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Abstract: This paper studies a dual life insurance premium is determined with the combined status of last survivor and joint 

life involving two insurance participants who have a kinship relationship such as husband and wife, brother and sister, which 

they work in the same agency. In determining the policy to be made by the life insurance does not require two policies to be 

made, but enough to have only one policy. So that by having one policy expected premiums paid by life insurance participants 

to life insurance companies will be smaller than if you have to pay in two policies. Determination of insurance premiums dual 

life to be paid by an insurance party participant based on the chance of death from both life insurance participants, stating a 

condition that will continue as long as there is at least one member who is still alive and will cease after the death of the last 

person of its member, and also is an ongoing condition se long time all members of a combination of several people can 

survive and will stop after one of its members first dies, to determine the single premium and annual premium using the cash 

value of the initial life annuity from dual life insurance. Whereas the initial annuity cash value is influenced by the interest rate 

and discount factor and is also influenced by the combined life opportunity of the two insurance participants. Furthermore, 

from the chance of life will be obtained the chance of dying In formulating the chance of dying the insurance participant is 

used the Pareto distribution and to obtain the parameter values in the Pareto distribution the maximum Likelihood method is 

used. In order to obtain the chance of death and can be used to calculate a single premium and annual premium. 
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1. Introduction 

Old age causes inability to earn income and results in 

economic difficulties for workers themselves and their 

families. One effort to anticipate old age risk is to include 

every employee in a life insurance program. Life insurance is 

an insurance that provides payment of a certain amount of 

money for the death of the insured to the heirs or people who 

are entitled to receive it in accordance with the provisions 

and agreements made by the insured in a life insurance 

policy. Husband and wife who work in the same agency 

allows to take one insurance program with the same policy to 

facilitate payment. 

Life insurance based on the amount of the insured is 

divided into two types, namely single (individual) life 

insurance and combined life insurance. In this combined life 

insurance there are one or more insurance participants such 

as husband and wife. In this article is joint insurance is 

discussed. According to Bowers et al. [2, 3, 4] combined life 

insurance [5, 7, 8, 10] can be divided into two, namely last 

survivor life insurance and joint life life insurance. Last 

survivor life insurance is a condition that will continue as 

long as there is at least one member who is still alive and 

will stop after the death of the last person of its members (all 

members died), while joint life life insurance is a condition 

that lasts for all members of the combined number of people 

can survive and will stop after one of their first members dies. 

Based on the coverage period is divided into pure dual 

purpose life insurance, life insurance for life, term life 

insurance and dual life insurance. According to Futami [5] 

dual-purpose life insurance is a type of insurance which is a 

combination of pure dual-purpose life insurance and term life 

insurance which means that both within and at the end of the 

insurance period for policyholders, both death and survival 

will be paid for the sum insured. 

In the discussion of joint insurance used for two 



77 Hasriati and Tumpal Parulian Nababan:  Private Premium of Endowment Last Survivor and   

Joint Life Insurance with Pareto Distribution 

participants, husband and wife insurance is the last survivor 

dual life survivor insurance and joint life. Futami [6] states 

that the last survivor dual purpose insurance is that if the 

insurance participant, i.e. husband and wife at the time of 

their last death or at the end of the period of coverage is still 

alive then the sum insured will be paid, while joint life's dual 

purpose insurance states that the sum insured will be paid if 

one of the husbands and the wife dies first. At the last 

survivors' life insurance and joint life is determined annual 

premium and single premium, where the annual premium is a 

series of payments made by insurance participants to the 

insurance company once a year within the time limit 

throughout the agreed insurance contract and a single 

premium is an insurance premium payment made by a 

participant only once during the agreed contract period when 

entering into an insurance participant. Premium payment is 

influenced by discount factors, the value of life annuities, life 

chances and chances of death. In determining the chances of 

life and the chance of dying for last-life survivor and joint 

life life insurance are used the Pareto distribution [13] of an 

Italian economist named Vilfredo Pareto (1848-1923). 

2. Annuity Joint Life and Last Survivor 

Determining the annual premium and single premium is 

influenced by the value of life opportunities and the chance 

of death. In actuarial science the survival function denoted 

by ( )S x  is used to express the life opportunity denoted by 

t xp  and the distribution function is denoted as ( )F x which 

is used to express the chance of death denoted by t xq [1, 14, 

15]. 

