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Abstract: Thrust bearings are generally developed to sustain axial load generated from rotating machinery. Predicting 

lubrication performances of thrust bearings plays an important role in engineering applications. Taking into account the effects of 

non-Newtonian rheology, the lubrication performances for a sine film thrust bearing are investigated in the present paper. By 

employing a small perturbation technique to the nonlinear non-Newtonian Reynolds equation, analytical solutions of the film 

pressure, the load-carrying capacity, the friction parameter and the required volume flow rate are derived. Comparing with the 

case lubricated with a Newtonian lubricant, the non-Newtonian Rabinowitsch fluids (including the pseudo-plastic fluids and 

the dilatant fluids) show significant influences on the lubrication performances of a sine film thrust bearing, especially for a 

larger value of the non-Newtonian parameter. 
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1. Introduction 

Thrust bearings are generally developed to sustain axial 

load generated from rotating machinery. Predicting load 

performances of thrust bearings plays an important role in 

engineering applications. The load performances of thrust 

bearings lubricated with a Newtonian lubricant have been 

investigated by many researchers, for example, the studies by 

Williams [1], Hamrock [2], Taylor and Dowson [3], Talmage 

and Carpino [4], Lin et al. [5], and Lin and Hung [6]. Owing to 

the development of modern engineering, the increasing use of 

a Newtonian lubricant blended with small amounts of long 

chained polymer solutions has gained great attention. 

However, the flow behavior of these kinds of non-Newtonian 

lubricants displays a nonlinear relationship between the 

shearing stress and the shearing strain rate. From the 

experimental works by Wada and Hayashi [7], this nonlinear 

relationship can be simulated by an empirical cubic stress 

model, or the so-called Rabinowitsch fluid model. In this 

non-Newtonian fluid model, the nonlinear relationship for one 

dimensional flow between the shearing stress τ  and the 

shearing strain rate /u y∂ ∂  holds as the following equation. 

3
0

u
n

y
τ τ µ ∂+ =

∂
                (1) 

In this expression, strain rate /u y∂ ∂  denotes the initial 

viscosity of a Newtonian lubricant, and n  represents a 

nonlinear factor characterizing the non-Newtonian rheology. 

This non-Newtonian Rabinowitsch fluid model is applicable 

to dilatant lubricants for 0n < , to Newtonian lubricants for 

0n = , and to pseudo-plastic lubricants for 0n > . Many 

studies have applied this model to investigate the thin film 

lubrication systems, for example, the squeeze film bearings by 

Lin [8] and Hsu et al. [9], the hydrostatic bearings by Sharma 

et al. [10], the journal bearings by Bourging and Gay [11], 

and the inclined plane slider bearings by Lin [12]. According 

to their results, the influences of non-Newtonian 

Rabinowitsch fluids on the lubrication performances of the 

squeeze film bearings, the hydrostatic bearings, the journal 

bearings and the inclined plane slider bearings are 

significantly apparent. Since understanding the lubrication 
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performances of thrust bearings is helpful in designing the 

bearing system. In order to provide more information for the 

application of non-Newtonian fluids on lubrication fields, the 

study of non-Newtonian effects of Rabinowitsch fluids on the 

lubrication performances of sine film thrust bearings is 

therefore motivated. 

According to the Rabinowitsch fluid model, the present 

paper is to investigate the non-Newtonian effects on the 

lubrication performances of sine film thrust bearings. By 

employing a small perturbation technique to the nonlinear 

non-Newtonian Reynolds equation, analytical expressions of 

the film pressure, the load capacity, the friction parameter and 

the required volume flow rate are obtained. Comparing with 

the case lubricated with a Newtonian lubricant, the 

lubrication performances of sine film thrust bearings with a 

non-Newtonian Rabinowitsch fluid are presented and 

discussed through the variation of the non-Newtonian 

parameter and the inlet to outlet film ratio. 

2. Analysis 

Figure 1 shows the physical geometry of a sine film thrust 

bearing lubricated with a non-Newtonian fluid. The bearing 

length in the x -direction is 1B  and the bearing width 

perpendicular to the xz -plane is 2B . In the present study, 

the bearing is considered to be infinitely wide, i.e., 2 1B B>> . 

