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Abstract: With the continuous development of modern science and technology and the continuous improvement of data
collection technology, researchers can collect a lot of high-dimensional data from various fields. At present, there has been
some development in the selection of variables under high-dimensional data, but most of these studies only consider the
selection of variables for main effects. However, when modeling many important practical problems, the main effects alone
may not be enough to describe the relationship between the response variable and the predictor variable. Therefore, the
variable selection problem with interaction terms under high-dimensional data is more meaningful. Based on this, this article
focus on the robust estimation for semi-parametric models with interactions in high-dimensional data under the framework of
mode regression. And the two-stage regularization method is applied to implement variable selection with high-dimensional
data. At Stage 1, using the B-spline basic function to approximate the non-parametric function. Both parametric and non-
parametric components were selected simultaneously based on mode regression and the adaptive least absolute shrinkage and
selection operator (LASSO) estimation. At Stage 2, the model variables are composed of the selected variables at Stage 1 and
interaction terms are derived from the main effects. To maintain the heredity structure between main effects of linear part and
interaction effects, we only selected the interaction terms to obtain important interaction effects. Then, under proper
regularization conditions, oracle properties of variable selection and the consistency of the hierarchical structure are proved.
Numerical results are also shown to demonstrate performance of the methods.
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. and predictor variables. Therefore, the problem of variable
1. Introduction selection with interaction terms under high-dimensional data is

. . of more practical significance. In this paper, we consider the
In many practical problems, the main terms X,,---, X, alone . prach ghitiean ;1S pape
P semi-parametric model with interaction, that is
may not be sufficient to depict the relationship between response

d
Y= Byt BX e+ B X+ BUXT B XX, et B, X+ () e (1)
=1

where Y. is the response, ﬁ:(ﬁp"'ngp )T is the p - (j=k) and two-way interaction effect (jik). Z,0R?

is d-dimensional covariable, and & is the noise with mean
zero. A key feature of model (1) is that order-2 terms are
derived from the main effects. We call X ;X the child of X

and X, and X, and X the parents of X X .

dimension  unknown  regression  parameter  vector,
g ([)],~~~, g4 (D] are respectively one-dimensional unknown

smooth function, Xj,---,X p are main effects, and order-2

terms X jX s (1 <j<k< p) include quadratic main effects
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In recent years, the semi-parametric variable selection
method has attracted the attention of statisticians. Liang [1]
proposed a partial linear model-based profiled forward
regression (PFR) screening method, which transformed the
variable coefficient model into a traditional linear model with
a profile least square method and obtained the PFR screening
method through the forward regression algorithm. For robust
variable selection, Zhao [2] approximated the non-parametric
function with B-spline and realized simultaneously variable
selection of parameters and variable coefficients based on the
double penalty mode regression objective function. Based on
mode regression, Zhang and Zhao [3] studied the two-step
estimation of the partial variable coefficient model by using
local polynomials, and obtained the estimation of the
parameters and non-parametric functions respectively and
reached the optimal convergence rate respectively.

Since Efron [4] proposed the two-stage method of linear
models with interaction effects, a large number of literatures
have extended the two-stage method to various models. Hao
and Zhang [5] proposed a forward-selection-based algorithms
for interaction selection (iFOR) in the high dimensional
interactive selection, which can effectively identify
interaction effects and maintain the hierarchy. Subsequently,
Hao and Feng [6] proposed regularization methods for high-
dimensional quadratic regression models with second-order
interaction terms and established theoretical properties for
two-stage LASSO. To deal with ultra-high-dimensional
problems, Dong and Jiang [7] studied a two-stage method
that requires sparsity in the high-order interaction model and
used the square root hard ridge (SRHR) method to discover

relevant variables in each stage.

Inspired by the above methods, this paper proposes and
studies the robust variable selection of a semi-parametric
model with interaction in high dimensional data, and adopts a
two-stage regularization method for variable selection.

2. Variable Selection Method

We define some notations used in the paper. Let

X=(X1,---,Xn)T be the nx p design matrix of the main

effect and (yl,---, yn)T be the » -dimensional response

vector, and let the
M ={1,2,---, p} and the index set of the second-order term

be 1={(j.k):1<j<k<p} .
vector ﬁ:(ﬂo,ﬁ{l,ﬂ,T)T, where [, :(,Bl,n-,ﬁp)T and

-
B :(ﬁu,ﬁl,z,---,ﬁp,},) . For a subset AOM , B, is a

subvector of [, , X, is a submatrix of X, and X;

index set of the linear term be

The regression coefficient

represents the jth column of X . In addition, the subscript
(j,k) and (k,j) are the same, that is, ﬁ/,k =,8k’j.