The last survivor insurance life opportunity [16] is denoted 

by t xy
p

 
and for the chance of dying the last survivor 

insurance is denoted by t xy
q . To state the chance of dying 

last survivor insurance with two age insurance participants, 

namely age x years and y years stated with 

,

(1 )(1 ),

t t x t yxy

t t x t yxy

q q q

q p p

=

= − −
                    (1) 

and for the chance of dying last survivor insurance can also 

be stated with 

1 .t txy xy
q p= −                                (2) 

From equation (2) the last survivor insurance life 

opportunity is stated as follows: 

1 .t txy xy
p q= −                               (3) 

By substituting equation (1) into equation (3) the chances 

of last survivor insurance life can be stated as follows: 

.t t x t y t xyxy
p p p p= + −                     (4) 

The chance of dying is delayed for last survivor insurance 

which states the chance of one between the age of x  years 

and y  years who will live up to t  years and is notated with 

t u xy
q . The chance of dying is delayed for the last survivor 

insurance stated with 

,x y xyt t t txy
q q q q= + −                            (5) 

where the values of xt
q  and yt

q  from equation (3) is 

expressed with 

1 ,x t x t xt
q p p+= −  

and the value of xyt
q  of equation (4) is stated by 

,xy t xy t u xyt
q p p+= −                          (6) 

with a value of 1u =  year. 

The life opportunity of a joint life who can survive up to 
t u+  years is expressed as 

;

;

,

(1 ).

t u xy t xy u x t y t

t u x t xy u x t y t

p p p

p p q

+ + +

+ + +

=

= −
                   (7) 

Finan [4, 11] states that on joint status there is also the 

chance of death pending insurance participants who are x  

years and y  years will live up to t years, then die in the 

following year u  stated as follows: 

,xy t xy t u xyt u
p p p+= −                             (8) 

Furthermore, by substituting Equation (7) into Equation 

(8), the probability of death of delayed joint life is obtained 

as follows: 

;( ),xy t xy u x t y tt u
q p q + +=                               (9) 

with the value 1u =
 
the chance of delayed death for a joint 

status stating the probability of one between age x
 
years and 

y
 
years who will live up to t years and is notated with 

xyt u
q , so the chance of death in a combined delayed is 

expressed as 

;( ).xy t xy x t y tt
q p q + +=  

According to Futami [5] the payment of the last survivor's 

dual annuity cash value for 1 unit of payment is stated as 

follows: 

1

:
0

,

n
t

txy n xy
t

a v p

−

=

=∑ɺɺ                           (10) 

where v  expresses a discount factor, Kellison [ 9] and 

[11]states the discount factor for the coming t
 
years is 

1

(1 )

t

t
v

i
=

+
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3. Endowment Life Insurance Premiums 

Last Survivor and Joint Life 

Single premium of endowmentlast survivor life insurance 

where the period of coverage for n
 
years and the sum 

insured of 1 unit of payment is stated by 

]

1

:
0

 

n
t t n

nt xy xyxy n
t

A R v q Rv p

−
+

=

= +∑ , 

The annual premium of Endowmentlast survivor life 

insurance is stated as follows: 

]
]

]

:

:
:

 
xy n

xy n
xy n

A
P

a
=  

Single premium of dual life joint life insurance with a 

coverage period of n years and a sum insured of 1 unit of 

payment is stated by 

]
1

ˆ:

0

 

n
t t n

xy n xyxy n t
t

A R v q Rv p

−
+

=

= +∑  

then the discount factor for the next 1t +  year is 

1

1

1

(1 )

t

t
v

i

+
+=

+
 

the annual premium of dual life joint life insurance using the 

Pareto distribution denoted ���:�|��� is stated as follows 

]
]
]

:

:
:

 
xy n

xy n
xy n

A
P

a
=  

4. Annual Premium Using the Pareto 

Distribution 

Furthermore, determining the single and annual premiums 

is used the Pareto density function, namely 

( )
1

; , , , 0, 0
a

a

a
f x a x a

x

θθ θ θ+= > > >             (11) 

In the Pareto distribution there is a parameter value θ  and 

to determine the parameters of a Pareto distribution can be 

done with the maximum likelihood method. The maximum 

likelihood method is a parameter estimator method by 

maximizing the likelihood function, with 

( ) ( )
x

p
F x f t dt= ∫  

( ) ( )

( )

( )

1

1

1

1 1

x

p

x

p

x

p

t

p t dt

p t

p x p

p p

p x

θ

θ

θθ

θ θ

θ θ θ

θ θ

θ

θ

θ
θ

θ
θ θ

+

− +

−

− −

=

=

 = −  

    = − − −    
    

   = −   
  

∫

∫

 

( ) 1
p

F x
x

θ
 = −  
 

 

So the survival function is obtained as follows: 

( ) 1
p

S x
x

θ
 = −  
 

 

Next estimate the Pareto distribution parameter values, as 

follows: 

( )
1

1

; , ,

n

i

p
L x p

x

θ

θ
θθ +

=

 
=   

 
∏  

1

1

1

,

n

i

n

i

p

x

θ

θ

θ
=

+
=

= ∏
∏

 