The inlet film height in the y -direction is 0h , the outlet film 

height is 1h , and the sliding velocity in the x -direction is 

sV . The local film height h  for the sine film bearing can be 

described by 

1 sin( ) ( )h x h h x= +               (2) 

where the sine curve sin ( )h x  can be expressed as: 

sin 0 1
1

( ) ( ) 1 sin
2

x
h x h h

B

π  
= − ⋅ −  

   
      (3) 

Assume that the thin-film lubrication theory of Williams [1] 

and Hamrock [2] is applicable, then the incompressible 

continuity equation and the momentum equations and can be 

written as follows. 

0
u v

x y

∂ ∂+ =
∂ ∂

               (4) 

p
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                (5) 
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where u  and v  are the velocity components in the x −  and 

y − directions respectively, and p  is the film pressure. 

 

Figure 1. Physical geometry of a sine film thrust bearing lubricated with a 

non-Newtonian fluid. 

The boundary conditions of the velocity in the x −  

direction are: 

su V=  at 0y =               (7) 

0u =  at y h=               (8) 

Solving equations (1) and equation (5) with the related 

boundary conditions, one can obtain the expression of the 

velocity component. 

A Bu u u= +                 (9) 

where 
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The boundary conditions of the velocity in the y −  

direction are: 

0v =  at 0y =                (12) 

0v =  at y h=                (13) 

The integrated form of the continuity equation (4) across 

the local film height is 

0 0
0

h h

y y

u v
dy dy

x y= =

∂ ∂+ =
∂ ∂∫ ∫        (14) 

Applying the related boundary conditions, one can derive a 

nonlinear non-Newtonian Reynolds equation for the sine film 

bearing. 
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This Reynolds equation can be used to determine the 

influences of non-Newtonian rheology on the film pressure 

and thereafter the load-carrying capacity of the sine film thrust 

bearing. 

In order to conveniently analyze the bearing performances, 

the non-dimensional variables and parameters are introduced 

as follows. 

2
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phx h
X H P
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= = =         (16) 
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Then the non-dimensional Reynolds equation can be 

expressed as: 

3
3 5 sin20 3 120

dHd dP dP
H NH

dX dX dX dX

   + =  
   

  (19) 

It is difficult to obtain the film pressure from this nonlinear 

non-Newtonian Reynolds equation. Apply a small 

perturbation method to the film pressure P  operating at 

small values of the nonlinear non-Newtonian parameter, 

1 1N− << << + , then: 

2
0 1 ( )P P N P O N= + ⋅ +               (20) 

Substituting this expansion into the non-dimensional 

Reynolds equation (19) and collecting the order 0( )O N  and 

the order 1( )O N , thereafter one can obtain two coupled 

equations responsible for the zero order pressure and the first 

order pressure, respectively. 
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       (22) 

The boundary conditions for the film pressure are: 

0 0P =  at 0X =                (23) 

1 0P =  at 0X =                (24) 

0 0P =  at 1X =                (25) 

1 0P =  at 1X =                (26) 

Solving these two differential equations, one can obtain 
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Integrating the film pressure, one can obtain the 

load-carrying capacity, w . 

1

2
0

B

x
w pB dx

=
= ∫                (34) 

Introduce the non-dimensional load carrying capacity, W . 

2
1

2
0 1 2s

wh
W

V B Bµ
=               (35) 

After performing the integration, one can obtain the 

non-dimensional load carrying capacity. 

31 321 1 11 2
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1

2 2
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The values of the non-dimensional load carrying capacity 

W  can be obtained by the method of numerical integration. 

The friction force acting at the lower surface is 
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Introduce the non-dimensional variable, 

1
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f
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Then the non-dimensional friction force can be expressed 

as: 
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The friction coefficient is 

f

c

f
f

w

−
=                    (43) 

Applying the non-dimensional friction force and the 

non-dimensional load capacity, one can obtain the 

non-dimensional friction parameter F . 

1

1

f

c

FB
F f

h W

−
= ⋅ =                (44) 

Integrating the velocity field, one can obtain required 

volume flow rate q . 

1
0

h

y
q u B dy

=
= ⋅∫                 (45) 

Introduce the non-dimensional required flow rate Q . 

1 2s

q
Q

V h B
=                  (46) 

After performing the integration, one can obtain the 

non-dimensional required volume flow rate. 

33 5

2 12 80

H H dP H dP
Q N

dX dX

  = − + ⋅  
   

     (47) 

3. Results and Discussion 

In order to present the results, the non-dimensional load 

capacity are illustrated for the bearing operating at the inlet to 

outlet film ratio, 2 ~ 4.5R =  and the non-Newtonian 

parameter, 0.05 ~ 0.05N = − + . 

