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Abstract: This paper presents three important phenomena of chaos synchronization between two different hyperchaotic
systems using nonlinear adaptive control strategy. In detailed, complete synchronization, anti- synchronization and hybrid
synchronization with nine unknown parameters. Modified hyperchaotic Pan system is consider as drive and hyperchaotic Liu
system as response system. Stabilization of error dynamics for each phenomenon is realized by satisfying Lyapunov's second
method as a main tool. Theoretical analysis and numerical simulations are shown to verify the results.
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1. Introduction

Since the pioneering work of Pecora and Carroll in 1990s,
on the synchronization of chaotic systems, synchronization
phenomenon has formed a new body of research activities
which is at the fore front of recent application topic in
nonlinear dynamics [1-6], and opens the way for chaotic
systems synchronization and a various techniques such as
adaptive control, active control, nonlinear control, sliding
mod control, back-stepping design method and so on have
been successfully applied to chaos control and
synchronization [7-13].

Various types of synchronization phenomena have been
presented such as complete synchronization (CS),
generalized synchronization (GS), lag synchronization, anti-
synchronization (AS), projective synchronization (PS),
generalized projective synchronization (GPS). The most
familiar ~ synchronization phenomena are complete
synchronization and anti- synchronized [14], [15].

Complete synchronization is characterized by the
equality of state variables evolving in the time, while anti-
synchronization is characterized by the disappearance of
sum of relevant variables evolving in the time. Projective

synchronization is characterized by the fact that the drive
and response systems could be synchronized up to a scaling
factor, whereas in generalized projective synchronization,
the responses of the synchronized dynamical states
synchronize up to a constant scaling matrix . It is easy to
see that the complete synchronization and anti-
synchronization are special cases of generalized projective
synchronization where the scaling matrix « = [ and = —I,
respectively [16].

In the hybrid synchronization scheme, one part of the
system is synchronized and the other part is anti-
synchronized so that the complete synchronization and anti-
synchronization coexist in the system [17].

In this paper, we discuss some important phenomena for
chaos synchronization i.e. complete synchronization, anti-
synchronization and hybrid synchronization between two
different 4D hyperchaotic systems via adaptive control, The
results derived in this paper are established using the
Lyapunov's second method.



International Journal of Theoretical and Applied Mathematics 2017; 3(1): 36-42 37

2. Description of Hyperchaotic Modified
Pan and Liu Systems

According to the Ref [18], the modified hyperchaotic Pan
system which described by the following dynamical system

X1 = alx; — x1)
Xy = CXq — X1X3 + X4
XS = x1x2 - bX3
)Z4 = - dxz

1)

where x;, x,, X3, x, are the state variables and a,b,c,d > 0
are the parameters of the system. When parameters a =
10,b = 8/3,c = 28 and d = 10, system (1) is hyperchaotic
and has two positive Lyapunov exponents, i.e. LE; =
0.24784,LE, = 0.08194, and has only one equilibrium
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0(0,0,0,0) . This equilibrium is an unstable under these
parameters.

In 2006, Wang et al. [19], presented the four-dimensional
autonomous Liu system which described by

%1 = a(x; —x1)
Xy =1x — kx1x3 + x4

2
X3 = hx? — pxg 2)
Xy = —qx;
where a,r,k h,p,q>0 are system parameters. When

parameters a = 10,p = 2.5,r=40,q =10.6,k=1 and
h = 4, system (2) is hyperchaotic and has only equilibrium
0(0,0,0,0), and the equilibrium is an unstable saddle node
under these parameters. Fig. 1 and Fig. 2 shows the attractors
of the system (1) and the system (2) respectively.
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Fig. 1. The attractor of system (1) in x4, X,, X5 space.
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Fig. 2. The attractor of system (2) in in X1, X,, X5 space.
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3. Complete Synchronization Between
Modified Pan and Liu Systems

In this section, the synchronization behavior between two
different hyperchaotic systems with nine unknown parameters
is achieved based on the Lyapunov second method and
adaptive control strategy. In order to observe complete
synchronization between hyperchaotic Modified Pan system
and hyperchaotic Liu system, we consider the system (1) as the
drive system and hyperchaotic Liu system as the response
system which describe by the following system