To estimate the non-parametric part of the semi-parametric
model (1), we use the B-spline basis function to approximate
every non-parametric function g, (z) , and model (1) is
expressed as

Y =f+fX ++B,X, "'ﬁl,lez P, X Xy et p,pX[ZJ +Wly+e,, ()
where )= (le, -, yg) , and the definition of W, is described in Iv [8].
2.1. Variable Selection at Stage 1
The objective function of the first stage is given below
LB A1) =3 a1~ =X B VI G)

where @) (l‘ ) = h‘l(p(t/ h), and ¢(t ) is a kernel density function and / is window width. ﬁ~ and J/ are estimated by
maximizing the objective function (3). In order to realize variable selection, according to the mode regression estimation
method of Yao [9], the adaptive LASSO penalty function is introduced, then the objective function of the first stage becomes

n p d
Gy (By: Bu»v) = Z%{Yz =By = X! Bu _quTy} _”Z/‘lk% B _"Z/‘zlfq "V/”H/ ; “)
=1 k=1 =1

where @ (t) :h_1¢(t/ h) , ¢(t) is a kernel density function,

h is window width, A and A, are regularization

parameters, and ¢ and <& are the penalty weights.
Generally, w, :‘[?k‘_v and @) =|}7,|_v are taken, where v is

- 12 .
a positive constant, ||y1|| o = ( le H yl) and the definition of

H, are shown in literature Li [10]. Sparse solutions ﬁ and
Y of A and A, can be obtained by selecting appropriate
regularization parameters A and A, and maximizing
objective function (4), and the estimation of g can be

expressed by J.

Since it is difficult to maximize equation (4) directly, local
quadratic estimation algorithms (LQA) and expectation
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maximization (EM) proposed by Fan et al. (2001) [11] are
adopted to obtain penalty estimation. Given initial values

51

‘,[7’,?‘>O,k=1,---,p and “}/,O“>O,l=l,~-,d, the penalty

function can be expressed as

oy 2
/‘11{%|:3k|:)|1k% ) +E(‘a;1£01)kj[|ﬂk|2_ﬂlg()) ], (%)
aanl, =], +5 “4 o (VT v= A7 ). (©)

T
So for ease of calculation, let g = ( Ly ) , Z

i (67('")) = diag[/lllcul ‘,310‘_1 A, ‘ﬂ ‘ A “VIO“Z H

:(Xl.T,quT) and ,, = (o, we have

s A ]

El

The EM algorithm to obtain the penalty estimation in (4) is as follows:

Step 1 (E-Step): Update lT(i| 9('")) by the following formula

@{Y[ —Z,TG(’”)}

n

n{ilet)) =
).

Step 2 (M-Step): Update g+

9(m+1) =argmaxy i{ﬂ(z|
i=1

i=l

] {Yz _ZiT‘g(m)} ’

6 oz {1, -z 6"} - 2075, , (ew))e}

-1
= (ZTWZ +n%, (0('”))) 7wz,

where Z :(Zl,m,Zn )T, W is a "Xn diagonal matrix and
its 7 th diagonal element is lT(i| 9('")) )

Step 3: Iterate E-Step and M-Step repeatedly until the
then

Ié:(lpxpﬂopxd](n)é > f/:(odKnXp’Ia’KHXdKn)é , and

gl:(//l(zl)Tyl, [=1,---,

algorithm converges. Let the estimate of 8 be 0,

d.

2.2. Variable Selection at Stage 2

+1
Define X = X o X as an n><% matrix consisting
of all pairwise column products, that is, for
X:(Xla"'aXp) ,

X7 =XoX =(X 0X, X 0X,, . X, 0X,) . where [

n

G, (ﬁo:ﬁ"aﬁgozayi) :z%{Yi By -X,B, ‘X:fﬁ;loz —Ll-’i,l/i} -n

i=1

represents the entry-wise product of two column vectors. For
index set AOM , define A?=AoAd=
{(j,k):lsjskSp;j,kDA} 07, and use X;IZ as a short

an

notation for (X 4 )02 , and the columns of (X 4 )02 are indexed

by A% :{j:Bjio,j:1,~-~,p}DM is used to
represent the model selected in the first stage. In the second
stage, A is extended by all the two-way interactions of those
main effects within A , and the nonparametric part of the first
stage is denoted by L ={l:§, z20,/=1, -,s} .

To maintain the hierarchy structure, only interaction terms
are penalized in the second stage, and the coefficient of the
interaction term x,x; should satisty B ;& %0, if and only if

,Bj #0 and B, 0. The objective function of the second
stage is

Z Aa)[,|,6’k,j|.

a04?
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For the variable selection in the second stage, the following formula is solved

Pr— {Z%{

i=1

where A is the regularization parameter, and @), is the
penalty weight of the a th component of ﬁk’_/ . Generally,

_ -v . . oy
W, = | ,6’0,| is taken, where v is a positive constant.