( )
( )1

1

; , ,
n n

n

i

p
L x p

x

θ

θ

θθ
+

=

=
∏

 

( )
( )1

1

ln ; , ln ,
n n

n

i

p
L x p

x

θ

θ

θθ
+

=

 
 =
 
  ∏

 

( ) ( ) ( )1

1

ln ln ln ,

n
n n

i

p xθ θθ +

=

 
= + −  

 
 
∏  

( ) ( )
1

ln ; , ln( ) ( 1) ln
n

ii
L x p n p xθ θ

=
= + − + ∑       (12) 

To get the parameter θ  estimation is done by finding the 

derivative in equation (12) of θ  as follows: 

( )( ) ( ) ( ) ( ) ( )
1

ln ; ; ln ln 1 ln
n

i
i

L x p n n p xθ θ θ
θ θ =

∂ ∂  = + − + ∂ ∂  ∑  

( )( ) ( ) ( ) ( )
1

ln ln 1 ln
n

ii
n n p xθ θ θ

θ θ θ =

∂ ∂ ∂ = + − + ∂ ∂ ∂ 
∑  
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( )( ) ( ) ( )
1

ln ; ; ln ln
n

i
i

n
L x p n p xθ

θ θ =

∂ = −
∂ ∑  

so that we have 

( ) ( )
1

ˆ

ln ln
n

i
i

n

x n p

θ
=

=
−∑

 

In the same way to estimate the value of the Pareto 

distribution parameter to get the parameter θ for y years old 

obtained as follows: 

( ) ( )
1

ˆ

ln ln
n

i
i

n

y n p

θ

=

=
−∑

 

Furthermore, the chances of survival with the Pareto 

distribution are as follows: 

( ) ( ) ( ) ( )
( )T x

F x t F x
F t

S x

+ −
=  

1 1
p p

x t x

p

x

θ θ

θ

      − − −      +         =
 
 
 

 

p p

x x t

p

x

θ θ

θ

   −   +   =
 
 
 

 

( ) ( ) 1
T x

x
F t

x t

θ
 = −  + 

                       (13) 

The function ( ) ( )T x
F t  represents the chance that someone 

who is x years old will die after being x t+ years expressed 

by 

1t x

x
q

x t

θ
 = −  + 

 

Then the chance of life for someone aged x
 
years to the 

next t
 
years using the Pareto distribution is obtained, 

.t x

x
p

x t

θ
 =  + 

                            (14) 

Whereas the life chances of someone who is y
 
years old 

to the next t
 
using the Pareto distribution is stated by 

.t y

y
p

y t

θ
 

=  + 
                            (15) 

The combined life opportunities of x and y
 
years to the 

next t
 
using the Pareto distribution are expressed as 

. .t xy

x y
p

x t y t

θθ
  =   + +   

                        (16) 

Furthermore, for the last survivor life chances of insurance 

using the Pareto distribution by substituting equation (14), 

equation (15) and equation (16) into equation (4) is obtained 

as follows: 

. ,t xy

x y x y
p

x t y t x t y t

θθθ θ       = + −         + + + +       
   (17) 

and for the chance of dying the last survivor insurance using 

the Pareto distribution is obtained by substituting equation 

(17) into equation (3) as follows: 

1 . .t xy

x y x y
q

x t y t x t y t

θθθ θ         = − + −          + + + +         

 

The chance of dying delayed for the last survivor 

insurance is obtained as 

1 1

,
1 1

t xy

x x y y
q

x t x t y t y t

x x y y

x t x t y t y t

θ θθ θ

θ θθ θ

           =  −  + −         + + + + + +          

           −  −  −         + + + + + +          

 

The value of the last survivor dual life insurance annuity 

using the Pareto distribution is 

] ( )

1

:
0

1
. .

1

n

txy n
t

x y x x
a

x t y t x t y ti

θ θθ θ−

=

              = + −         + + + +   +       
∑ɺɺ  

So that the single premium of endowment last survivor life 

insurance using the Pareto distribution is obtained as follows: 

( )
1

1

: |
0

1

1 1(1 )
. ,

1 1

t
n

n
nxy n xy

t

x x y y

x t x t y t y ti
A R R v p

x x y y

x t x t y t y t

θ θθ θ

θ θθ θ

+−

=

              −  + −            + + + + + ++              = +
            −  −  −         + + + + + +           

∑  
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The annual premium of endowment last survivor life insurance is 

( )
1

1

0

: |

1

1 1(1 )
.

1 1

1

(1 )

t
n

n
n xy

t

xy n

t

x x y y

x t x t y t y ti
R R v p

x x y y

x t x t y t y t

p

i

θ θθ θ

θ θθ θ

+−

=

             − + −            + + + + + + +              +
            − − −           + + + + + +          =

 
 +

∑

1

0

.

