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Abstract: In this paper, by considering the tensor product of a bi-Frobenius algebra and a weak Hopf algebra, a lot of examples
of the generalized weak bi-Frobenius algebras are given, such as the 16-dimensional, 24-dimensional and 40-dimensional
GWRBEF algebras. They provide a common generalization of weak Hopf algebras introduced by Bohm, Nill, Szlachanyi, and of

bi-Frobenius algebras introduced by Doi and Takeuchi.
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1. Introduction

Doi and Takeuchi axiomatized these above facts to obtain
the notion of bi-Frobenius algebras in [1-2], which generalizes
the notion of finite dimensional Hopf algebras. A bi-Frobenius
algebra is a Frobenius algebra and a Frobenius coalgebra with
a pair of right integrals (¢, t) and an antipode- like
anti-automorphism S . Further research on bi-Frobenius
algebras could be found in [3-7].

In 2013, Chen and Wang [3] introduced the notion of a
generalized weak bi-Frobenius algebra, which is a
generalization of weak Hopf algebras [8-10] and bi-Frobenius
algebras [2]. They investigated some properties of various
modular elements of generalized weak bi-Frobenius algebras
[11-13]. They also provided some examples of generalized
weak bi-Frobenius algebras. However, their examples are in
fact face algebras or the direct products of a weak Hopf
algebra and a bi-Frobenius algebra [13-15]. So there still lacks

non-trivial examples. This is the motivation of this manuscript.

Unit 1 satisfies the following identities:

The general organization of this paper is as the following. In
Section 1, some notions of generalized weak bi-Frobenius
algebras are recalled. In Section 2, some non-trivial examples
of generalized weak bi-Frobenius algebras are given.

2. Preliminaries

In this section the basic definitions related to the paper are
recalled.

Let (H, m, n) be a finite dimensional algebra with unit 1
and coalgebra with counit &, 0 # Y € H*. There is a bijective
map S:H — H satisfying, forall h, g € H,

Y (hgy) S (g2) = ¢ (hig) hy

The data (H, ¥, S) is called a generalized weak
biFrobenius algebra (or GWBF-algebra) if the following
conditions hold:

AQIMAM)=AMIDNARAM)=ARA1)NA 1) ®1);

Counit ¢ satisfies the following identities:

e (fgh) = € (fg1) € (g2h) = e (fg2) € (9:h);

The pair (H, ) is a Frobenius algebra, i.e.,

WH = H;

The map S is an anti-algebra map, i.e.,
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subcoalgebra K with S(K)c K and (K, ¥, S|x)
S(hg) =S (@S, S)=1; becomes a GWBF-algebra for some ¢’ € K*.

The map S is an anti-algebra map, i.e.,

3. The Examples of GWBF Algebra
A(S(W) =Y 5 () ®S (), (5 (W) = e(h). e .
n this section some examples of generalized weak

Forall f, g, h € H. biFrobenius algebra are given.

Let (H, ¢, S) be a GWBF-algebra. By a
GWBF-subalgebra it means that a subalgebra and

3.1. The 16-Dimensional GWBF Algebra

Define A as the 16-dimensional associative algebra generated by a set {X;;[i =0, 1, j=0, 1, -, 7} with the following
relations:

(1) Xy is the unit;

(2) XijXst = Xpg, where p=0ifi=0and s =0, p=1ifi=1ors=1;and q = (j +t) mod8.

(3) The coproduct and counit on A are given by:

A (Xo0) = Koo — X10) ® Koo — X10) + X10 ® X1
A (X10) = X10 ® Xi0;
A (Xo1) = Xo1 — X11) ® (Koo — X10) + X11 ® X0 + (XKoo — X10) Q@ (Xo1 — X11) + X100 ® X115
A (X11) = X11 @ Xi9 + X0 @ X113
A (Xo2) = (Xoz2 — X12) ® (Xoo — X10) + X12 & X190 + (Xo0 — X10) ® (Xoz2 — X12) + X190 @ X133
A (X12) = X12 ® Xp0 + X190 ® X125

A (Xo3) = (Xoo — X10) ® (Xo3 — X13) + X190 & X135 + (Xo1 — X11) ® (Xo2 — X12) + X171 @ X125 + (Xoz2 — X12) ® (Xo1 —
X11) + X1, @ X11 + (Xo3 — X13) ® (Xoo — X10) + X153 & X105