By wusing appropriate penalty parameters, coefficient
estimators can be obtained and variable selection can be
achieved. In this stage, only interaction terms are penalized. The
iterative calculation process is the same as that in the first stage.

3. Theoretical Properties

If we ignore the interaction terms, let By, and g, (Zz) be
the true values of [, and g (Zz) , respectively. Let
a, =maxk,,{/llk,/121|,[3’0k 20,/ % 0} and \/;an - 0, where
Let b, =mink’,{A1k,/]2,|,80k =0,¥y =O} and
\/;bn —~ o . where n - o . At Stage 2, to keep the
hierarchy, the coefficient of the interaction term x;x; should

satisfy B;, #0 , if and only if B;#0 and B, %20,

n — ©

1<j<k<p;j,k0A.
Theorem 1. Suppose that (C-1) - (C-6) hold, and the
number of nodes is K = O(nl/er) , then

M) B = B2 =0, (n72 " +4,),

2 ||§, (21) - g (Z;)" =0, (n"'/z"+1 +an), [=1,--,s

The definition of 7 is shown in the regular condition (C-2).

Let By 20,k=L---,t , and By =0,k=t+1---,p
Similarly, let go; 20,/=1--,5 and gy =0,/ =s+1,---.d .

Define :(,BaT,ﬁ;,T)T , and V:(VQT,V;,T)T R

d d
ﬂa:(ﬁl"”’ﬂt)T an Va:(yp"'sys)T correspond  to

covariates X, and W, . Under the regular condition, the

where

first-stage penalty estimation has sparsity.
Theorem 2. Suppose that (C-1) - (C-6) hold, and the

number of nodes is K = 0(n1/2r+1) , then

(1) ﬂk :O’k :t+1,”"P 5

(2) g =0,/=s+1,--,d.

The asymptotic normal distribution of the nonzero
component of the parameter is given. Let

E{d(e)|X =x,2=2},
G(x,2,h) =E{% (e |x =x2= z} :

F(x,z,h) =

~X B~y

- X2B, }

ny )Ia)a|ﬂj,k|}, ®)

ana?
= E{gf () W'} = E{ F (x,2,n) W7}

r :E{ (¢) wXT}

X'=x-r"o’'vw, s=E

£{r
{F ) WxT},
{ (X,2,h) X DXET} ,
Q=£{G(X,Z,h) XK}
Theorem 3. Under the condition of Theorem 3.2, then
Jn (B~ )t N (0.5,

where 2, and Q, are the pre-#x¢ submatrices of Z and
Q, respectively.
Theorem 4. Suppose the regularization condition (C-1) -

(C-6) hold, and the number of nodes is K = O(nl/ 2"+1) , then
W |8 =B =0, (v +a,),
) “Iéjez _ﬂgez =0, (n—r/2r+1 +an) ,
3) ”él (2) - 2o (Zz)” =0, (n_"/zm +an),l 0L .
Theorem 5. Suppose the regularization condition (C-1) -
(C-6) hold, and the number of nodes K ZO(nl/ 2"+1) , let

c={(k,j): B . =0,t+1<k<j< p},then
{( i) B j<p}

B =0,(k,j)0é

Let > 5 be the submatrix of X, the row index is 4 and

the column index is B . Refer to Hao and Zhang [12].
and define the index set of important main effects as

:[j:ﬁf+2:=l,8f’k>0] , and et S=|S| ,

Tz{(k=1)3,3k,1 ¢0}, and 70 S . In addition, we follow
[13] and
(Zss)™ S, Where S°=M-S . Let

Wainwright define

Zsf\s = Zgege T Xgeg

A (A) be the smallest eigenvalue of 4, and

min

0, (A) =max; 4; .
conditions:

(B1) [Zgq (Zss )_le <1-y,y0(0.1],

(B2) Apin (ZSS) 2Cpp >0.

Theorem 6. Suppose that the regular condition (B-1)-(B-2)
hold, consider the family of regularized parameters

Assume the following technical
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qaplou (ZSC‘S) 4(02 +Tz)10g(p)

7 o

where @, 22 . For some fixed >0 , the sequence

A (@)=

(n, p,s) and regularization sequence {/1”} satisfy
Py (Z ‘ ) 2(0* +1%)C,,
S (1+5) sl 1+ ( )
2slog(p—s) CoinV’ Als

then the following holds with probability greater than

1
l-¢ exp[—c2 min{s,log(p—s),nzﬂ.

