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Abstract: Nonlinear functions are of great interest in the field of livestock, particularly through the modeling of the
relationship between weight and age in animal species, which facilitates both the interpretation and the understanding of the
growth phenomenon. Adjustments to growth data allow the information to be condensed into a few parameters that are used
for selection purposes and to improve production forecasts. However, these functions do not take into consideration the fixed
nature of the conception date which is specific for each animal species. In principle, all observations should be based on this
date. The purpose of this study is to adapt the most frequently used mathematical models to take into consideration the
conception dates of animal species. To do this, four functions were studied namely those of Logistic, Gompertz, Richards and
Von Bertalanffy. Afterwards, modified models were developed to determine their derivatives and inflection points. An example
of an initial model and its adaptations were adjusted to the data of moroccan sheep "sardi" to observe the effects of adaptations
on the growth curves for males and females of this species. The results obtained show that among these functions, only
Richards and Von Bertalanffy could be adapted according to two methods to meet the aforementioned objective because the
logistic and Gompertz models are strictly positive and do not cancel each other out. In addition, the comparison example
between Richards' Model and its adaptations to sheep data shows that for the initial model, the conception dates are -24.07
days and -23.6 days for males and females, respectively. while modified models, whose adjustment results show similar
results, have -150 day conception dates for both sexes. In conclusion, the modified models of Richards and Von Bertalanffy
seem to represent at best the biology of animal species and therefore, could replace the initial models for future studies of
animal species growth modeling.
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reaches an equilibrium value (usually named carrying
capacity or level of saturation) [1]. In biology, it is
represented as a function of age and live weight, covering all
or part of the life of the animal [2]. Growth can be defined as
the weight gain of an animal until it reaches adulthood. In the
early stages of life, this growth accelerates and the weight
gain is greater than the approach of adulthood, producing a
sigmoidal curve. After the inflection point, growth gradually
decreases and the growth rate becomes slower and slower.

In animal biology, growth functions have been used
mainly since the beginning of the 20th century. The key
works in the development of this concept are those of
Benjamin Gompertz in 1825 [3], that of Brody in 1945 [4]
and Ludwig von Bertalanffy in 1957 [5].

The use of mathematical growth models provides a good

1. Introduction

To model the relationship between weight and age,
nonlinear functions such as Logistic, Gompertz, Richards and
Von Bertalanffy are widely used around the world and for
different animal species. These functions, adjusted to growth
data, make it possible to determine parameters that can be
used for selection purposes and to improve production
forecasts by better managing the food calendar of the animal
species used in breeding.

The growth curve is represented mathematically as a
sigmoidal function, defined in a real line, bounded and
differentiable with positive derivative. Its graph has a typical
S shape showing slow growth at the beginning, followed by a
fast (exponential) growth that slows down gradually until it
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way to condense information into a few biologically
meaningful parameters, to facilitate both interpretation and
understanding of the growth phenomenon [6-7]. This models
provides several applications to animal production, such as
the evaluation of the response to treatments as time goes by;
analysis of the interaction between subpopulations (or
treatments) and time and identification of heavier and
younger animals in a population [8-9].

In livestock and poultry, the fitting and analysis of growth
curves of parameters is the basic work for breeding and
production. The growth curve parameters determination,
effectively, describe issues such as growth, livestock
performance, and optimum slaughter age, as well as
preparing an appropriate feeding process and selection [10].
As for partridges, these parameters facilitate the judgment
and analysis the standards of feeding, management and
epidemic prevention, and to compare and test the genetic

quality of different genders [11].

Nonlinear models describing body weight can be
formulated as follows:
Yij = £ (By, uy) + &, &5~ N (0, 6%) (1)

where Yij is the response value of the i observation of the
individual (i = 1,..., M, j = 1,..., ni); M is the total number of
individuals, and ni is the number of observations for the i™
individual; f is the nonlinear function linking body weight to
age and other possible covariates u; varying with the
individual; B; is a vector with the parameters of the nonlinear
function; g is the residual term; and c2e is the variance for
the residues [12].