A (X13) = X10 @ X13 + X11 ® X1 + X12 & Xq1 + X13 ® Xi0;
A (Xo4) = (Xoo — X10) ® (Xoa — X14) + X190 ® X14 + (Xos — X14) ® (Xgo — X10) + X14 @ X105
A (X14) = X10 @ X154 + X14 ® X10;

A (Xos) = (Xoo — X10) ® (Xo5 — X15) + X10 & X15 + (Xo1 — X11) @ (Xos — X14) + X114 @ X14 + (Xoa — X14) ® (Xo1 —
X11) + X144 @ X11 + (Xo5 — X15) ® (X0 — X10) + X15 & X105
A (X15) = X10 @ X5 + X11 ® Xy + X14 & Xq1 + X15 ® Xy0;

A (Xo6) = (Xoo — X10) ® (Xo6 — X16) + X10 & X16 + (Xo2 — X12) @ (Xos — X14) + X12 @ X14 + (Xoa — X14) ® (Xo2 —
X12) + X14 @ X125 + (Xo6 — X16) ® (Xoo — X10) + X16 & X103
A (X16) = X10 @ X16 + X172 ® X4 + X14 & X157 + X6 ® Xi0;

A (Xo7) = (Xoo — X10) ® (Xo7 — X17) + X190 & X17 + (Xo1 — X11) ® (X6 — X16) + X11 @ X16 + (Xo2 — X12) ® (Xo5 —
Xi5) + X12 @ X15 + (Xo3 — X13) ® (Xoa — X14) + X13 ® X14 + (Xos — X14) ® (Xo3 — X13) + X14 @ X153 + (Xo5 — X15) @
(Xoz2 — X12) + X15 & X152 + (Xo6 — X16) @ (Xo1 — X11) + X16 @ X11 + (Xo7 — X17) @ (Xoo — X10) + X17 & X10;

A (X17) = X10 @ X7 + X11 ® X1 + X12 ® Xi5 + X13 @ Xis + X14 @ Xi3 + Xi5 @ Xqp + X16 & Xip + X17 Q Xy0;

€ (Xoo) = 2,€ (X10) =1, € (X;) =0 (for j = 1);

4) Y Kop) =2, YL (Xi7) =5, P(Xy) = 0 (for j < 6);

(5) § = idy;

Then (4, m, n, A, &, P, S) is a GWBF-algebra.

Let K be the subspace generated by Xy0, X10, Xo2, X120 Xo04» X14» X0 X16- It is a subalgebra and subcoalgebra of A.
Define ¢ € K* by ¢p(Xos) =2, ¢p(Xs6) =3, ¢(Xy)) = O(for j =0, 2, 4). Then (K, ¢, S|y is a GWBF-subalgebra of A.
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3.2. The 24-Dimensional GWBF Algebra (Type 1)

Define B as the 24-dimensional associative algebra generated by a set {Xl-jli =0,1,2,j=0,1, ---, 7} with the
following relations:

(1) Xy0 is the unit;

(2) X;jXst = Xpq, where p=0if i=0 and s=0, p=2 if i=2 or s=2, p=1 for the other condition; and q =
( +t) mod8.

(3) The coproduct and counit on A are given by:

A (Xo0) = Koo — X10) ® Koo — X10) + X10 ® X1
A (X10) = X10 ® Xi0;
A (X20) = (X10 = X20) & X290 + X320 @ (X10 = X20);
A (Xo1) = (Xo1 — X11) ® (Xoo — X10) + X11 & X190 + (Xo0 — X10) ® (Xo1 — X11) + X310 & X133
A (X11) = X11 @ Xi9 + X0 @ X113
A (X31) = (X0 — X20) ® X1 + (X171 — X21) @ X + X290 Q (X171 — X21) + X251 ® (K10 — X20);
A (Xoy) = (XKoo — X12) ® (Koo — X10) + X12 Q@ X0 + (Koo — X10) @ (X2 — X12) + X100 ® Xi3;
A (X12) = X1 ® Xi0 + X10 ® X132
A (X22) = (X10 = X20) ® X2z + (X12 = X32) @ Xp0 + X209 @ (X12 — X22) + X22 & (K10 — X20)5

A (Xo3) = (Xoo — X10) ® (Xo3 — X13) + X10 & X13 + (Xo1 — X11) ® (X2 — X12) + X114 @ X12 + (Xoz2 — X12) ® (Xo1 —
X11) + X1, @ X11 + (Xo3 — X13) ® (Xoo — X10) + X153 & X105