(i) The adaptive LASSO has a unique solution;

(i1) Define the gap
27| +20f s Sl s
SS /3 -
© Cminn Cminn

Th t e cmnllee(h) .
Sig”(e:gL):s;gn(ﬁM). I?DI?| ]|>g( )

g (An) = C3/1n

then

4. Selection of Window Width and
Adjustment Parameters

4.1. Selection of Window Width

Referring to theorem 1 of Liu [14], we can obtain that the
ratio of the spline mode estimate to the asymptotic variance
of the least squares estimate is

1 o
BIC(4,4) === @V - B - X[ B, ~¥Iin } + 1,

s

where ,3,,1 and f/Az represent the penalty estimates given A,

and A,, df, is the number of nonzero additive functions and

df,, is the number of nonzero parameter.

5. Simulation Results

In this section, an example is used as a simulation study to
test the performance of the two-stage regularization method.
The two-stage adaptive LASSO method studied in this paper
is compared with other penalty estimates, including LASSO
and SCAD. In the simulation study, we generate data from
the semi-parametric model. The sample size is n =200 and
n =400, the number of covariables is set as p =10, and

where

7 =E(£2) . F(n)=E{d(e)} . and
G(h) :E{@,(é‘)}z. The optimal window width / can be

obtained by minimizing R (h) , that is,

hyp

- : - . -2
;= argmhlnR(h) = argmhlnG(h)F (h) .

Therefore, h,, does not depend on n but only on the
distribution of €. In practical problems, the distribution of
model error & is usually unknown, so the window width
cannot be solved directly by equation (3). Considering the
method proposed by Yao [9], the estimation of F (h) and
G(h) is used in equation (3), that is,

F)= 2 (6) 6= la ()

=

G(n)F(h)

A2

then the estimate of r(h) is f(h):
g

, where

A

E =Y —XiT,[)’ —LIJ[T}7 represents the estimation of the

1 1

residuals, J/, 5, and & are the initial estimates, and the

lattice point method can be used to obtain the optimal
window width.

4.2. Selection of Adjustment Parameters
According to Zhao [15], let

A :4»/121 :fl—z,

&7 Il
where ﬁk and J; are the no-penalty estimates of [, and V;,
respectively. To choose the optimal regularization parameters
A and A, , Bayesian criterion (BIC) is applied in this paper.
Particularly, BIC is defined as

log(n)

10g(n/Kn) dr

n/K,

d =5, X; is subject to a multivariate normal distribution, Z,
is the independent uniform distribution on the interval [0, 1] R

and the error distribution is considered as a standard normal
distribution. In the real model, let the coefficient of the linear

part be ,8:(3,2,1,0,0,0,0,0,0,0) , the coefficient of the
linear interaction item be fB;, =2, and the non-parametric
() =5%cos(z, ) +3sin(z,) ,
g (zy)=0,1=2,...d . 1

interaction items non-zero coefficient estimated to be 0 in the
simulation, and C represents the number of interaction item
zero coefficient estimated to be 0 in the simulation. The
generalized mean square error (GMSE) to evaluate the

part be

represents the number of
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accuracy of the estimated parameters is defined as
. T A
Gumse =(8-p) E(xx")(4-5),
The square root of the mean square error (RASE) to

evaluate the estimation accuracy of the nonparametric
component g, (Zl-l) is defined as

RASE = \/%ZZd: (& (21)-2(2)) -

i=l [=1

As shown in Table 1, in the first stage of simulation,
adaptive LASSO is selected for variable selection, and the
interaction term is not considered in the process of variable

selection. The main effect 3,0, 05; is sclected, while the

non-parametric part g (Zl.l) is selected. In the second stage,

to maintain the hierarchical structure of the model, only the
interaction terms are punished, and the punishment methods
include adaptive LASSO, smoothly clipped absolute deviation
(SCAD), and LASSO estimation. Table 2 shows the results of
the second stage simulation, comparing the performance of the
three methods. It is not difficult to see that there is little
difference in the performance of the three methods in selecting
covariables, but adaptive LASSO is a little smaller than the
GMSE and RASE of the other two methods. On the other hand,
with the increase of GMSE and RASE, the three different
methods decreased, and the simulation results were closer to
the real model. It can be seen that adaptive LASSO is a
relatively effective variable selection method.

Table 1. Variable Selection at Stage 1.

