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Abstract: In this paper, by considering the tensor product of a bi-Frobenius algebra and a weak Hopf algebra, a lot of examples 

of the generalized weak bi-Frobenius algebras are given, such as the 16-dimensional, 24-dimensional and 40-dimensional 

GWBF algebras. They provide a common generalization of weak Hopf algebras introduced by Böhm, Nill, Szlachányi, and of 

bi-Frobenius algebras introduced by Doi and Takeuchi. 
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1. Introduction 

Doi and Takeuchi axiomatized these above facts to obtain 

the notion of bi-Frobenius algebras in [1-2], which generalizes 

the notion of finite dimensional Hopf algebras. A bi-Frobenius 

algebra is a Frobenius algebra and a Frobenius coalgebra with 

a pair of right integrals ��,			��  and an antipode- like 

anti-automorphism � . Further research on bi-Frobenius 

algebras could be found in [3-7]. 

In 2013, Chen and Wang [3] introduced the notion of a 

generalized weak bi-Frobenius algebra, which is a 

generalization of weak Hopf algebras [8-10] and bi-Frobenius 

algebras [2]. They investigated some properties of various 

modular elements of generalized weak bi-Frobenius algebras 

[11-13]. They also provided some examples of generalized 

weak bi-Frobenius algebras. However, their examples are in 

fact face algebras or the direct products of a weak Hopf 

algebra and a bi-Frobenius algebra [13-15]. So there still lacks 

non-trivial examples. This is the motivation of this manuscript. 

The general organization of this paper is as the following. In 

Section 1, some notions of generalized weak bi-Frobenius 

algebras are recalled. In Section 2, some non-trivial examples 

of generalized weak bi-Frobenius algebras are given. 

2. Preliminaries 

In this section the basic definitions related to the paper are 

recalled. 

Let ��,				,			
� be a finite dimensional algebra with unit 1 

and coalgebra with counit �, 0 
 � ∈ �∗. There is a bijective 

map �:� → � satisfying, for all �, � ∈ �,		 

�	�����	�	���� � �	�����	�� 

The data ��, �, ��  is called a generalized weak 

biFrobenius algebra (or GWBF-algebra) if the following 

conditions hold:  

Unit 1 satisfies the following identities:  

	�Δ ⊗ ���Δ	�1� � �Δ	�1� ⊗ 1��1 ⊗ Δ	�1�� � �1 ⊗ Δ	�1���Δ	�1� ⊗ 1�; 

Counit � satisfies the following identities:  

�	����� � �	�����	�	����� � �	�����	�	�����; 

The pair ��, �� is a Frobenius algebra, i.e.,  

�´� � �∗; 

The map � is an anti-algebra map, i.e.,  
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�	���� � �	����	���,			�	(1) = 1; 
The map � is an anti-algebra map, i.e.,  

Δ	 �(ℎ)! = " 	�	(ℎ�) ⊗ �	(ℎ�),			�	 �	(ℎ)! = �(ℎ). 

For all �, �, ℎ ∈ �. 

Let (�, �, �)  be a GWBF-algebra. By a 

GWBF-subalgebra it means that a subalgebra and 

subcoalgebra $  with �	($) ⊂ $  and ($, �′, �|() 
becomes a GWBF-algebra for some �′ ∈ $∗. 

3. The Examples of GWBF Algebra 

In this section some examples of generalized weak 

biFrobenius algebra are given. 

3.1. The 16-Dimensional GWBF Algebra 

Define ) as the 16-dimensional associative algebra generated by a set {+,-|� = 0, 1, . = 0, 1, ⋯ , 7} with the following 

relations: 

(1) +22 is the unit; 

(2) +,-+34 = +56 ,		where 7 = 0 if � = 0 and 8 = 0, 7 = 1 if � = 1 or 8 = 1; and 9 = (. + �) mod8. 

(3) The coproduct and counit on ) are given by: 

Δ	(+22) = (+22 − +�2) ⊗ (+22 − +�2) + +�2 ⊗ +�2; 

Δ	(+�2) = +�2 ⊗+�2; 

Δ	(+2�) = (+2� − +��) ⊗ (+22 − +�2) + +�� ⊗ +�2 + (+22 − +�2) ⊗ (+2� − +��) + +�2 ⊗+��; 

Δ	(+��) = +�� ⊗+�2 + +�2 ⊗ +��; 

Δ	(+2�) = (+2� − +��) ⊗ (+22 − +�2) + +�� ⊗ +�2 + (+22 − +�2) ⊗ (+2� − +��) + +�2 ⊗+��; 

Δ	(+��) = +�� ⊗+�2 + +�2 ⊗ +��; 