A (X13) = X10 @ X13 + X11 ® Xqp + X12 & Xq1 + X3 ® Xy0;

A (X33) = (X10 — X20) ® Xp3 + X350 & (X13 — X33) + (X171 — X21) @ Xpp + X1 ® (X1 — X32) + (X12 — X22) @ Xpy +
X722 @ (X11 — X21) + (X13 — X33) ® X309 + X33 @ (X190 — X20);

A (Xo4) = (Xoo — X10) ® (Xoa — X14) + X190 ® X14 + (Xos — X14) ® (Xoo — X10) + X14 @ X105
A (X14) = X10 @ X14 + X14 ® X105
A (X24) = (X10 — X20) ® Xos + (X14 — X24) @ X0 + X290 @ (X14 — X24) + X34 ® (X10 — X20);

A (Xo5) = (Xoo = X10) & (Xos — X15) + X10 @ Xi5 + (Xo1 — X11) & (Xos — X14) + X113 @ X14 + (K04 — X14) @ (Xo1 —
X11) + X14 @ X117 + (Xo5 — X15) & (Xoo — X10) + X15 @ X0

A (X15) = X10 @ X5 + X11 ® X4 + X14 & Xq1 + X5 ® Xy0;

A (Xz5) = (X10 — X20) ® Xo5 + X320 @ (X15 — Xa5) + (X171 — X21) @ Xoa + X201 ® (X1a — X24) + (X14 — X24) @ Xpq +
X4 Q@ (X11 — X21) + (X5 — X325) @ X309 + Xp5 @ (X190 — X20);

A (Xo6) = (Xoo — X10) ® (Xo6 — X16) + X10 & X16 + (Xo2 — X12) @ (Xos — X14) + X12 @ X14 + (Xoa — X14) ® (Xo2 —
X12) + X14 @ X125 + (Xo6 — X16) ® (Xoo — X10) + X16 & X10;

A (X16) = X10 @ X16 + X172 ® X4 + X14 & X15 + X6 ® Xi0;

A (X36) = (X10 — X20) @ Xp6 + X320 & (X16 — X26) + (X12 — X22) @ Xpa + Xop ® (X1a — Xo4) + (X14 — X24) @ X3 +
X4 Q (X12 — X22) + (X16 — X26) @ X309 + Xp6 @ (X190 — X20);

A (Xo7) = (Xoo — X10) ® (Xo7 — X17) + X190 & X17 + (Xo1 — X11) ® (X6 — X16) + X11 @ X16 + (Xo2 — X12) & (Xo5 —
Xi5) + X12 @ X15 + (Xo3 — X13) ® (Xoa — X14) + X13 ® X14 + (Xos — X14) ® (Xo3 — X13) + X14 @ X135 + (Xo5 — X15) @
(Xoz2 — X12) + X15 ® X152 + (Xo6 — X16) @ (Xo1 — X11) + X16 @ X11 + (Xo7 — X17) @ (Xoo — X10) + X17 @ X10;

A (X17) = X10 @ X17 + X11 @ Xi6 + X1z @ Xi5 + X3 @ X1y + X104 @ X135 + X15 @ X1 + X16 @ X117 + X17 @ Xy

A (X37) = (X10 — X20) ® Xp7 + X350 & (X17 — X37) + (X171 — X21) @ Xp6 + X201 ® (K16 — X26) + (X12 — X22) @ X5 +
X722 Q@ (X15 — Xp5) + (X13 — X23) @ Xou + Xp3 @ (X14 — X2a) + (X1s — X34) & Xo3 + X500 @ (X33 — Xp3) + (Xy5 —
X25) @ Xpp + Xo5 ® (X12 — X22) + (X16 — X26) @ Xo1 + Xp6 Q@ (K11 — X21) + (X17 — X27) @ X0 + Xp7 @ (X190 — X20);
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€ (Xo0) =2, e X10) =1, e (X;;) =0(for i =2 or j = 1);

DY Kor) =3, vX17) =2, (X)) =1, ¢ (Xij) = O(for j < 6);

(5) § = idp,

Then (B, m, n, A, &, ¢, S) isa GWBF-algebra. Let L be the subspace generated by Xy9, X109, X20, Xo2, X12, X22, Xo4
X4 Xo4 Xoe X1 and X,e. It is a subalgebra and subcoalgebra of B.