(n, p, d) GMSE RASE
(200,10.5) B.Br. 1 21(zi) 0.049 0.182
(400,10,5) BB 21(2n) 0.032 0.290
Table 2. Variable Selection at Stage 2.
(n, p1, P2, d) Method P /23 P /2% 1 C GMSE RASE
(200,3,9,1) adaptive LASSO 1.0053 1.0152 1.9639 2.2475 0 8 0.0481 0.5901
SCAD 1.1309 1.1147 1.7983 3.1058 0 8 0.0563 0.6301
(400,3,9,1) adaptive LASSO 1.0037 1.0078 1.9491 2.2191 0 8 0.0392 0.5710
SCAD 1.3530 1.6407 1.1449 2.1472 0 8 0.0404 0.5863

6. Technical Proofs

To prove the conclusion of the theorem, some regular
conditions are given:

Let H, denote the totality of the function h(t) on [0, 1]
that satisfies the following conditions, that the m -order
derivative A" (t) of h(t) is continuous and satisfies the v -
order Holder condition, and that » = m +v , that is, that there
is a constant M, D(0,00) such that the absolute value
inequality ‘h’” (s)—h’” (t)‘ SM0|s—t|V holds for any
5,0 0[0,1]

(C-1) E(g/(z))=0 and g, (z,)0H,, [=1,+.d,r>1/2;

(C-2) The covariate Z; has a continuous density function

A (zl) and the presence of constants J and 0, such that
I, (zl) satisfies 0<J < (z,)sé'2 <o,/ =1,--+,d on the
interval [0, 1] ;

(C-3) For 1<i<n, the random variable is uniformly
bounded and the eigenvalues of E{XiXiT |Zi} are bounded

away from 0 and infinity is consistent for 1<i<n;

(C-4) Let NSNS be an inner node on the interval [O, 1] s
and with £, =0,7 =1 =4~ , and {=max{{i} ,

there is a constant C,, such that

L}S Cy, max{|fi+1 —q‘l|} = o(k,fl)

min{fi
holds;
(C-5) F(x,z,h)

concerning (x,z) , and F(x,z,h) <0,0n>0;
(C-6) The satisfies

E(d(e)x=xz=z)=0 |, E(#(£)2|X:x,Z:z) :

E(%(£)3|X:x,Z:z) ., and  E(g(e)|x=x2=2z)

and G(x,z,u,h) are continuous

random error £

concerning the variables x and z are continuous.
-r

Proof of Theorem 1. Let & =n2* +a,, B, =By +da,,

y=yt+toa,, a= (alT,azT). Now we work on the first part

of Theorem 1. For (077 > 0, there is a large constant C, such
that
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jal=C

P{ sup G(6’0+5a')<G(HO)}Sl—I7. 9)
|

According to the arbitrariness of 77, there is a local maximum point @ in the interior of ball {6?0 + 5a:||a|| < C} , that is,

|6-6=0p(0). Let a(6) = k{6 (6 +aa) -G (&)},

n(6,)=k"{G(g +&)-G(a))

:K_lz%{yi -x/ (/31(\)4 +5a'1)_wiT (Vo +50'2)} _K_lz%{yi -x! By _quTVo}

i=1 i=l
)4 n d

—Ezw}f (/\1k |ﬁk| = A |ﬁ0k )“EZ@ (/]2/ ”Vl”H[ —Ay ”Vol "H/ ) -
k=1 =1

Taylor expansion is performed on the above formula. The above equality becomes

Z%{e +1,R }( al+lPTaz)+lJ—ZZn:(4{£ +1,R }( a1+LPfaz)2
153 Z”:% ( a1+LPiTa'2)3

p d
_%z% (/‘lk |ﬁk| = A |ﬁ0k|) ‘%Z@ (/]2/ ”Vl"H[ —Ay "Vol "H/ )

k=1 =1

DL+, +1+1,+1,.
Where ¢ is between & +1dR(Zl-) and & +1,;R (Z[)—J(X,Tal +W[Ta2) , 1; represents a d -dimensional column vector

with all 1 elements. R(Zl.) = (R1 (Zl.l),---,Rd (Zl.d ))T, R, (Zl-l) =gy (zl.,)—wgyo, , [ =1,---,d . According to de Boor [16], we
get ”R (Zl- )" = 0p(5) . Using Taylor expansion again for /;, we have

5 < " 1 U
I =_E {% (51')"'% (gi)ldR(Zi)"'E% (51'D)[1dR(Zi)]2}(Xz'Ta1 +quTa2)
i=1
Where & is between & and

¢ +1dR(Zi) . By the thatis, I, is able to consistently control /3 when ||a|| =C

. On the other hand,
condition (C-4) and a,, , we can get

I, <tk 8a,|a] = sn® Vg, |a]

1y = 0p (k™3 ) = Op [ n8 K |

Conditioned on a holds for |

" 1y =op(Ja al=c

1, = E(F(x.2.1))0p (n6°K ' af)
Therefore, I, is consistently controlled by I, , and I5 is