Δ	(+2=) = (+22 − +�2) ⊗ (+2= − +�=) + +�2 ⊗ +�= + (+2� − +��) ⊗ (+2� − +��) + +�� ⊗+�� + (+2� − +��) ⊗ (+2� −
+��) + +�� ⊗+�� + (+2= − +�=) ⊗ (+22 − +�2) + +�= ⊗ +�2; 

Δ	(+�=) = +�2 ⊗+�= + +�� ⊗ +�� + +�� ⊗+�� + +�= ⊗+�2; 

Δ	(+2>) = (+22 − +�2) ⊗ (+2> − +�>) + +�2 ⊗ +�> + (+2> − +�>) ⊗ (+22 − +�2) + +�> ⊗+�2; 

Δ	(+�>) = +�2 ⊗+�> + +�> ⊗ +�2; 

Δ	(+2?) = (+22 − +�2) ⊗ (+2? − +�?) + +�2 ⊗ +�? + (+2� − +��) ⊗ (+2> − +�>) + +�� ⊗+�> + (+2> − +�>) ⊗ (+2� −
+��) + +�> ⊗+�� + (+2? − +�?) ⊗ (+22 − +�2) + +�? ⊗ +�2; 

Δ	(+�?) = +�2 ⊗+�? + +�� ⊗ +�> + +�> ⊗+�� + +�? ⊗+�2; 

Δ	(+2@) = (+22 − +�2) ⊗ (+2@ − +�@) + +�2 ⊗ +�@ + (+2� − +��) ⊗ (+2> − +�>) + +�� ⊗+�> + (+2> − +�>) ⊗ (+2� −
+��) + +�> ⊗+�� + (+2@ − +�@) ⊗ (+22 − +�2) + +�@ ⊗ +�2; 

Δ	(+�@) = +�2 ⊗+�@ + +�� ⊗ +�> + +�> ⊗+�� + +�@ ⊗+�2; 

Δ	(+2A) = (+22 − +�2) ⊗ (+2A − +�A) + +�2 ⊗ +�A + (+2� − +��) ⊗ (+2@ − +�@) + +�� ⊗+�@ + (+2� − +��) ⊗ (+2? −
+�?) + +�� ⊗+�? + (+2= − +�=) ⊗ (+2> − +�>) + +�= ⊗ +�> + (+2> − +�>) ⊗ (+2= − +�=) + +�> ⊗+�= + (+2? − +�?) ⊗

(+2� − +��) + +�? ⊗+�� + (+2@ − +�@) ⊗ (+2� − +��) + +�@ ⊗ +�� + (+2A − +�A) ⊗ (+22 − +�2) + +�A ⊗ +�2; 

Δ	(+�A) = +�2 ⊗+�A + +�� ⊗ +�@ + +�� ⊗+�? + +�= ⊗+�> + +�> ⊗ +�= + +�? ⊗+�� + +�@ ⊗+�� + +�A ⊗ +�2; 

�		(+22) = 2, �	(+�2) = 1, �	(+,-) = 0 (for . ≥ 1); 

(4) �	(+2A) = =
� , �D	(+�A) = �

� , �(+,-) = 0 (for . ≤ 6); 

(5) � = ��G; 

Then (), 	, 
, Δ, �, �, �) is a GWBF-algebra. 

Let $ be the subspace generated by +22, +�2, +2�, +��, +2>, +�>, +2@, +�@. It is a subalgebra and subcoalgebra of ). 

Define H ∈ $∗ by H(+2@) = =
� , H(+�@) = �

� , H(+,-) = 0(for . = 0, 2, 4). Then ($, H, �|() is a GWBF-subalgebra of ). 
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3.2. The 24-Dimensional GWBF Algebra (Type 1) 

Define J  as the 24-dimensional associative algebra generated by a set {+,-|� � 0, 1, 2, . = 0, 1, ⋯ , 7}  with the 

following relations: 

(1) +22 is the unit; 

(2) +,-+34 = +56 ,		where 7 = 0 if � = 0 and 8 = 0, 7 = 2 if � = 2 or 8 = 2, 7 = 1 for the other condition; and 9 =
(. + �) mod8. 