Moreover, define p € L* by

p (XOG) = 31 p (Xlﬁ) = 2' p (X26) = 1' p (Xl.]) =0 (forj = 0: 2: 4);
Then (L, p, S|;) is a GWBF-subalgebra of B.
3.3. The 24-Dimensional GWBF Algebra (Type 2)

Define B' as the 24-dimensional associative algebra generated by a set {Xijli =0,1,2 j=0,1, ---, 7} with the
following relations:

(1) Xy is the unit;

(2) X;jXst = Xpq, where p=0if i=0 and s=0, p=2 if i=2 or s=2, p=1 for the other condition; and q =
(j +t) mod8.

(3) The coproduct and counit on A are given by:

A (Xo0) = (Xoo — X10) ® (X0 — X10) + (X10 — X20) @ (X190 — X20) + X20 & X20;
A (X10) = (X10 — X20) ® (X10 — X20) + X20 ® X305
A (X30) = X20 ® X205

A (Xo1) = (Xoo — X10) ® (Xo1 — X11) + (Xo1 — X11) @ (Xoo — X10) + (X10 — X20) ® (X114 — X21) + (X11 — X21) ® (X10 —
X20) + X320 ® X1 + X231 ® X30;

A (X11) = (X190 — X20) @ (X11 — X21) + (X114 — X21) @ (X0 — X30) + X20 @ Xp1 + X321 Q X3
A (X31) = X0 @ Xp1 + X1 ® X0

A (Xo2) = (Xoo — X10) ® (Xo2 — X12) + (Xoz2 — X12) @ (Xoo — X10)) + (X10 — X20) & (X12 — X32) + (X12 — X22) @
(X10 — X20) + X2z @ X5 + X320 @ X333

A (X12) = (X190 — X20) @ (X12 — X22) + (X12 — X22) ® (X10 — X20) + X22 @ Xp0 + X320 @ X5
A (X3p) = X200 @ Xp0 + Xo0 ® Xa;

A (Xo3) = (Xoo — X10) ® (Xo3 — X13) + (Xo1 — X11) @ (Xoz2 — X12) + (Xo2 — X12) ® (Xo1 — X11) + (Xo3 — X13) @ (Xoo —
X10) + (X10 — X20) ® (X153 — X33) + (X171 — X21) @ (X12 — X22) + (X12 — X22) @ (X171 — X21) + (X153 — X23) ® (Xq0 —
X20) + X20 ® Xo3 + Xp1 @ Xpp + X2 @ Xpq + Xo3 ® X0

A (X13) = (X190 — X20) @ (X153 — X23) + (X171 — X21) @ (X12 — X32) + (X1 — X22) & (X171 — X31) + (X153 — X23) @ (X10 —
X20) + X20 ® Xo3 + Xp1 @ Xpp + X2 @ Xp1 + Xo3 ® X5

A (X23) = X20 @ X3 + Xo1 @ Xy + X2 @ Xo1 + X253 @ X33

A (Xo4) = (Xoo — X10) ® (Xoa — X14) + (Xoa — X14) @ (Xoo — X10)) + (X10 — X20) ® (K14 — X24) + (X124 — X24) @
(X10 — X20) + X204 @ Xp0 + X320 & Xo4;

A (X14) = (X190 — X20) @ (X14 — X24) + (K14 — X24) @ (X0 — X30) + X2 @ Xp0 + X320 @ X343
A (X34) = X324 @ Xp0 + X0 & X343

A (Xos5) = (Xoo — X10) ® (Xo5 — X15) + (Xo1 — X11) @ (Xoa — X14) + (Xos — X14) ® (Xo1 — X11) + (Xo5 — X15) Q@ (Xoo —
X10) + (X10 — X20) ® (X15 — Xa5) + (X11 — X21) @ (X124 — X24) + (X14 — X24) @ (X141 — X21) + (K15 — X25) ® (X190 —
X20) + X230 ® Xp5 + X371 @ Xpu + X240 Q@ Xp1 + Xo5 ® X3,

A (X15) = (X190 — X20) @ (X15 — X25) + (X101 — X21) @ (X14 — X24) + (K14 — X24) ® (X114 — X21) + (X15 — X25) @ (X190 —
X20) + X230 ® Xp5 + X371 @ Xpu + X240 Q@ Xp1 + X35 ® X3,