Thus, for sufficiently large positive integers C, I, is able consistently controlled by I, . Moreover, conditioned on (C-

to consistently control /; when ||a|| =C 6) and F (x,z,h) <0’ then A(HO) <0 Therefore, inequality
In a similar way, we have I, = Op(né'zK_l "a"3) If (9) holds with probability 1=/ . So there are local maximum
> 3= : A
points f,, and y that satisfies
0 - 0, then 5||T|| - 0("0’" =C). We can get I =op([2),
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|6 - .| =0p(8). 17wl =0p(0).  (10)

Now we work on the second part of Theorem 1, let

Y, (Z) :(‘/’11 (Z)a"'al//lKn (Z))T Jd=1-.d,

go/ )|2dZ

go/ ” -
- j;{wf(z)z—wf (=) v R, (z)}zdz
<2[ {u] (=)

1
=2(f’1 _Voz)T Hl(% _%1)d2+2I0R1 (Z)zdz'

1
-y (z) }/0,}20’2 + 2.[0 R, (Z)de

Where H, is a K, XK, matrix, and the (k,k') th element

1
is Iowlk (=W (2) ez 1 |H, | = (1), then

=2r
(171 _Voz)T H, (171 _Voz) :019{”2”1 +af] , (1)

Moreover,

aG(IBM 7y) —
aﬁk i=1

n

i=1

1 ) =2r
IORI (z) dz =Op| n2* |, (12)
Combining (11) and (12), the second part of Theorem 1 is
easily obtained.
Proof of Theorem 2. No we will prove the first part of the

Theorem 2. The goal is to show that, with overwhelming
probability, under Theorem 1, inequality

0G ,
9G(By) 0<B, <vk=t+l,p, (13)
05,
0G ,
9G(Bu-y) V<B, <Ok =t p, (14)
o5,

hold for each v=cn/®™*) ¥, and [, , where

v =rall=0p (w20 and |3, ~ i ]|= 0 ()

Now the goal is to prove that (13) and (14) are true. It is
straightforward to get

= _ZH:X#L (Yi _X[T/BM _quTV) —nA @, Sgn(ﬁk)

== Xi{ﬂ (51‘ +1dR(Z[))_¢l:(€[ +1dR(Zi))[W[T (y—y0)+X[T (,BM - By )}

+%¢#(Zi)|:wlr (V‘V0)+XiT (ﬁM ‘/31\(31)}2}_”/111{% Sgn(ﬁk)

N [sgn(ﬁk)+0P(/‘17cl“4c_ln_r/(2r+1)”

where {; is between & +1dR(Zl-) and Y, - X/ B, -Wy.
By b, , we -rf(2r+1) >h n—r/(2r+1) .
k=t+lL---,p Therefore, we have the

0G(By;.¥)/0B, determined by B, that is, (13) and (14) are
true.

have Aun

E

sign of

Based on Theorem 1, for

lerll=0(1)  and

()= ()=) % . equality g (J=0,1=s+1-.d
_196(B.y)
n 083

_196(.y)
n oy

ﬁ(ﬁl 01

sl o) ——ZLP@(Y -X/B, - LpTVa) z)lzlf’-%

holds with overwhelming probability.
Proof of Theorem 3. By Theorem 1 and 2, when n - o,

R T
G( Y, ﬁ) reaches its maximum at points (,B{IT ,0) and

T
( y/aT,o) with probability 1. By definition of G(y,£), we

have

——ZX@(Y -XTf,-wly,)+ ZAlk%sgn(ﬂ) 0,

=0,

aH[
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By Theorem 1 and a,, , we have
Y1 vt sen(B) =0, (8, A |- ] = 0p[n) =0, (1), 7= 1] =o, (1)

Combining Theorem 1 and Theorem 2, we can get

L3 x{ae) st () 15R(2)-97 (7 1)~ (- )]
+%¢£,(5)|:1§R(Zi)_wzr (JA/a _VOa)_XiT (,éa _IBOa):|2}+Op (,éa _IBOa) =0, (15)

13w {d(e) (6 1 R(2) -9 (=) -7 (B )]
L€ R(2)-97 (7, =1) =] (A=) oo, () =0, )

where & is between & and ¥, - X7 8 -WI'p . Let A, ——zl . l[% (5,-)*‘%'(5;')1513(21')], @, :lz:l:lg/{(q)LPIWZT,

r,= _Zz- qj, LP XT By Theorem 2, (C-3) and @, , equation (16) becomes

Vo =Voa = (q)n to, (1))_1{_[_71 (léa _IBOa)+/\n} , (17)

Moreover, we have

T

_Z@ [X rT(cb to ())Lpz:| (léa_lgOa)—'-Op(léa_lBOa)