Vo =1y1 —kyi1ys + Y.t u, 3)
k V3 = hy? — pys + uz
Yo =—Qqy; T Uy

{ n=aly; —y) +uy

where u = [uy, Uy, u3, u,]7 is the controller to be designed.
The synchronization error eeR* is defined as:

e =Yy — a;X;; i= 1,2,3,4', Va,: =1 (4)

where a; is a scaling factor taken the value 1 for complete
synchronization and -1 for anti-synchronization according to
the projective synchronization approach. So, subtracting the
above system from the system (1), we get the error
dynamical system between the drive system and the response
system which is given by:

é,=re;+e,+(r—o)x; —ky,y; + x;x3 +u,
é3 = —pes + (b — p)xz + hy? — x;%, + u3
k é,=—qe; —de,—qx; +dy, + u,

é;=ale; —e) +uy
! )

We need to find the nonlinear adaptive control law for
u;, Vi and parameters estimation rules to guarantee that the
error dynamics of (5) is globally asymptotically stable.

Choosing the control functions u = [uy, Uy, uz, uy]” as

( u; = (@ —1)e; — de,
uz = _f'el - 62 - 64 + (é - ‘P)xl + I;yl}/3 - X1X3 (6)
uz = (P — ez + (?5 - B)x3 - fl}ﬁz + X1X3

Uy = E1\31"“232 —ey+qx; _aYZ

where @,b,é,d, R, 12,;3,@ and 7 are estimates of the
parameters a, b, ¢, d, h, k, p, q and r, respectively.
Substituting the control law (6) into Eq.(5) gives

V= e;ld(e; —e) —eg] + ez[_fel —ey+(E—F)x; + EJ’13’3]+?3[(?5._ 1)3.3 + (
es + Gx, — dy,| +aa + bb + ¢é + dd + hh + kk + pp + Gq + 7#

According to the Lyapunov second method, to ensure the
error dynamical system (9) converges to the origin

é, = ((d —a)— 1)e1 —(@—a)e,
e, =—(F—1r)e,—e, + ((6 —c)—(F— r))x1
+(E - k)Y1Y3
< é3=((ﬁ—p)—1)e3+((ﬁ—p)—(5—b))x3 (7

—(h = h)y?
é,=(q— qe + (a - d)ez —e,+(@— Qx
- (d - d))’z
The parameter estimation errors are defined as
(@a=a—ah=h—h
b=b-bk=k-k
E=¢—-cp=p—0p (3
L&=d—mq=@—q
F=f—r

Substituting (8) into (7), the error dynamics simplifies to
é1=a(e; —e) — e
éz = —7761 - 62 + (5 - f)xl + EY1y3
é3=(F —Des + (f—b)x; — hyf
L é4=qel+dez—e4+qx1— &YZ

©)

As we known, the adaptive control strategy deals with
unknown parameters only and used Lyapunov second method
as a main tool. So, we need to construct a quadratic
Lyapunov function as

1 . sy ry =
V=s(ele+a +b*+& +d* +h* +1k°
+p% +q* +72) (10)

The derivative of the Lyapunov function V' with respect to
time is
V = elél + €2é2+€3é3 + €4é4 + dd + Bl’; + Eé + d’d" + i‘iii
+ kk + pp + §q + 7f

Also note that

(a=4a; h=h
b=b; k=k
é=¢6 p=p (11)
c?z&; Gg=4
F=7

=h
|
S

)x3 - flylz] + 64[5161 +de, —
(12)

asymptotically, the condition V is negative i.e. V < 0. So we
updated the estimated parameters by the following law:
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ad=—el+ee,—a
b=xses—b
¢= —x,e,—¢
d= —eye, +y,e, —d
i f;i=y12€3—ﬁ
k= ~y1yse, — k
p=—ef—xse5—p
a =—ejey — X164 —

(13)

=>-

= eq1€; + X116y — 7

By this update and control (6), the time derivation of
Lyapunov function V becomes

2 _d2r_p2—

(14

Therefore, complete synchronization between two
hyperchaotic systems (1) and (3) with nine unknown
parameters is achieved.

Hence, we arrive at the following results.

Theorem 1. The non-identical system (1) and system (3)
with nine unknown parameters are complete synchronize by
nonlinear adaptive control law (6), and the update law for
parameters is chosen as (13).