Figure 2 presents the non-dimensional load capacity W  as 

a function of the inlet-outlet film ratio R  for different values 

of the non-Newtonian parameter N . Comparing with the 

case of Newtonian lubricant ( N = 0), the influences of 

non-Newtonian pseudo-plastic fluids ( 0.05N = ; 0.25N = ) 

reduce the bearing load; however, the effects of 

non-Newtonian dilatant lubricants ( 0.25N = − ; 0.05N = − ) 

provide an increase in the load capacity of the sine film thrust 

bearing. 

 

Figure 2. Load capacity W as a function the inlet-outlet film ratio R for 

different N. 

 

Figure 3. Load capacity W as a function of the non-Newtonian parameter N 

for different R. 

Figure 3 shows the non-dimensional load capacity W  as a 

function of the non-Newtonian parameter N  for different 

values of the inlet-outlet film ratio R . It is observed that the 

values of the load capacity W  decrease with increasing 

values of the non-Newtonian parameter N  from negative 

values ( 0N < , non-Newtonian dilatant lubricants) to zero 

( 0N = , Newtonian lubricants), and then to positive values 

( 0N > , non-Newtonian pseudo-plastic lubricants). 
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Figure 4. Friction parameter F as a function the inlet-outlet film ratio R for 

different N. 

Figure 4 describes the friction parameter F  as a function 

of the inlet-outlet film ratio R  for different values of the 

non-Newtonian parameter N . It is observed that the friction 

parameter decreases with increasing values of the inlet-outlet 

film ratio. Comparing with the Newtonian-lubricant case 

( N = 0), the effects of non-Newtonian pseudo-plastic fluids 

( 0.05N = ; 0.25N = ) decrease the friction parameter. But, 

the influences of non-Newtonian dilatant behavior 

( 0.25N = − ; 0.05N = − ) yield higher values of the friction 

parameter for sine film thrust bearings. 

Figure 5 shows the friction parameter F  as a function of 

the non-Newtonian parameter N  for different values of the 

inlet-outlet film ratio R . It is also observed that the values of 

the friction parameter decrease with increasing values of the 

non-Newtonian parameter from the region of non-Newtonian 

dilatant lubricants to a Newtonian lubricant, and then to the 

region of non-Newtonian pseudo-plastic lubricants. 

 

Figure 5. Friction parameter F as a function the non-Newtonian parameter N 

for different R. 

 

Figure 6. Volume flow rate Q as a function the inlet-outlet film ratio R for 

different N. 

Figure 6 depicts the required volume flow rate Q  as a 

function of the inlet-outlet film ratio R  for different values 

of the non-Newtonian parameter N . It is observed that the 

required volume flow rate for sine film thrust bearings 

increases with increasing values of the inlet-outlet film ratio. 

It is observed that the influences of non-Newtonian lubricants 

on the required volume flow rate are slight. 

 

Figure 7. Volume flow rate Q as a function the non-Newtonian parameter N 

for different R. 

Figure 7 shows the required volume flow rate Q  as a 

function of the non-Newtonian parameter N  for different 

values of the inlet-outlet film ratio R . It is observed that the 

values of the required volume flow rate increase slightly with 

increasing values of the non-Newtonian parameter from the 

region of non-Newtonian dilatant lubricants to a Newtonian 
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lubricant, and then to the region of non-Newtonian 

pseudo-plastic lubricants. 

4. Conclusion 

Taking into account the effects of non-Newtonian rheology, 

the lubrication performances for a sine film thrust bearing are 

investigated in the present paper. Based upon the 

Rabinowitsch fluid model, a nonlinear non-Newtonian 

Reynolds equation is obtained for a sine film thrust bearing. 

By employing a small perturbation technique to the nonlinear 

Reynolds equation, analytical expressions of the film pressure, 

the load capacity, the friction parameter, and the required 

volume flow rate are derived. Comparing with the sine film 

bearing with a Newtonian lubricant, the influences of 

non-Newtonian pseudo-plastic fluids decrease the load 

capacity and the friction parameter, and increase the required 

volume flow rate. However, the effects of non-Newtonian 

dilatant lubricants provide an increase in the load capacity and 

the friction parameter, as well as a reduction in the required 

volume flow rate for the sine film thrust bearings. 
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