1) - ann

< Nlwn = waga |l + anllt(wn) = T wall + Ballwn — T wnl + 70 (1 = 6n)kn [|lwns1 — wal

140 (1 = 0n)ky, an,

< wn = w1l + ——— Y (wn) — T"wy,

0 — |+ L2 ) — T

From 29 and with the definition of {«, } in A4 of 3.1, we can see that
lim |lwp, — T wy| =0
n—oo

Using the fact that

lm |lwp, — T (we)|| < lim |Jw, — T wys||+ lim |7 wn — Tws||
n— oo n—oo n—oo
< lim [jwy, — T wpl| + lm k|| 7" wn — wal| (30)

Proving that lim ||7" 'w, — w,|| = 0, we have the following estimation
n—oo

[T wn) =wnll = flwn =T Hwa)
= [lon—1%(Wn—1) + Br-1@n—1 + V1T (On-1wp—1 + (1 = Gp—1)wn
~(Br-1+ 1 + Y1) T |
an—1||Y(wn—1) — Tn_lwn” + Bn-1llwn—1 — Tn_lwn”
+ Y11 = 6n—1)k1|lwn — wn—1]-

IN
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With the assumption of {«,, }, {6, } and lim |jwy1+1 — wy|| = 0, we can conclude that
n— oo

lim || 7" w, —w,| =0 (3D
n—oo
Therefore from 30
lim |lw, — T(wn)| < lim |Jwp, — T w,|| + lim k| 7" tw, —wnl =0
n—oo n—oo n—oo
With the same computational, and assumption of {c, }, {5, } and lim [|€,+1 — &,.|| = 0, we can conclude that
n—oo
lim ([ 7771, — &l = 0 (32)
n— oo
and also
lim ”fn - T(gn)H < lim an - Tngn” + lim leTH_lfn - an =0 (33)
n—oo n— oo n—oo

Step 4 In this step, we will show that 7, (z,,) C Fix(T ), where
Tw(&n) := {§ € H : there exist a subsequence of {&,,} converges weakly to £}
Suppose that £ € w,,(x,). Then there exists a subsequence {&,, } of {{,} such that &,, — £ as i — oo . From 33, we
have
&ni — Téni|| = 0.
This implies that {(I — 7)&,, } converges strongly to 0. By using Lemma 2.1, we have 7§ = £, and so & € Fix(T).
Step 5 Now from the inequality 43, we will show that

lim (7 =T,

11— 00

= lim
n—o0

lim sup (p —(p),p — wn) <0, (34

n—oo

where p € F(T) is the unique fixed point of Pg(7) o 4, thatis, p = qp(7)(¢(2)). Since {w,,} is bounded, there exists a
subsequence {wy,, } of {wy, } such that w,, — @ as ¢ — oo for some @ € H and

lim sup <p - w(p%p - wn> = lim <p - Tll(p),p - wni> (35)

n—o00 1—00
From Step 4, we gety € F(T). By using inequality 2.1, we obtain
lim sup (p =(p),p —wn) = lim (p—4(p),p —wn,)

(p—2(p),p—7) <0

Again

lim sup (p — ¥(p),p — &) <0, (36)

n—oo

where p € F(T) is the unique fixed point of Pg (7 o ¢, thatis, p = qp(7((2)). Since {£,} is bounded, there exists a
subsequence {&,,,} of {&,} such that &,,, — £ as i — oo for some £ € H and

lim sup (p—(p),p — &n) = lim (p—P(p),p — &n,) (37

n—oo 1—00

From Step 4, we get T € F(T). By using inequality 2.1, we obtain

lim sup (p —¢(p),p— &) = lim (p—(p),p —&n,)

n— 00 1—00

(p—1(p),p—6 <0

This complete the proof.

Theorem 3.2. Let E be a nonempty closed convex subset a real Hilbert space H, T : E — E be asymptotically nonexpansive



21 Furmose Mendy et al.: Convergence Analysis of Viscosity Implicit Rules of Asymptotically Nonexpansive

Mappings in Hilbert Spaces

mappings with the same sequence {k,} C [1,00) such that lim,,, o k, = 1, Fiz(T) # 0 and w be a constant. Define two

sequences {{,, } and {w, } in F as follows:

Ent1 = anE+ (1 — an)T" (0060 +

and

(1 =6n)8n+1),m >0, (38)

Wn41 = OpkK + ﬂnwn + ’YnTn((snwn + (1 - 5n)wn+1)a n 2 07 (39)

where au,, Bn, Yn, 0n € (0, 1) satisfying conditions A1 — A4 and ¢(&,,) = = and ¥(w,,) = k, then the sequence {,,} and {w,, }
strongly converges to a common fixed point p of 7, which is also the unique solution of the following variational inequality

((I=v)mq—n) >0 qeF(T),neH. (40)

Taking §,, = 0
The following corollaries holds:

Corollary 3.1. Let E be a nonempty closed convex subset a real Hilbert space H, T : E — E be asymptotically nonexpansive
mappings with the same sequence {k,} C [1,00) such that lim, o k, = 1, Fiz(T) # () and ¢ : E — E be a contraction
mapping with the contractive constant A € [0, 1). Define two sequences {&,, } and {w, } in F as follows:

£n+1 = anw(gn) + (]- - an)Tn(ng»l)vn Z 07 (41)

and

Wn41 = an@[}(wn) + Brwn + 'YnTn(wn—&-l)a n >0, (42)

where o, Bn,Tn € (0, 1) satisfying conditions A1 — A4 with 6,, = 0, then the sequence {wy, } and {&, } strongly converges to
a common fixed point p of 7, which is also the unique solution of the following variational inequality

(I=4Y)m,q—n)>0 qeF(T),neH. (43)

4. Conclusion

In this paper, we have obtained the strong convergence of a
viscosity asymptotically nonexpansive approximation method
for finding a common fixed point. Two implicit iterative
algorithms were stated, and it was proven that they all converge
to the same fixed point through asymptotically nonexpansive
mappings in Hilbert space under certain conditions, and an
affirmative result was obtained which answered the question.
It was also proven that the results obtained here converges to
the same unique solution to both the iterative algorithm, which
also solved the variational inequality stated in the theorem.
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