=13 [ ae) (@) R(2)-d(2) 9] (07 o, (), as)
On the other hand,
{ Z@ Jrio™w, (X7 -wlor, ) |=
Var{ Z@ )i w( LIJI-T(D;ll'n)}:op(l),
then

L ,” @(s,-)xl-“%i@'(el-)xFlﬁR(z,-)—i > a1 (2) X(@7' +0, ())A, 1
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expressed as J; +J, +J3, where X;'= X, -TT®'W,, J; =0. For J,, we can get

5= Sl 6B B |ir(2)

() E () (5(e,) -riew i R(2)

i=1

Let /=D (&)[ X -E(C) E(®)" W JUR(Z) and J= =D al(e)E(T,) (E(@.)" -0, iR (2) .

then the above equation can be expressed as J,; +J5, .
when

implies

%Z;@,’(fi)(& ~E(r,)

Combining ¥, =(l//5,~-,l//,§), lwa =0(1) and |R(Z,)| =

T

E(®,)" ]9l =0, (1).

O(n‘r/(”*l)), we have J,, =0, (1). Apply the same technique

and combine the results, we have J,, = 0, (1) . Equation (19) can be expressed as

n‘lir/i:(e,-)X,-DX?ﬁ(/?a ~Bu) =%i¢¢ (£) X +0, (1)

Combining regular condition and Law of Large Number,
we can get

li;q;(gi)xi”x? 0t 2, (21)
=

On the other hand, by the Central Limit Theorem, we have

(22)

iy g (&) X701 N(0.9),
i=l
Therefore, combining (20)-(22) and Slutsky Theorem, we
can get
Vi (B8, - ) Dt N0z 705 ™). (23)

Now we work on (22). For any vector ¢ that is not all 0,
such that

n 1 n
¢'G, =;ﬁ<l44: (&)x;0 ;ai i

1271

o O
where ] :lG(X- Z h)CT Zia Z}, ¢, Conditioned on X;
n

and Z;, we have that ¢; is an independent random variables

(20)

with zero mean. Now verify the condition of Lindeberg
Central Limit Theorem, if

max; a<2

L 0f-o0,
2

Z;af
then Z;a,-f,-/ \/g 06 N(0,1) . (22) is easily

obtained. For (24), if ((T Xl!])zs”c"zu)(}]“z , then

24

al < n_lG(X,»,Zi’h)”C"2 “XF“Z ™

=l rren e s|xi] 4

r7@,'w,| . Combining
max; ||Xl- "/\/_ =o, (1) and
FZCD;IHJ[H/[ =0, (1) By Slutsky Theorem, (24) is

easily obtained. Hence, it is straightforward to get Theorem
3.
Proof of Theorem 4. The proof is similar to Theorem 1.

Conditioned on (C-9), let ,83 be the true value of 8-, let

(C-3), we have

max;

,3202 be the true value of S,.., and let J} be the true value
of . If o= ) ta,

,8;192 = ,832 + 50'; and

then B, =p+da] ,
y=ftdm, . Let
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a =(a{T,a§T,a§T) . Now we work on the first part of

Theorem 4. For 77, >0 , there is a larger constant C,
satisfies

P{ s’hlpc’Gz (,3;1,,3;102,,17) <G, (ﬁg,ﬁgoz,%)} <1-1,. (25)
a'll=

Combining the results of Theorem 1, we can get (25). So

there is a local maximum point ( ﬁg,ﬁ}z ,}:/T) that satisfies
o,-2|=0n(0) . |B.-s.
“ f/ % “ =Op (5) Moreover, we

||g,(z,)—g0,(z,)||=op(5) . It is straightforward to get

Theorem 4.
Proof of Theorem 5. The proof is similar to Theorem 2. By

an(/ggaﬂ/az;yL”) 2

= Op(J) and

have

B Jok i=1

Theorem 4, we just have to prove that for any v' = cn~r)

and ‘/Bk,j _ﬁl?,j‘ =0, (n_r/(er) +an) , when n — o , with

probability 1, we have

0G, (B,.By2-v;)
0B

>0,0< B, <V,(j.k)04% (26

0G, (ﬁﬂ»ﬁgaz,yi)
0B,

<0,~V' < B, <0,(j.k)0A7. (27)

(26) and (27) imply that G, (,3/3, ﬁ;ioz,yi) is greatest at

B = 0,(k,j) 047 So we just have to prove that (26) and
(27) are true. By equality

= —ZXZZ%{Y; _X/]'BA —Xizﬁggz —LIJiyi} -niw, sgn(ﬂj,k)

e[, ) oo )|

0G, (IB By ,Vi)
0B«
by B; - Itis straightforward to get Theorem 5.

is determined

we know that the sign of

Proof of Theorem 6. We will adopt the primal-dual witness
(PDW) mothod and refer to the proof of Theorem 3 in
Wainwright (2009) [13]. Meanwhile, using (W1), (W2), ...,
to denote the formula (1), (2), ..., in Wainwright (2009).
Therefore, the proof of this theorem only needs to verify the
strict dual feasibility and sign consistency.