The mathematical representation of growth functions and
their properties is given in Table 1.

Table 1. Mathematical description of growth patterns and the resulting biological parameters.

Model name Mathematical expression f (t)  Expression of B

Inflexion Point  Inflexion Age Growth rate f'(t)

Logistic [13 A (A ) 1
R a+ Bevy A
e A
Gompertz [14] A e Be In (—)
Ay
A M
Richards [15] A(1—BeXtM 1- <_0)
e
Von bertalanffy [16] A (1 — Be Kt)3 1-— (Ko)

A InB f(t)

: TP A.C)

A lnTB K £(6) In (%)

e

A (1 B %)M lnll;/lB MK f(t)(l’%) (Aﬁ = f(t)ﬁ)
2'% A I“EB 3K f(t)3 (A% - f(t)%)

The biological interpretation of the parameters of these
equations is as follows:

AQ: the birth weight corresponding to t = 0.

A: Adult or mature weight representing the asymptotic
limit of each model, as age (t) approaches infinity. It is an
asymptotic average weight [17].

B: The ordinate at the origin, describes the weight at time
zero, which corresponds to the initial weight of the animal.
This value is called the integration constant and has no
biological interpretation;

K: The slope of the growth curve which is also a measure
of the approximation rate for its asymptotic value and
represents the postnatal maturation rate. A large value of k
indicates an early maturity of the animal;

M: The determining parameter of the Richards model
curve [18].

However, these functions do not take into account the date
of conception t; which is located at the negative part of the
abscissa axis corresponding to f (ti) = 0. This date, which is
negative, corresponds in biology to the fertilization of the egg
by the spermatozoon. In principle, all observations should
have as a starting point this date of conception. The latter is
approximately -150 days and -370 days respectively for
sheep and cattle. If t, is the date of birth, the time between
conception and birth t, - ti corresponds to the gestation period
that is known per species. However, this data seems to be
omitted when adjusting the data.

The functions of both Logistic and Gompertz models are
always positive and never cancel each other out. Therefore, t;
do not exist for these two functions and the models that seem

to best reflect the reality are those of Richards and Von
Bertalanffy.

Moreover, if f (t)) = 0 and ti are known, we can adapt the
equations of the models to each animal species and in this
case, one of the two parameters, B or K, will be deduced
from the other and consequently, removed from formulas.
Subsequently, the growth rate corresponding to the derivative
f'(t) and the point of inflection corresponds mathematically
to the point where the tangent crosses the curve and where
there is a change in concavity. In this case, the second
derivative f" (t) is cancelled by changing the sign. The age of
inflection is deduced from the point of inflection (f (t) =
inflection point). In biology, it is advantageous to select the
early animals that reach this point as quickly as possible.

2. Adaptation of Models, Derivations and
Inflection Points

2.1. Richards Function

Richard's function is defined according to the following
notation

f(t) =A(1 —Be¥KOM 2
First adaptation of the model:
f(tl) =0 o A(I_Be_Kti)M =0 & 1_Be—Kti =0
1

o e Ki = Z

B
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We replace K in the equation

_nB\M
f(t)=A<1—Be G )

Thus, the model can be written as

M

£(6) = A (1 - Bl_é) 3)

We can conclude that:

First derivation off (t)

t 1.t
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£ = M 2B [A w (0 (1w ) — 1) )

Second derivation of f (t)

1 _ 1
We have f'(£)*™™ = (%) f'(t) f(t) ™™ therefore,

lnB

£(t) = f'(t){[(M— 1) A¥ £(t)” ] - }

InB InB 1 ( )
(0 = —— M —— |4 ) —f(t)]

{[(M — 1) AW f(t)‘%] - M}.

