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Abstract: The article shows the significance of signs +o00 and —oo (infinity with signs) for a full exposition of some of
the problematic materials in mathematics. With its help smoothness of the curve, specified by functions with finite and
infinite derivatives at the points, is determined. The properties of the function f, with which you can set the smoothness of

the curve Ty = f(x), xe[a; b], are indicated.
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In this article we show how to bridge the gaps of some
theoretical aspects of mathematics through infinity +co and
—oo . But first we give some examples of their participation.
One of them is the so-called mean-value theorem. For
clarity, we consider the Lagrange theorem, whose condition
is formulated in the language of infinite derivative.

Theorem 1_ (Lagrange). If the function f(x) is

continuous on the interval [a,b] and its derivative exists
(in the broadest sense) on the interval (@, b) , then there is

apoint ¢ [1(a,b), for which the equality

f®)=f@=0b-a)f'(c), a<c<b.

is true.

But in many textbooks the mean-value theorem is
formulated in terms of a finite derivative, and therefore
cannot be applied to functions with infinite derivatives, i.e.
the range of applicability narrows (for example, for the
function

f(x)zﬂ/x—4,35x55,

with an infinite derivative at a point * =4 ,
conclusion of Lagrange's theorem is satisfied).

Another example. It is known that if the function f has a
finite derivative at a point x, and f'(x,) > 0,, then at this
point the function increases.

This statement is powerless, for example, to identify the
point of increase x=0 of the function f(x) = ¥x, since at
this point the function has infinite derivative f'(0) = +oo.

This statement can be
—oo infinities, as follows:

If function f has at the point x4 a derivative (in the
broadest sense) and

f'(x0) > 0 (f'(x0) > 0)

then the function increases(decreases) at this point.
Indeed,

strengthened by +co and

means that

VE > 0,36(xp; E), (Vx: 0 < |[x —x9|l < &) =

S )= (%)

X=X,

YENO

Therefore, by definition, x, is the point of increase of the
function f. In the case of f'(x,) < 0, the proof is analogous.
Since for the function f(x) = 3/x we have f'(0) = 4+, then,
by the last assertion, the fucntion increases at the point
x=0.

As a third example, consider the definition of a smooth
curve and on its basis, go to the main subject of the article.

Definition 1. The curve T' € R3, given by parametric
equation x = x(t),y = y(t),z = z(t),t € [a; b], is called
smooth, if x(t),y(t),z(t) - continuous functions with
continuous derivatives in the interval [a; b], which are not
simultaneously equal to zero.

Semicircle

Mix=+yJ1—-t3y=t—-1<t<1;



Education Journal 2013; 2(3) : 72-76 73

cubic parabola
Ly=3t,x=t -0 <t<+o;

indeed, all types of curves, introduced with the functions

="Y(t—-a)?k1,x=t, a—l<t<a+m
Where
nkeNk<nn>1lalmeRI[>0m>0,

according to definition 1, are not smooth, because functions,
which represent them, are not differentiable in these
intervals. The question arises: if the functions,
parameterizing the curve, have derivatives, which go to
infinity in the considered interval, then the curve can be
regarded as a non-smooth? Of course, no, since one and the
same curve may have a differentiable parameterization as
well as parameterization of non-differentiable functions
(see below).

The foregoing is the motivation for the following
modification of the definition of a smooth curve (see [1]
§6.5, where the definition is given for more general
situation).

Definition 2. The curve T c R? is called smooth on
[a; b] if it can be set, using the equations

I:x =x(t),y =y(t),z=2z(t),t € [a;b]
where
x(6),y(t), z(t) -

continuous functions with continuous derivatives on an
interval [a; b], which are not simultaneously equal to zero.

For example, a semicircle I';, discussed above can be
parameterized in the form of

t int 71'<t<7T
X = coSst, =Ssint, ——= = =
Y 2 2

that is why semicircle I is a smooth curve in the sense of
definition 2; a cubic parabola T, can be represented as

y = sht,x = sh3t,—0 <t < +om;

so that the curve I, according to the definition 2, is smooth
too.

However, the need to search for a parameterization of the
curve with functions with suitable properties is lack of
definition 2 — the way of the parameterization of the one
and same curve, as mentioned above, is not the only one
(for example, the semicircle I'; can also be represented as

2t _1-t2
T 142’

= —1<t< .)s
y 1+t2’ l<t<l,etc)

generally speaking, whether there is a parameterization
with desired properties or not is not clear in advance.
Below we will address the problems inherent to the
definitions 1 and 2, and will also indicate the characteristic

of the function £ with which the smoothness of the curve
Iy = f(x),x € [a; b],

can be established.

