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Abstract: We have carried out a theoretical study of the effect of Hermanson’s spatial dielectric function on the density of 

impurity states (DOIS) for a shallow hydrogenic donor impurity located in the center of a Gallium Arsenide (GaAs) Quantum 

Well Dot (QWD) of rectangular cross-section. The density of impurity states (DOIS) of an unscreened (hydrogenic) donor 

impurity was calculated and compared with that of the screened (non-hydrogenic) donor impurity for the same system. Our 

calculations were carried out using a trial wave function within the effective mass approximation. Our calculations have been 

carried out with finite barriers. In this study, we first calculated the ground state binding energies of both hydrogenic and non-

hydrogenic donor impurity for different dot sizes. The donor binding energies in the two regimes are then used to compute the 

DOIS. The results show that for both hydrogenic and non-hydrogenic donor impurities, the DOIS sharply rises to a peak, and 

then decreases almost exponentially with increase in binding energy. The results also show that the DOIS obtained for the non-

hydrogenic donor impurities is markedly enhanced over that for purely hydrogenic donor impurities in which a dielectric 

constant is employed in the potential. In fact, the enhanced DOIS is observed throughout the range of values for binding energy 

considered. To a good extend there is good agreement between our results and those reported in the literature. It is therefore, 

important that the effect of the spatial dielectric function should be considered when designing optoelectronic devices. 

Keywords: Density of Impurity States, Hydrogenic Donor, Non Hydrogenic Donor, Effective Mass Approximation,  

Spatial Dielectric Function, Quantum Dot, Donor Impurity 

 

1. Introduction 

The physics of shallow-donor impurity states in 

semiconductor quantum-dot structures is an interesting area 

of research owing to the ability to manipulate their electronic 

and optical properties [1-2]. Much research has been carried 

out on the superlattices of a GaAs layer sandwiched between 

Ga1-xAlxAs barriers because of its direct bandgap. Owing to 

this, it emits and absorbs light efficiently making it 

applicable in a wide range of semiconductor devices e.g. 

solar cells, solid state laser photodetectors, etc [3]. When 

impurities such as hydrogenic and non-hydrogenic donors are 

introduced into semiconductors; they affect carrier transport 

and optical properties of such semiconductors. This is 

because; they introduce bound states in the forbidden gap of 

such materials [4]. A number of theoretical and experimental 

studies have been carried out on various effects of these 

donor impurities in semiconductor nanostructures such as 

quantum wells (QW), quantum well wires (QWW) and 

quantum dots (QD), Oyoko [5] and others [6-11]. Elabsy [12] 

has reported results for the calculation of the effect of 

hydrostatic stress on the donor impurity binding energy. 

Oyoko [13] has carried out studies on the effect of uniaxial 

stress on the density of impurity states [DOIS] of shallow 

hydrogenic donor impurities in GaAs quantum wells. The 

results show a variation of DOIS with binding energy having 

two peaks. Increased stress delays the onset of variation of 

DOIS with donor impurity binding energy. Duque et al [13-

14] have calculated the density of impurity states (DOIS) for 

a homogeneous distribution of acceptor impurities within the 

low-dimensional heterostructure. They have reported that for 
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dimensions of the system in which the length is much larger 

than the radius we obtain two well-defined peaks, associated 

with acceptors either at the on-centre position or at the edge 

position in the low-dimensional system. More recently, 

Abarna et al [15] have reported the effect of dielectric 

screening on the binding energy of a hydrogenic donor in a 

Square Quantum well composed of vacuum/GaAs/GaAlAs, 

as a function of well width and Aluminum composition. 

Their results showed that decrease in the size of the well 

increases the binding energy, reaching a peak value at a 

particular well width. Thereafter, the binding energy 

decreases for further decrease in well width. It is further 

observed that the peak value of the hydrogenic donor binding 

energy increases when the effect of Dielectric screening 

function is considered. 

In this research work, we have carried out a theoretical 

study of the effect of Hermanson’s spatial dielectric function 

[16] on the DOIS of shallow donors in a GaAs quantum well 

dot (QWD) of rectangular cross-section This present 

treatment is distinct from earlier reported findings in the 

sense that we have considering the effect of screening on the 

DOIS. This paper is organized as follows: in Section 2 we 

present a theoretical framework on which the work is based. 

In Section 3 we present results and discussions and finally 

Section 4 we present the conclusions derived from the results 

of this work. 

2. Theoretical Framework 

We have used a trial wave function, which is modified by 

an additional term that represents the hydrogenic impurity as 

given in equation (1). 

( ), , cos cos cosx y z N x y zψ α β λ=                  (1) 

Where, N represents the normalization constant and δ is 

the variational parameter. The cosine functions confine the 

donor impurity inside the QWD. α, β, and λ are constants. 

We have considered the ground state with n = 1, such that, 

, ,
x y zL L L

π π πα β λ= = =  

Lx, Ly, and Lz represent the dimensions of the length of the 

quantum dot in the x, y, and z directions respectively. For our 

case we have taken, 

100x y zL L L nm= + =  

The three-dimensional Hamiltonian used for this problem 

is given by equations (2) and (3) for hydrogenic and non-

hydrogenic donor impurity cases respectively. 
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Where; 

m*=0.067mo, is the effective mass of an electron. 

The confining potential VB is given by; 

( ) 0 ,
, , 2 2 2
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B

LL L
x y z

V x y z

elsewhere


≤ ≤ ≤= 

∞

    (4) 

We have used the spatial screening dielectric function 

suggested by Hermanson’s which has the form, 

( ) 0 0

1 1 1
1 cre

rε ε ε
− 

= + − 
 

                     (5) 

Where ( )2 2 2
r x y z= + +  

Our value of 
10.8c au−= , was obtained by Oyoko and 

Csavinszky [17] 

It is clear from equation (5) that when 0r → ,

( ), , 1x y zε →  and as 

r → ∞ , ( ) 0, , 12.56x y zε ε→ =  

The Schrodinger equation is solved by variational method 

with H   given by, 

H T V= +                                 (6) 

Where T  and V  are the expectation values of the 

kinetic and potential energy respectively. 