A (X35) = X320 @ Xp5 + Xo1 & Xo4 + X500 @ X1 + Xp5 @ X30;
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A (Xo6) = (Xoo — X10) ® (Xo6 — X16) + (Xo2 — X12) @ (Xoa — X14) + (Xos — X14) ® (Xo2 — X12) + (Xo6 — X16) Q@ (Xoo —
X10) + (X10 — X20) ® (X16 — X26) + (X12 — X22) @ (X14 — X24) + (X145 — X24) @ (X2 — X32) + (X16 — X26) & (X190 —
X20) + X20 ® Xz6 + X2 @ X4 + X204 @ Xpp + Xo6 ® X0

A (X16) = (X10 — X20) @ (X16 — X26) + (X12 — X22) @ (X14 — X24) + (K12 — X24) & (X12 — X32) + (X16 — X26) @ (X190 —
X20) + X20 ® Xz6 + X2 @ X4 + Xp4 @ Xpp + Xo6 ® X0

A (X26) = X20 @ Xa6 + X220 @ Xp4 + X240 @ Xoz2 + X26 @ X303

A (Xo7) = (Xoo — X10) ® (Xo7 — X17) + (Xo1 — X11) @ (Xo6 — X16) + (Xo2 — X12) ® (Xo5 — X15) + (Xo3 — X13) @ (Xo4 —
X14) + (Xos — X14) ® (Xo3 — X13) + (Xo5 — X15) @ (Xoz — X12) + (Xos — X16) @ (Xo1 — X11) + (Xo7 — X17) ® (Xo0 —
X10) + (X10 — X20) ® (X17 — X37) + (X711 — X21) @ (X16 — X26) + (X12 — X22) @ (X5 — X35) + (X135 — X23) & (X14 —
X24) + (X14 — X24) @ (X13 — X33) + (X15 — X25) ® (X1 — X22) + (X16 — X26) @ (X171 — X21) + (X17 — X37) & (Xq0 —

X20) + X20 ® Xo7 + X210 ® Xo6 + X2 @ Xp5 + Xo3 @ Xps + Xos ® Xoz3 + Xo5 @ Xop + Xp6 @ Xp1 + Xp7 @ X3
A (X17) = (X190 — X20) @ (X17 — X27) + (X117 — X21) @ (X16 — X26) + (X12 — X22) & (X15 — X35) + (X153 — X23) @ (X14 —
X24) + (X14 — X24) @ (X13 — X33) + (X15 — X25) ® (X12 — X22) + (X16 — X26) @ (X11 — X21) + (X17 — X37) ® (Xq0 —
X20) + X230 ® Xp7 + X371 @ Xp6 + X3 @ Xps + Xp3 & Xoy + Xo4 ® Xa3 + X5 @ Xpp + Xp6 @ Xzq + Xz7 @ X5
A (Xp7) = X0 @ Xp7 + X201 ® Xp + Xo2 @ Xo5 + Xo3 @ X + Xps @ Xp3 + Xo5 @ Xpp + X6 & Xo1 + Xo7 @ Xoo;
£ (Xoo) =3, eX10) =3, e(Xp) =1, ¢ (Xij) =0 (for j = 1);
1 )
4 tXo7) =2, 1(Xy7) =1, 1 (Xpy) = 2 L(Xij) =0 (for j <6);
(5) S = idg,
The (B, m, n, A, &, (, S) is a GWBF-algebra. Let L' be the subspace generated by X0, X109, X20, Xo2, X12, X22, Xoar

X4 X204, Xo6 X16 and X,e. It is a subalgebra and subcoalgebra of B’
Define p € L* by

1 ;
pXoe) =2, p(Xi6) =1, p (Xpe) = 50 P (Xij) =0 (for j =0, 2, 4),
Then (L', p, S|.,) is a GWBF-subalgebra of B'.
3.4. The 40-Dimensional GWBF Algebra

Define C as the 40-dimensional associative algebra generated by a set {Xi]-|i =0,12 3,4 j=0,1, .-+, 7} with the
following relations:
(1) Xy is the unit;

(2) XijXor = XoeXij = Xigy XijX1e = X1eXij = Xigy X2jXoe = X1qp X2jX3t = —Xagy X3jX51 = Xagy X2jXar = —X3q,