1. The Basic Concepts

Let us complete the set R with two improper elements
(“infinite numbers”)
—oo and +oo , assuming that for any x€ R there is

—oo < x<+o00 .
In the case, when

lim f(x)= 4,

X = X0

where A € [a; b], we say, as usual, that the function f at

the point X, has a limit A, where if A € (—oo; 400 -
1
(x-1)2

the limit equal to +oo at the point x =1, and the

function f(x) = ﬁ at this point has no limit, as

fl=)=—00 # +o0 = f(14).

“finite limit”. For example, the function f(x) = has

Similarly, if we have

S~/ (x)

X=X,

£'(x) = lim

X = X0

Where

S [lx) S ¥

then we say that the function f  has a derivative at a point
X, and in the case

—0 < f'(xo) < 400
a finite derivative.
We say that the function [  is defined in the broad sense,
if
f(x) €[00+ ].

In other words, function, defined in the broad sense in an
A interval, may take finite or infinite values at the points of
this interval. For example, the function f(x) = oo is

defined in the broad sense in the (—oo ; 400 ) interval, but

flx) = XL is not defined at the point x = 3.

-3

Definition 1.1 (continuity in the broad sense). Let the
function f defined at the point x, and in some
neighborhood in the broad sense. Then, if there is a limit of

the function f , when x - x, and M /() =/(x0): jg held
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then the function f is called continuous in the broad sense

at this point.
For example, the function

1
F) ={G=52 ¥ *>
4o, x =5

is continuous in the broad sense at the point x = 5, as

= +00 = f(j)

li " =1l
xlinif(X) xlfnﬁ ()c*S)2

The function, which is continuous in the broad sense in
the given interval, may be continuous or continuous in the
broad sense at the points of this interval.

2. A Smooth Curve and a Smooth
Function in the Broad Sense

Let us define a smooth curve in the language of a
continuous derivative in the broad sense.

Definition 2.1. The curve I' © R3 given by parametric
equations

x=x(t),y =y(),z=2z(t),t € [a; b]
is called smooth, if
x(£), y(©), z(t) -

continuous functions with continuous in the broad sense
derivatives in [a; b] simultaneously not equal to zero.

Definition 2.1. can be used to the curves represented by
differentiable functions in the considered interval, as well
as to the curves, represented by the functions with infinite
derivatives. A special case of the definition 2.1 is the
following.

Definition 2.2. The curve

Iy = f(x),x € [a; b]

is called smooth, if the function f* has continuous in the
broad sense derivative in the interval [a; b].
For example, according to the definition 2.2 the curve

y=3t -0 <x <+,

is smooth on any interval, since the derivative

1
LR PR
+o00,x =0

is continuous in the broad sense at any endpoint.
Further, suppose that the function

y = f(x),x € [a; b]

is given and let its derivative exist in [a; b]. The function

a(x) =arctg f'(x), xI][a;b], €))

Where
f'(x) € [-o0; 4],

is said to be an angular function for f . Here the function

arctgv considered to be defined on the extended set of real
numbers [—oo ; +oo |, with the conditions of

arctg(+e) = g and arctg(—o ) = _g, ie _g <
a(x) < 7.

Defined this way function arctgv is continuous in
[—o0;+00].

From equation (1) it is seen that the existence of the
derivative f'(x) is equivalent to the existance of an angular
funcition at the point x. Similarly, the continuity of the
derivative f'(x) in the broad sense is equivalent to
continuity in the usual sense of the angle funciton a(x).

Indeed, suppose that derivative f' at the point x0 is
continuous in the broad sense, i.c.