Numerically, we justified these analytical results by
MATLAB program, we choose the parameters a = 10,
b=8/3, ¢c=28d=10,p=2.5, r=40, q =106, k=
1 and h = 4 to ensure the system (1) and system (3) are
hyperchaotic without control. Runge-Kutta method of four
order is used with the initial values of the drive system and
the response system are (10,15,20,30) and (—10,-5,0,5)
respectively and the initial condition of the parameter update
law as  a(0) =3, b(0) =7, é(0) = —6, d(0) = 15,
h(0) = —4, k(0) = 12, p(0) = =5, §(0) = 10, #(0) =
—2. Fig. 3 and Fig. 4 show the complete synchronization
between systems with adaptive control (6) and update
parameters (13)
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Fig. 3. Complete synchronization between systems (1) and (3) adaptive
control (6) and update parameter (13).
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Fig. 4. The converges of system (5) with controllers (6) and update

parameter (13).

4. Anti-synchronization Between
Modified Pan and Liu Systems

In this section, we discuss anti-synchronization behavior of
non-identical Modified hyperchaotic Pan system and
hyperchaotic Liu system. Consider Modified hyperchaotic
Pan as drive system and hyperchaotic Liu system as a
response system (system3). We define the error states for
anti- synchronization as

The corresponding error dynamics system obtained by
adding system(1) and system (3) is

é=ale; —e) tu

é,=re;+e,+ (c—1)x; —kyys — x1%3 + U,
é3 = —pes + (p — b)x3 + hy? + x.x, + us
é,=—qe; —de,+qx; +dy, +u,

(16)

Theorem 2. System (1) will anti-synchronize with system
(3) with nine unknown parameters if we choose the following
adaptive controllers

( u; = (@—1)e; — de,
U, = —fe; — e, — ey + (F — O)xg + ky,ys + x1%3
uz = (P — ez + (B - ﬁ)x3 - fl}ﬁz — X1X3 an
u, = ge; + Lzez —e,—qx; — aYZ
and the parameter estimation update laws
ad=—el+ee,—a
b=—xses—b
¢ =x.e,—¢

d = —eye, + Y0, —d

\ h=y2e,—h (18)
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Proof. Applying control law (17) with (8) in system (16)

yields the resulting error dynamics as follows:

( e =d(e; —e) — e
éz = _fel — € + (f - E)xl + I‘Eyly:),

. . = = 19
e3=(p—1)e3+(b—p)x3—hy12 (19
é,=qe; +de; —e, — Gx; — dy,
According to the previous discussion, consider the Lyapunov function as
V==(el+el+el+el+a+b2+e+d2+ R2+ k% +p2 + 32 +72) (20)
V = e,6, + e,6,+es65 + e,6, + ad + bb + ¢¢ + dd + hh + kk + pp + GG + 7
V= e;ld(e; —e) —e | + ez[_fel —e+(F—0x + r‘)ﬁ)’s]
+33[(ﬁ —1es + (B - ﬁ)xs - EY12] + 34[(731 + Ciez —ey— Gx, — &YZ]
+a[—e? + eje, — @l + b[—xze3 — b | + E[x,e, — €] + d[—ezeq + yoe4 — d]
+hlyfe; — h] + k[—y.yse; — k] + pl—ef + xse5 — p] + Gl—ee4 + x104 — G) + Flese; — x10, — 7] 1)
V=—el—el—el—e}—-a—-b>--d>-h*-k*-p*-§G*-i#< 0 (22)
Therefore, anti-synchronization between two hyperchaotic 35
systems (1) and (3) with nine unknown parameters is 2;
achieved. The proof is now complete based on Lyapunov 301 e3 ]
method. =
Numerically, we choose the parameters a = 10,b = 25
8/3,c=28,d =10,p=2.5r=40,q =10.6,k=1 and 3
h = 4 the initial values of the drive system and the response o 20
system are (10,15,20,30) and (—10,—5,0,5) respectively o~
and the initial condition of the parameter update law as @ 15t
a(0) = 3,b(0) = 7,¢(0) = —6,d(0) = 15,h(0) = ©
—4,k(0) = 12,p(0) = —5,§(0) = 10,#(0) = —2 . Fig. 5 10
and Fig. 6 show verify these results numerically.
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Fig. 5. Anti-synchronization between systems (1) and (3) with adaptive
control (17) and update parameter (18).