X4_]'X2t = X3q, X3]'X3t = qu, X3]'X4_t = X4tX3]' = qu, X4]'X4_t = qu, Where q= (] + t) m0d8 fOI' i = 0, 1, 2, 3, 4 and
jt=0,1, -, 7.
(3) The coproduct and counit on A are given by:

A (Xo0) = (Xoo = X10) ® (Xoo — X10) + X10 & Xi0;
A (X10) = X10 ® X10;
A (X30) = X20 @ X303
A (X30) = Xo0 ® X530 + X350 ® X505
A (Xy0) = X10 ® Xyo + X4o ® Xyp;
A (Xo1) = (Xoo — X10) ® (Xo1 — X11) + X190 @ X11 + (Xo1 — X11) ® (Koo — X10) + X11 @ X1p;
A (X11) = X10 ® X117 + X11 ® X105
A (X21) = X20 @ Xa1 + X271 @ X305
A(X31) = Xo0 @ X371 + X510 ® X30 + X350 ® Xq1 + X31 ® Xy
AXp) = X0 ® X1 + X4 R X1 + X141 @ Xao + Xa1 @ Xo05
A (Xo2) = (Xoo — X10) ® (Xoz — X12) + X190 & X1z + (Xo2 — X12) ® (Xoo — X10) + X12 & X1p;



International Journal of Discrete Mathematics 2019; 4(1): 38-44 43

A (X12) = X10 @ X1z + X172 & Xq03

A (X32) = Xp0 @ Xpp + X25 ® X0
A (X32) = X20 @ X35 + X30 @ X153 + X35 @ X30 + X3, & X0
A (X42) = X10 @ X4z + X40 @ Xp2 + X12 @ Xgo + X4z & X0

A (Xo3) = (Xoo — X10) ® (Xo3 — X13) + X190 & X135 + (Xo1 — X11) ® (Xoz — X12) + X171 @ X125 + (Xoz — X12) ® (Xo1 —
X11) + X12 @ X11 + (Xo3 — X13) ® (X0 — X10) + X153 ® X105

A (X13) = X10 @ Xy3 + X171 @ X1p + X15 @ X117 + X33 @ Xi5
A (X33) = Xo0 @ Xp3 + Xp1 @ Xpp + X2z @ Xog + Xo3 & Xo03
A (X33) = X20 @ X33 + X30 @ X13 + Xp1 @ X35 + X31 @ X1z + X2 @ X391 + X352 @ X1 + X3 @ X30 + X33 @ Xi0;
A (X43) = X10 @ X3 + X40 @ Xp3 + X117 @ Xyp + X4y @ Xop + X152 @ Xy + X2 @ X1 + X13 @ Xyo + Xaz @ X0
A (Xo4) = (Xoo — X10) @ (Xog — X14) + X10 & X14 + (Xoa — X14) @ (Koo — X10) + X14 & X10;
A (X14) = X10 ® X14 + X14 ® X105
A (X24) = X0 @ Xp4 + X240 ® X5
A (X34) = X20 @ X34 + X30 @ X14 + X34 @ X30 + X34 & X105
A (X44) = X10 @ Xgg + X450 @ Xp4 + X14 @ Xyo + Xus @ X0

A (Xos) = (Xoo — X10) ® (Xo5 — X15) + X10 & X15 + (Xo1 — X11) @ (Xos — X14) + X114 @ X14 + (Xoa — X14) ® (Xo1 —
X11) + X144 @ X11 + (Xo5 — X15) ® (Xoo — X10) + X15 & X105

A (X15) = X10 @ Xi5 + X171 @ Xip + X34 @ X113 + X35 @ Xy

A (X35) = X20 @ Xp5 + Xp1 @ Xog + Xo4 ® Xog + Xo5 & Xo03
A (X35) = X20 @ X35 + X30 @ X15 + X371 @ X34 + X31 @ X14 + X2 @ X371 + X34 @ X171 + Xo5 @ X390 + X35 Q@ Xi0;
A (X45) = X10 @ Xys + X40 @ Xo5 + X117 @ Xyg + Xyy @ Xog + X145 @ Xy + X4y @ X1 + X15 @ Xyo + Xus @ X0

A (Xo6) = (Xoo — X10) ® (Xo6 — X16) + X10 & X16 + (Xo2 — X12) @ (Xos — X14) + X12 @ X14 + (Xos4 — X14) ® (Xo2 —
X12) + X14 @ X125 + (Xo6 — X16) ® (Xoo — X10) + X16 & X103