Jim 0= /'),

where  f'(x,) € [ ;4 ] Then, if f'(xy) €
(= ;40o0), the angular function a(x) is continuous at the
point x, as a composition of two continuous functions. If,
for example, f'(x,) = +oo, then

alx,) = arctg(+00) =%,
and by the continuity of function arctgv in [—oco ; +00 | we
get

lim a(x) = lim arctgf'(x)

X - X() X = X0
=arctg lim f'(x) = arctgf"(x,)
X = X0
Tt
=—=a(x
5 =A%)

Conversely, suppose the angular function « is continuous
lim a(x) =a(x,),

at the point x, ie 0 where
a(xy) =arctgf'(x,). Thentaking into consideration
inequalities
Y Y
_ < < = .
> < a(x) < 5/ Vx € [a; b],
we have

lim f'(x) = lim rga(x)
X X0

XA»)CO

=tg lim o(x) =1ga(x,)

X = X0
=tgarctgf'(xy) = ['(xy)

Here it means that, if, for example
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; /.
O’(JCO) =aragf (xo) =E> ie f(xg) = +oo
Then

fim a(x) =2 -0,
XX 2

and so
lim f'(x) = lim fga(x)
X—X) X—X)

= lim sina(x)C
X =X

= 4o = f'(x)

lim
x-x0 COSO(X)

Thus, according to the continuity of the angular function
a at the given point , continuity of the derivative f " at this
point in the broad sense is followed. Therefore Definition
2.2. is equivalent to following definition 2.3, formulated in
terms of the angular funcitons.

Definition 2.3. (in terms of the angular function) The
continuous curve

M:y=f(x), xO[ab],

is called smooth, if f has an angular function, continuous

in [a,b] . For example, considered above curve
y=3/x, -0 < x<+oo,
is smooth according to the definition 2.3.,too. Indeed, for
f0)=Ax,
which is continuous at any point, angular function
arctgL ,x#0,

is defined.
For the function

1
xtsin—, xZ0,

Sx)= x
0, x=0

the angular function equal to

arctg(szinl —coslj, x#0,

a(x)= X X

0, x=0,

is defined, but it is not continuous at the point x =( ( the

function cOS— has no limit at x — 0), so the curve, given
X

by the function f , , 1s not smooth in sense of the definition
2.3 in the interval, which has the point x = ().

Let A(x; f(x)) to be some point of continuous curve I*:
y = f(x), xD[a,b]. We take the point (x+4) O (a,b)
and choose the direction of the line S, which passes through
the point A(x; f(x)) and B(x+h; f(x+h)), so that the
angle [3 between the positive direction of the Ox axis and
direction of the line S would be sharp: -7 < /<7 We call
directed line S,which is obtained in such a way, the secant,
and B = B(x;h) its angle of inclination.

Definition 2.4. If there is a limit ;11{1(} B(x,h), then
directed line T (limiting position of directional secant),
passing through the point A(X, f(x)) with the angle of
inclination @(x) = £1£r3 B(x,h), is called tangent to the curve

at this point.
Note that the angle of inclination of the secant is in the

range (—g;g), while the slope of the tangent can take
values from the interval [— z ; E].
2’2
Thus,

a(x) =arctg %1513 B(x,h) = arctg f'(x)

is the slope of the tangent to the curve at the point with
abscissa x. Consequently, the existence of the derivative of
the function f at the point x implies the existence of a
tangent to the curve at the point with abscissa x. However,
the fact that a tangent exists at the point of the curve with
abscissa x is possible, but the function, which defines this
curve is not differentiable at the point x.

Further, let the angular function @=a(X) to be defined
for the function f at the point x and some neighborhood.
Then the tangent at the point (% /(X)) of the graph of the

function f is continuous at the point x, if the angular
function @ is continuous at this point. We say that the
tangent of the graph of the function f is continuous in the

interval A, if it is continuous at each point of the A .
Definition 2.5. (in terms of the tangent) The continuous
curve [:y= f(x),xD[a;b] is called smooth, if there is a

continuous tangent of the curve [ in the interval [a;b]~

Let us introduce the concept of the smooth function in
the broad sense.
Definition 2.6. Function f is called smooth in the broad

sense in the interval [a; b] , if it has continuous in the broad
sense derivative in this interval.
Definition 2.7. Continuous curve I : y=f(x), xD[a;b] is



76 Erkara Aydos Zh. et al.: The role of infinity with signs in mathematics

called smooth, if the function / in the interval [a;b] is

smooth in the broad sense.
For the curve, given parametrically, definition 2.7. can
be summarized as follows.

Definition 2.8. Continuous curve

FOR, given
x=x@),  y=y),

z=z(t), tO[a;b|, is called smooth in the interval [a;b] ,

parametrically by  equations

if x(t), ¥(t), z(¢) are smooth functions in the broad sense,
which have simultaneously not equal to zero derivatives in
the interval [a;b].

Some provisions of the questions, discussed in this
article are presented in [2], in style of the requirement of
the curriculum of technical universities.
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