M (‘“ B) {[(M — 1)Aw £ (1) ] - [(ZM -
1AW f(0) (1w ] + M)} (5)

f”(t) —

Calculation of the inflection point
When

() =0 & (M—1)AMF) ™ —M=0 o f(t) ™

M 1
T M-1)

Therefore the inflection point is

i) = A(1- %)M (6)

Afterwards, we replace f (t) by its formula to find the date

corresponding to the inflexion point

I\M 1-8\M 1__
A(1——) =A(1—B ti) o 1-+=1-B"%
M M
This implies that
In MB
t=1t 1+ (7

Second adaptation of the model:

f(t) =A(1 —BeXHM
f(tl) =0 o A(l_Be_Kti)M =0 & 1_Be—Kti =0
Kti

(—)B:e

We replace B in the equation and the model can be written

as follows

f(t) = A (1 — e"KE)" (8)

We can conclude that:

First derivation of f (t)
f(t) = Ay(®OMoty(t) = 1 — e K-t
y'(t) = Ke KW
This implies that
f'() =AMy'(t) y@®OM™

= AMKe ®Et(1 - e—K(t—ti))M‘1
£ 1
f'(t) = AMK [1 - (%)M] (fi_t)) M

o =AMk [(2) - (9)]
Therefore
£ = MK [aw () - f(o)] )

Second derivation of f (t)
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7@ =Mk {[av (1-21) F o™ - Fo).

£/ = MK @ {[(1-2)aw foyw] - 1],

£(0) =
m2K? [ £ (w) — £o)] {[(1 - L) aw f ] - 1},
Therefore

f(t) = M2K2 {[(1 - —) Am )1
D) aw o] + v

- (z-

(10)

Calculation of the inflection point
When

1 1 1 1
F1() =0 o (1_M) AMED) M= 1=0 o ()M

M 1
(M-1)

Therefore the inflection point is

f(t) = A(1 - %)M (11)

Subsequently, we replace f (t) by its formula to find the
date corresponding to the inflexion point

A(1- %)M = A(1— e KEw)",

That implies that

This implies that

t=ZInM +t; (12)

2.2. Von Bertalanffy Function
The function of Von Bertalanffy is defined as
f(t) = A(1 —Be K%H3 (13)

First adaptation of the model:
By replacing the parameter M by 3 at the level of the
function of Richards, we obtain the following equations

3

f(t) = A (1 - Bl_%) (14)
First derivation of f (t)
f(t) = 3 ‘t—B f(t) [(fi—”)“ - 1].
P =308 (A§ £(0)5 — f(t)> (15)

Second derivation of f (t)

lnB

HOE {0 (z AV ()T — 3)

2 2 1 1 2
(0 =3 (%) (2 A (D)7 — 5 A3 (D)7 + 3f(1) ) (16)
Calculation of the inflection point
Quand
£7(t) = 0 f(t) = %A (17)
And
t=t; T (18)
Second adaptation of the model:
f() = A (1 — e KEw)? (19)
First derivation of f (t)
1 2
£'(t) = 3K (A3 f(t)s — f(t)) (20)
Second derivation of f (t)
1 1
£ =3KF@®) (2 A3 1),
3
2 2 1 5.1 2
£7(t) = 9 K2 (EAM f(D)5 — A3 (D)3 + f(t)) Q1)
Calculation of the inflection point
When
£7(t) = 0 f(t) = %A (22)
and
t= %lnS +t (23)

Table 2. Models of Richards and Von Bertalanffy with their adaptations.

Model name Mathematical expression f (t) Inflexion Point Inflexion Age Growth rate f'(t)
M 1 1 1
Richards A(1—Be KoM A (1 - %) ln]lZIB MK f(t)(l"ﬁ) (Aﬁ = f(t)M)
. M M InMB InBr 1 L
Richards (1) A (1 = Bl’ti) A (1 = 1) t; i M [AM f(t)(1 ) — f(t)]
M InB t;
. M 1\M 1 e
Richards (2) A(1- eKEw) A (1 — M) Eln M +t; MK [AM fOV ™ — f(t)]
REE 8 In3B 2/ 1 4
Von Bertalanffy A(1—-Be™®YH = A = 3Kf(t)3 (A3 — f(t)3
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Model name Mathematical expression f (t) Inflexion Point Inflexion Age Growth rate f'(t)
t\3 InB [ 1 2
Von Bertalanffy (1) A (1 _ Bl’t_i) 1 A t e 3 — (A3 f(1)3 —f(t)
27 InB &
1 12
Von Bertalanffy (2) A(l- e’K(t’ti))3 2‘% A Eln 3+t 3K (A§ f(t)3 — f(t))

ti = -150 days for sheep and -370 days for cattle.