Fig. 6. The converges of system (16) with controllers (17) and update
parameter (18).

5. Hybrid Synchronization Between
Modified Pan and Liu Systems

Based on the adaptive control and Lyapunov second
method the hybrid synchronization between two different 4D
hyperchaotic systems, i.e. Modified Pan and Liu systems is
consider in this section. Modified hyperchaotic Pan system is
taken as drive (system 1) and hyperchaotic Liu system as
response (system 3).

The hybrid synchronization error is defined by

€1 =Y1— X1
e =Y, tx;
€3 =Y3 — X3
ey =Yat Xy

(23)

System (23) can be written in a succinct form as
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3;':{ y; — x;,if iis odd (24)

y; +x;,if i is even
The error dynamics is easily obtained as
é; =ale, —e;) —2ax, +uy
{e’z =re;+e,+ (T +0)x; —kyy; —xx3 +u,

é3 = —pes + (b — p)xz + hyf — x1x, + u3
k é,=—qe, —de,—qx; +dy, +u,

(25)

i.e. subtracting and adding the system (3) from the system (1)
respectively.

Theorem 3. System (1) will hybrid synchronize with the
system (3) with nine unknown parameters if adaptive control
is chosen as

(a=—el+ee,—2xe,—a
bZX3€3—b
@leez—f

& = —€8, + Vo4 — &

h=yle;—h (27)
k= —Y1Y3€2 — k
p=—el—xse3—p
4 =—ee,—x1e,— 4

f‘ = €16y +x162 -7

Proof. Rewrite system (25) with control (26) and (8) as
follows

I u; = (@—1e; — de, + 2d x, é1=d(31—32)—31+25{2
u, = —fe; — ey, — ey + (F + Oxy + kyyys + 2% é, = —Te; —ey + (F+ Oxy + kyy3
us; =P —Des + (p— b)xs — hy? + x;1x, (26) és =@ —Des + (f—b)xs — hy? (28)
L u, = Gey +de, — ey + 4x; — dy, lé4=qel+&ez—e4+¢7x1—&y2
with the parameter estimation update laws consider the Lyapunov function as
V=%(ef+e22+e32+ef+dz+52+62+(12+ h? + k* + % + % + %)
V = e,6, + e,6,+es65 + €,6, + Al + bb + ¢ + dd + hh + kk + pp + G§ + 7F
V= eldle; —e,) — e + 2ax, | + e,[—Fe; — ey + (F+ Oxy + kyyys]
+es[(P— Des + (p — b)xs — hy?] + ey[dey + de, — e + Gx; — dy,]
+d[—e? + eje; — 2x,e, — @] + b[xze; — b | + é[x1e, — &1 + d[—ezeq + v204 — d]
+hyfe; — h] + k[-y1yse; — k]| + pl—ef — xse5 — p] + Gl—eie4 — x164 — G] + Flese; + x5 — 7] (29)
V=—eTe—a*-b*-*-d*-h*—k*-p*—q*-7*< 0 (30)
Therefore, hybrid synchronization between two 40

el

hyperchaotic systems (1) and (3) with nine unknown
parameters is achieved. The proof is now complete based on
Lyapunov method. Fig. 7 and Fig. 8 show verify these results
numerically.

20 L 40

el,e2,e3, e4
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Time(sec)

Fig. 8. The converges of system (25) with controllers (26) and update
parameter (27).

Time(sec)

Time(sec .
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Fig. 7. Hybrid synchronization between systems (1) and (3) with adaptive

control (26) and update parameter (27). In this paper deals with chaos synchronization between
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two non-identical hypechaotic with nine unknown parameters
systems through nonlinear adaptive control technique. And
succeed in achieving three important subjects which include
complete synchronization, anti- synchronization and hybrid
synchronization based on Lyapunov's second method.
Numerical simulations are used to verify the effectiveness of
the proposed control.

We believe that the results of this research work should be
beneficial and could be employed to increase contribution to
the scientific literature on the methods of chaos
synchronization which may have applications in different
fields of engineering including secure communication, hybrid
image encryption, genetic networks.
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