A (X16) = X10 @ Xi6 + X12 @ X14 + X34 @ X153 + X156 @ Xi5

A (X26) = X20 @ Xp6 + Xo2 @ Xpg + Xp4 @ X2z + X26 @ X305
A (X36) = X20 @ X36 + X30 @ X16 + X220 @ X34 + X3, & X14 + X204 @ X3z + X34 @ X132 + X356 @ X30 + X36 @ Xi0;
A (X46) = X10 @ X6 + X40 @ Xp6 + X12 @ Xog + Xop @ Xog + X140 Q@ Xyz + Xy @ X + X16 @ Xuo + Xa6 @ X20;

A (Xo7) = (Xoo — X10) ® (Xo7 — X17) + X190 & X17 + (Xo1 — X11) ® (X6 — X16) + X11 @ X16 + (Xo2 — X12) ® (Xo5 —
Xi5) + X1, @ X5 + (Xo3 — X13) @ (Xoa — X14) + X153 & X14 + (Xos — X14) ® (Xo3 — X13) + X124 @ X153 + (Xo5 — X15) @
(Xo2 — X12) + X15 ® X1z + (Xo6 — X16) ® (Xo1 — X11) + X16 @ X11 + (Xo7 — X17) @ (Xoo — X10) + X17 & Xi0;

A (X17) = X10 ® X17 + X11 ® X1 + X12 ® Xi5 + X13 @ X14 + X14 @ X153+ Xi5 ® Xqp + X16 & X11 + X17 ® Xi0;
A (X37) = X0 @ Xp7 + X1 ® Xp + X2 @ Xo5 + Xo3 @ X + Xpa @ Xp3 + Xo5 Q Xpp + X6 & Xo1 + X327 @ Xo;

A (X37) = X230 @ X37 + X30 ® X17 + X231 ® X36 + X531 ® X16 + X2 ® X35 + X3, @ X15 + Xp3 @ X34 + X33 @ Xyu +
X4 Q X33+ X34 ® Xi3 + X5 Q X35 + X35 @ Xqp + Xp6 & X31 + X36 @ X1 + Xp7 @ X530 + X37 @ X105

A (Xa7) = X10 @ Xa7 + Xa0 @ Xp7 + X114 @ Xup + Xa1 & Xo6 + X12 ® Xys + Xap ® Xo5 + X153 @ Xy + X453 @ Xpu +
X4 @ Xaz + X4y @ Xp3 + Xi5 @ Xap + Xys ® Xpp + X16 Q Xyq + Xue @ Xo1 + X17 & Xy + Xa7 @ X305

£(Xoo) =2, eX19) =1, e(Xp0) =1, e(X;;) =0 (for i =3, 4 or j = 1);

4 1tXor) =1, t(X37) =1, t(X;;) =0 (for i # 0, 3 or j < 6);
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(5) S = idg.

Then (C, m, n, A, & 1, S) is a GWBF-algebra. Let M
be the subspace generated by X;o, Xi», Xis, Xig for i =0,
1, 2, 3, 4. It is a subalgebra and subcoalgebra of C. Define
B6EM by 60(Xp) =1, 0(X3) =1, (X;;) =0 (for
i#0,3 or j=0,2,4) Then (M, 6, S|y) is a
GWBF-subalgebra of C.

4. Conclusion

Poposition4.1 Let H and K be two GWBF-algebras. Then
the tensor product of H and K is also a GWBF-algebra.
Proof Deine the antipode as follows

Suek = Su @ Sk,
And the integral as follows

Yugk = Y ® Yk,

It is obviously that (H ®K, Sygk, Yugk) is a
GWBF-algebra under the tensor product algebra structure and
tensor coproduct coalgebra structure.

Poposition 4.2 Let H be a weak Hopf algebra, K be a
biFrobenius-algebra. Then the tensor product of H and K is
a GWBF-algebra.

Proof The antipode is given by

Suek = Su & Sk,
And the integral is

Yugk = Y ® Yk,

Where 1y is an integral of H.

Poposition 4.3 The GWBF-algebra A introduced in
Example 3.1 is a GWBF-subalgebra of B in Example 3.2.

Proof  Obviously A is  the 16-dimensional
GWBF-subalgebra of B in Example 3.2 generated by
{lell = 0, 1, ] = 0, 1, *te, 7}
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