2.3. Function Gompertz

e—Kt

f(t) = AeB (24)

. -K . .
Since e B¢™"" and A are strictly positive, the Gompertz
function is never cancelled and therefore the conception date
t; does not exist for this function.

2.4. Fonction Logistic

A
f0) = Ggery (25)

Because e Xt B and A are strictly positive, the Logistic
function is never cancelled and therefore the conception date
t; does not exist for this function.

3. Comparison Between the Richards
Model and Its Adaptations Applied to
Sheep

For example, adjusting the data for the Moroccan sheep
breed "sardi", for weights at the typical age (birth, 10, 30, 90
and 480 days) for both sexes, to Richards model and his
adaptations, whose properties are shown in Table 3, show
that for the initial Richards model, design dates are -24.07
days and -23.6 days respectively for males and females
(Figure 1). While the modified models, whose results are
similar, have design dates ti of -150 days for both sexes.

Therefore, these adaptations of Richards model seem to be
better adapted for animal species rather than the initial model.

16
Richards Function adapted 14
¢ 19.331
—Male (1) £(¢) = 69.364 (1 — 0.249"*7%) 12
(2) F(£) = 69.364 (1 — e-0009(t+150))%331
t,= -150 day 10
t 11.413
—Female (1) f(t) = 49.547 (1 — 0.190"*153) 8

(2) (£) = 49.547 (1 — e 0011(t+150)) 11413
t,=- 150 day
0
-150 -130 -110 -90 -70 -50 -30 -10 10 30 50
-2
. . 16
Function of Richards
1.279
—Male f(t) = 78.600(1 — 0.901¢~0.004 )"’
t; =-24.07 day
—Female f(t) = 51.994(1 — 0.864¢0006¢)"3%
t; -23.6 day
-150 -130 -110 -90 -70 -50 -30

Figure 1. Comparison between the Richards Model and its adaptations applied to sheep.
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Table 3. Richards models and adaptations applied to sheep.

Model name Mathematical expression f (t) Inflexion Point Inflexion Age Growth rate f'(t)

. M In MB Ly 1 1
Richards A(1—BeKuM A (1 _ %) “K MK ft) 1) (AM - f(t)M)

t \M 1\M In MB InB 1 1
Richards 1 = ”T) ( — _) = 20 [amg(w) — ]
A (1Bt A(1-5 150 —— M —1= AW ) f(t)

: M 1\M L eeo(i-D)

Richards 2 A(1— e K(t+150) A(1 - M) —InM — 150 MK [AM fOV ™ - f(t)]

4. Conclusions

After studying the adaptation of nonlinear mathematical
models to take into consideration the date of conception of
the animal species, only Richards and Von Bertalanffy could
be adapted according to two methods to answer the
aforementioned objective of the fact that logistic and
Gompertz models are strictly positive and do not cancel each
other out. The inflection point formulas and their
corresponding growth function values were calculated for
each of the adapted growth models. These formulas have
statistical and biological interests. In addition, the
comparison example between Richards' Model and its
adaptations to sheep data shows that for the initial model, the
design dates are -24.07 days and -23.6 days for males and
females, respectively. that the modified models, whose
adjustment results show similar results, have -150 day design
dates for both sexes. Therefore, the modified models of
Richards and Von Bertalanffy best represent the biology of
animal species and could replace the initial nonlinear
functions for future growth modeling studies regardless of
the animal species studied.
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