.

n

t

x y x y

x t y t x t y t

θ θθ θ−

=

            + −         + + + +           
∑

 

For endowment joint life insurance, the chance of a delayed joint is 

1 1
xyt

x y x y
q

x t y t x t y t

θ θθ θ
      = −      + + + + + +      

 

The value of a dual life joint life insurance annuity using the Pareto distribution is 

1

:
0

.

n
t

xy n
t

x y
a v

x t y t

θθ−

=

    =    + +    
∑ɺɺ  

The single premium for endowment joint life insurance using the Pareto distribution is, 

]
1

ˆ:

0

 
1 1

n
t t n

n xyxy n

t

x y x y
A R v Rv p

x t y t x t y t

θ θθ θ−
+

=

        = − +       + + + + + +       
∑  

The annual premium of endowment joint life life insurance is as follows: 

]

1
1

0

ˆ: 1

0

1 1
 

n
t n

n xy

t

xy n n
t

t

x y x y
R v Rv p

x t y t x t y t
P

x y
v

x t y t

θ θθ θ

θθ

−
+

=

−

=

        − +       + + + + + +       =
       + +    

∑

∑
 

Example: A husband and wife who work in the same 

institution agree to take part in the last survivors' dual life 

insurance. When taking the insurance age of the husband 

is 35 years old and the wife is 32 years old and will take 

the insurance period for 20 years. The sum insured will be 

received in the amount of Rp20,000,000.00 which will 

later be paid to the heirs or participants. Mortality table 

used is to use TMI 1999 and use an interest rate of 15%. 

In this paper, we will determine the amount of the annual 

premium for last-survivor life insurance using the Pareto 

distribution. 

From the example above the case is known x = 35, y = 30, 

n = 10, R = Rp20,000,000.00, i = 15%. Furthermore, looking 

for life opportunities and the chance of dying delayed last 

survivor insurance from TMI 1999 and can be seen in Table 

1. 

 

Table 1. Life opportunities and chances of dying delayed by last survivor 

insurance. 

t 
t xy

p  |t xy
q  

t t xy
p  |t xy

q  

0 1,000000 0,0032 10 0,995825 0,00073 

1 0,999944 0,000161 11 0,995095 0,000766 

2 0,999783 0,000254 12 0,994329 0,000798 

3 0,999529 0,000338 13 0,993531 0,000827 

4 0,999191 0,000413 14 0,992704 0,000854 

5 0,998778 0,000481 15 0,99185 0,000877 

6 0,998298 0,000541 16 0,990973 0,000898 

7 0,997756 0,000596 17 0,990075 0,000917 

8 0,99716 0,000645 18 0,989157 0,000934 

9 0,996514 0,00069 19 0,988223 0,000949 

Then the value of the discount factor are found by 

substituting the value of i = 15% into equation (9) and 

equation (11) as seen in Table 2. 
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Table 2. Discount factor values. 

t vt vt+1 t vt vt+1 

0 1,00000 0,869565 10 0,247185 0,214943 

1 0,869565 0,756144 11 0,214943 0,186907 

2 0,756144 0,657516 12 0,186907 0,162528 

3 0,657516 0,571753 13 0,162528 0,141329 

4 0,571753 0,497177 14 0,141329 0,122894 

5 0,497177 0,432328 15 0,122894 0,106865 

6 0,432328 0,375937 16 0,106865 0,092926 

7 0,375937 0,326902 17 0,092926 0,080805 

8 0,326902 0,284262 18 0,080805 0,070265 

9 0,284262 0,247185 19 0,070265 0,0611 

Next to find the value of θ̂  which is a parameter θ  

estimator usia for age x years, the value of θ  is obtained 

from equation (20) 

( )
20

79,74662 20ln 1
θ =

−
 

0,250794θ =  

and for the value of θ̂  which is the parameter θ estimate for 

y  years of age, the value of θ  is obtained from equation (21) 

20

78,26861 20ln(1)

0,255553

θ

θ

=
−

=
 

After the θ  value is obtained, then the annuity, single 

premium and annual premium values are used using the 

Pareto distribution by substituting the values in Table 1, 

Table 2, into equation (33), equation (34) and equation (35) 

presented in Table 3. 

Table 3. Calculation of annuities and premiums l. 

Annuity Single premium Annual premium 

Rp7,183586 Rp1.496.191 Rp208.279 

5. Conclusion 

The last survivor life insurance coverage is paid to the 

heirs until the last death of the insurance participant. The 

cash value of the annuity for life insurance for the last 

survivor is influenced by the discount factor and the chance 

of life of the insurance participant. By using the Pareto 

distribution a single premium is less than the annual 

premium. So for a husband and wife who work in the same 

agency would be better to use last survivor insurance. 
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