(3) The coproduct and counit on ) are given by: 

Δ	(+22) = (+22 − +�2) ⊗ (+22 − +�2) + +�2 ⊗ +�2; 

Δ	(+�2) = +�2 ⊗+�2; 

Δ	(+�2) = (+�2 − +�2) ⊗ +�2 + +�2 ⊗ (+�2 − +�2); 
Δ	(+2�) = (+2� − +��) ⊗ (+22 − +�2) + +�� ⊗ +�2 + (+22 − +�2) ⊗ (+2� − +��) + +�2 ⊗+��; 

Δ	(+��) = +�� ⊗+�2 + +�2 ⊗ +��; 

Δ	(+��) = (+�2 − +�2) ⊗ +�� + (+�� − +��) ⊗ +�2 + +�2 ⊗ (+�� − +��) + +�� ⊗ (+�2 − +�2); 
Δ	(+2�) = (+2� − +��) ⊗ (+22 − +�2) + +�� ⊗ +�2 + (+22 − +�2) ⊗ (+2� − +��) + +�2 ⊗+��; 

Δ	(+��) = +�� ⊗+�2 + +�2 ⊗ +��; 

Δ	(+��) = (+�2 − +�2) ⊗ +�� + (+�� − +��) ⊗ +�2 + +�2 ⊗ (+�� − +��) + +�� ⊗ (+�2 − +�2); 
Δ	(+2=) = (+22 − +�2) ⊗ (+2= − +�=) + +�2 ⊗ +�= + (+2� − +��) ⊗ (+2� − +��) + +�� ⊗+�� + (+2� − +��) ⊗ (+2� −

+��) + +�� ⊗+�� + (+2= − +�=) ⊗ (+22 − +�2) + +�= ⊗ +�2; 

Δ	(+�=) = +�2 ⊗+�= + +�� ⊗ +�� + +�� ⊗+�� + +�= ⊗+�2; 

Δ	(+�=) = (+�2 − +�2) ⊗ +�= + +�2 ⊗ (+�= − +�=) + (+�� − +��) ⊗ +�� + +�� ⊗ (+�� − +��) + (+�� − +��) ⊗ +�� +
+�� ⊗ (+�� − +��) + (+�= − +�=) ⊗ +�2 + +�= ⊗ (+�2 − +�2); 

Δ	(+2>) = (+22 − +�2) ⊗ (+2> − +�>) + +�2 ⊗ +�> + (+2> − +�>) ⊗ (+22 − +�2) + +�> ⊗+�2; 

Δ	(+�>) = +�2 ⊗+�> + +�> ⊗ +�2; 

Δ	(+�>) = (+�2 − +�2) ⊗ +�> + (+�> − +�>) ⊗ +�2 + +�2 ⊗ (+�> − +�>) + +�> ⊗ (+�2 − +�2); 
Δ	(+2?) = (+22 − +�2) ⊗ (+2? − +�?) + +�2 ⊗ +�? + (+2� − +��) ⊗ (+2> − +�>) + +�� ⊗+�> + (+2> − +�>) ⊗ (+2� −

+��) + +�> ⊗+�� + (+2? − +�?) ⊗ (+22 − +�2) + +�? ⊗ +�2; 

Δ	(+�?) = +�2 ⊗+�? + +�� ⊗ +�> + +�> ⊗+�� + +�? ⊗+�2; 

Δ	(+�?) = (+�2 − +�2) ⊗ +�? + +�2 ⊗ (+�? − +�?) + (+�� − +��) ⊗ +�> + +�� ⊗ (+�> − +�>) + (+�> − +�>) ⊗ +�� +
+�> ⊗ (+�� − +��) + (+�? − +�?) ⊗ +�2 + +�? ⊗ (+�2 − +�2); 

Δ	(+2@) = (+22 − +�2) ⊗ (+2@ − +�@) + +�2 ⊗ +�@ + (+2� − +��) ⊗ (+2> − +�>) + +�� ⊗+�> + (+2> − +�>) ⊗ (+2� −
+��) + +�> ⊗+�� + (+2@ − +�@) ⊗ (+22 − +�2) + +�@ ⊗ +�2; 

Δ	(+�@) = +�2 ⊗+�@ + +�� ⊗ +�> + +�> ⊗+�� + +�@ ⊗+�2; 

Δ	(+�@) = (+�2 − +�2) ⊗ +�@ + +�2 ⊗ (+�@ − +�@) + (+�� − +��) ⊗ +�> + +�� ⊗ (+�> − +�>) + (+�> − +�>) ⊗ +�� +
+�> ⊗ (+�� − +��) + (+�@ − +�@) ⊗ +�2 + +�@ ⊗ (+�2 − +�2); 

Δ	(+2A) = (+22 − +�2) ⊗ (+2A − +�A) + +�2 ⊗ +�A + (+2� − +��) ⊗ (+2@ − +�@) + +�� ⊗+�@ + (+2� − +��) ⊗ (+2? −
+�?) + +�� ⊗+�? + (+2= − +�=) ⊗ (+2> − +�>) + +�= ⊗ +�> + (+2> − +�>) ⊗ (+2= − +�=) + +�> ⊗+�= + (+2? − +�?) ⊗

(+2� − +��) + +�? ⊗+�� + (+2@ − +�@) ⊗ (+2� − +��) + +�@ ⊗ +�� + (+2A − +�A) ⊗ (+22 − +�2) + +�A ⊗ +�2; 