The expectation of the kinetic energy is given by equation 

(7) 
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The potential energy V is calculated as given in equation (8). 
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Where, N
2
 is the square of the normalization constant which is given as,  
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The expectation value of the total energy H for the 

hydrogenic and non-hydrogenic donor is computed and then 

minimized with respect to the variational parameter subject 

to the condition in equation (10). 

0
d H

dδ
= ,                                  (10) 

The value of δ obtained from equation (10) is plucked 

back into equations (7) and (8) which are computed and 

added to give us the minimum total energy
min

E . 

Considering the free particle which is a donor impurity 

with no potential applied to it, the free particle ground state 

wave function is given by equation (11). 

( ), , cos cos cosx y z N x y zψ α β λ=            (11) 

The Hamiltonian, for the free particle is given by equation 

(12); 
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Using equations (11) and (12), the free particle energy 

free
E  will be, 
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This simplifies to, 

{ }
2

2 2 2

*2free
E

m
α β λ−= + +ℏ

                  (14) 

We then obtain the binding energy for the donor impurity 

by subtracting the minimum energy from the free particle 

energy, 

minb free
E E E= −                      (15) 

The density of impurity states (DOIS) is obtained from the 

binding energy using equation (16), 
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b

x y z b

L
g E
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∇=
∇∫                       (16) 

3. Results and Discussions 

Figure 1 shows the variation of the DOIS as a function of 

binding energy for a hydrogenic donor impurity. 

 
Figure 1. Density impurity states as a function of binding energy for the 

hydrogenic donor impurity with ε= 12.56. The DOIS quickly rises to a peak 

value and then decreases with nicrease in binding energy. 

From Figure 1, we observe that the density of impurity 

states starts at about 0.92 /nm and sharply increases to a peak 

of 1.15/nm at about 10.7meV. There is then a sharp and 

almost exponential decrease in DOIS with increase in 

binding energy to a value of about 0.87/nm at around 35meV. 

The differences in DOIS more significantly show up below 

25 meV and show more deviations as the binding energy 

decreases up to about the peak value. This behavior is 

consistent with previous research findings which have 

reported an important feature that is a peak in DOIS at lower 

binding energies that comes from the contribution of 

impurities near the axial edge of the quantum well dot. 

In figure 2 we present a plot of the DOIS as a function of 

the binding energy for the non-hydrogenic donor impurity 

with the dielectric constant replaced by the spatial dielectric 

function given by equation (5). 

A similar trend in variation of DOIS as a function of 

binding energy is observed as in the case of the hydrogenic 

donor impurity. The onset of DOIS is about 0.92 /nm rising 

sharply to a peak of about 1.19/nm at about 13.5meV. The 

DOIS then reduces almost exponentially to about 0.97/nm at 

38meV. – 

 
Figure 2. Density of impurity states as a function of binding energy for a 

non-hydrogenic donor impurity. Notice the DOIS sharply rises to a peak and 

then decreases almost exponentially with increase in binding energy. 

 
Figure 3. A plot of the density of impurity states as a function of binding 

energy of both hydrogenic and non-hydrogenic donors. The DOIS for the 

non-hydrogenic donor impurity is larger than that of the hydrogenic donor 

right for values of binding energies above 12meV. 

Figure 3 shows a plot of the DOIS for both hydrogenic and 

non-hydrogenic donor impurities together. It is clear from the 

results displayed that DOIS for non-hydrogenic donor 

impurities is much larger than that for the hydrogenic donor 
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right from the onset of DOIS through to their peaks and, in 

fact, the former becomes larger as the binding energy 

increases. This is reasonable because as the donor impurity 

approaches the donor ion core, it is less screened by the 

dielectric function since the dielectric function approaches 

the dielectric constant while as the donor moves further away 

from its parent ion, the screening becomes more pronounced. 

These results have been compared with previously 

reported findings by Ribeiro and Latge [18] for the spherical 

and cuboid geometry of GaAs QD. In their case, the effect of 

electric field and dielectric function was not included. The 

results of the impurity density of exhibited a similar shape, 

where both structures had the same volume. It was clear from 

the results that the two impurity densities of states also had 

the same important single peaked feature at low binding 

energies. 

4. Conclusion 

We have performed a theoretical calculation related to the 

effect of Hermanson’s spatial dielectric function on the 

density of impurity states (DOIS) in GaAs/Ga1-xAlx As QD of 

rectangular cross-section using a variational procedure within 

the effective mass approximation. Our results show that; 

1. The density of impurity states DOIS starts at a particular 

value and sharply increases to a maximum value at low 

binding energy. This is then followed by a sharp and almost 

exponential drop in DOIS to an almost flat value at higher 

binding energy. 
2. The DOIS for the non-hydrogenic donor impurity was 

much larger than that of the hydrogenic donor impurity 

throughout the range of binding energies considered. 

3. The difference in the DOIS is much more pronounced at 

the peaks and then is maintained throughout the range of 

values for binding energy considered. 
The effect of the dielectric function (screening) is that it 

enhances the density of impurity states above in the in the 

non-hydrogenic donor impurity over the hydrogenic 

(unscreened) donor impurities. These results should add to 

our knowledge and understanding of experimental results 

related to optical phenomena associated with shallow donor 

impurities in quantum well dots of different geometry. 
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