(1) Verifying strict dual feasibility

The proof of the strict dual feasibility only needs to prove
that under condition (10), for any ;0S¢ , the inequality

‘Zj‘ <1holds, where Z; is defined in (W10).

For each ;OS° , conditioned on X , then

XJT:ZJS(ZSS)_lX§+EJT , Wwhere X, s

distribution with mean zero. E; is independent and has the

a normal

same distribution, and E;UN [0,[23,('5,} j . In addition,
Ji

under condition Xg , (W37) gives

Z;=4;+B, )

a decomposition

where

_ T Ty \7s w
A, =E {XS(XSXS) ZS+I-|XSD{/1 n]} :

n

B =% (Zes) Zs.

Hence, according to condition (B1), then max

Conditioned on X and w , for
Var(Eii ) = |:ZS“\S:|

mean zero and variance var(Aj)Spu (Z

-1
1 1 Xexg) w
=— —2- 5 +
M, nzs[ Zg HXE A 2

n
From Lemma 1 in Hao and Zhang (2018) [6],

<P,

Vi

ZSC‘ S), then 4; is Gaussian with

SC‘S)MH , where

2

P| max
jOs¢

Zj| > IJS P(max
jos¢

Aj| > y}

< P(%%§|Aj| 2y

T¢ (g)} +C exp(—C2 min{\/;é‘z,s}) - (28)

Given 'T'(g):{Mn >M, (8)} , conditioned on T°(é) ,

var(Aj) <p, (zsf\s)Mn (E) , then

P[ma)L(|Aj|ZyTC(E)jSZ(p—s)exp - v —

/oS 2p, (Zsc\s)Mn (¢)

From —=0(1), %—0(1), we have ]l7[n(£)=0(1)
n nn
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Therefore, it is easy to check that (10) can guarantee that

max |Z j| <1 holds with
OS¢

probability  at  least

l-¢ exp(—c2 min{s,log(p —s),nl/z}) .

(i1) Sign consistency

To prove sign consistency, we just have to prove that
(W13) holds, that is,

sign(,[z’j +Aj)=sign(,[z’j),jDS (29)

N
where Aj:ef[%J [%ng—/lnsign(ﬂg)} . From

the definition of A;

;> applying the triangle inequality, we

have
! - 1 '
max|A/|S/l” (—XSTXSJ sgn(B)| + (_Xngj — X
Jos n n n
R +H<H +(1'72,1 +F2,2),
1 BB
where Fyy = [_XgXSJ —Xg€ )
n n
1 B!
Foy = (_Xg:XSJ _X§V1
n n

From (W41) and (W42), we have

P(F1 >3, ;gz“z j < 4exp(—c2 min{s,log(p —s)}) , (30)
o’s

P| Fy, 220 <dexp(-¢s). (31)
min’?

Now we work on £, , , by (W60),

-1
P (1X§ij >

n

<2exp(-n/2),
2

max {%XJT (Xk DXZ)

n "2 JOS;(k,0)0r

1
HX?&

s ”,31
2

L

where lX ]T (X s DX]) is a sample third moment. By Lemma
n

B.5 in Hao and Zhang [12],

{

Therefore, we have

|
;X./T (X, 0x;)

>%gqa41¢w§y

2
3 3.2
2||B1||2£]SS cyexp| —csn3E” |,

fl
n 2

2
9 2
P[Fz,z 2 T||BI "2 5] < 53¢ exp| —c;n3 &2 ]

min

2
Let e=——,
NE

P Fy,2 < exp(—cgs), (32)

NGl s
T

3
Cmin n

Combining (30), (31) and (32), we have that with
probability greater than 1—¢| exp(—cg min{s, log( P —s)}) ,

07| +20 o’s OBl s _ g
© Cmin n Cmin n 1

Therefore, (29) holds when S, > g (/ln) .

max|Aj| S,
Jjas

(4)-

7. Conclusions and Future Studies

In this paper, we have used the two-stage regularization
method for simultaneously fitting a regression model and
identifying interaction terms. The proposed method
automatically enforces the heredity constraint. In addition, it
enjoys the “oracle” property under regularity conditions. Due
to the property of the two-stage regularization method, the
whole solution path is highly dependent on the result of
variable selection in the first stage, so there will be some
errors in the selected interaction terms. Based on this, future
research should consider the regularization method under the
marginal principle, so that main terms and interaction terms
can be selected simultaneously.
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