Δ	(+�A) = +�2 ⊗+�A + +�� ⊗ +�@ + +�� ⊗+�? + +�= ⊗+�> + +�> ⊗ +�= + +�? ⊗+�� + +�@ ⊗+�� + +�A ⊗ +�2; 

Δ	(+�A) = (+�2 − +�2) ⊗ +�A + +�2 ⊗ (+�A − +�A) + (+�� − +��) ⊗ +�@ + +�� ⊗ (+�@ − +�@) + (+�� − +��) ⊗ +�? +
+�� ⊗ (+�? − +�?) + (+�= − +�=) ⊗ +�> + +�= ⊗ (+�> − +�>) + (+�> − +�>) ⊗ +�= + +�> ⊗ (+�= − +�=) + (+�? −

+�?) ⊗ +�� + +�? ⊗ (+�� − +��) + (+�@ − +�@) ⊗ +�� + +�@ ⊗ (+�� − +��) + (+�A − +�A) ⊗ +�2 + +�A ⊗ (+�2 − +�2); 
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�	�+22� � 2, �	(+�2) = 1, �	(+,-) = 0(for � = 2 or . ≥ 1); 

(4) �	(+2A) = 3, �	(+�A) = 2, �	(+�A) = 1, �	(+,-) = 0(for . ≤ 6); 

(5) � = ��L ,		 
Then (J, 	, 
, Δ, �, �, �) is a GWBF-algebra. Let M be the subspace generated by +22, +�2, +�2, +2�, +��, +��, +2>,

+�>, +�>, +2@, +�@ and +�@. It is a subalgebra and subcoalgebra of J.  

Moreover, define N ∈ M∗ by 

N	(+2@) = 3, N	(+�@) = 2, N	(+�@) = 1, N	(+,-) = 0 (for . = 0, 2, 4),  

Then (M, N, �|O) is a GWBF-subalgebra of J.  

3.3. The 24-Dimensional GWBF Algebra (Type 2) 

Define J′  as the 24-dimensional associative algebra generated by a set {+,-|� = 0, 1, 2, . = 0, 1, ⋯ , 7}  with the 

following relations: 

(1) +22 is the unit; 

(2) +,-+34 = +56 ,		where 7 = 0 if � = 0 and 8 = 0, 7 = 2 if � = 2 or 8 = 2, 7 = 1 for the other condition; and 9 =
(. + �) mod8. 

(3) The coproduct and counit on ) are given by: 

Δ	(+22) = (+22 − +�2) ⊗ (+22 − +�2) + (+�2 − +�2) ⊗ (+�2 − +�2) + +�2 ⊗+�2; 

Δ	(+�2) = (+�2 − +�2) ⊗ (+�2 − +�2) + +�2 ⊗ +�2; 

Δ	(+�2) = +�2 ⊗ +�2; 

Δ	(+2�) = (+22 − +�2) ⊗ (+2� − +��) + (+2� − +��) ⊗ (+22 − +�2) + (+�2 − +�2) ⊗ (+�� − +��) + (+�� − +��) ⊗ (+�2 −
+�2) + +�2 ⊗+�� + +�� ⊗+�2; 

Δ	(+��) = (+�2 − +�2) ⊗ (+�� − +��) + (+�� − +��) ⊗ (+�2 − +�2) + +�2 ⊗+�� + +�� ⊗ +�2; 

Δ	(+��) = +�2 ⊗ +�� + +�� ⊗+�2; 

Δ	(+2�) = (+22 − +�2) ⊗ (+2� − +��) + (+2� − +��) ⊗ (+22 − +�2)) + (+�2 − +�2) ⊗ (+�� − +��) + (+�� − +��) ⊗(+�2 − +�2) + +�� ⊗+�2 + +�2 ⊗+��; 

Δ	(+��) = (+�2 − +�2) ⊗ (+�� − +��) + (+�� − +��) ⊗ (+�2 − +�2) + +�� ⊗+�2 + +�2 ⊗ +��; 

Δ	(+��) = +�� ⊗ +�2 + +�2 ⊗+��; 

Δ	(+2=) = (+22 − +�2) ⊗ (+2= − +�=) + (+2� − +��) ⊗ (+2� − +��) + (+2� − +��) ⊗ (+2� − +��) + (+2= − +�=) ⊗ (+22 −
+�2) + (+�2 − +�2) ⊗ (+�= − +�=) + (+�� − +��) ⊗ (+�� − +��) + (+�� − +��) ⊗ (+�� − +��) + (+�= − +�=) ⊗ (+�2 −

+�2) + +�2 ⊗+�= + +�� ⊗+�� + +�� ⊗ +�� + +�= ⊗+�2; 

Δ	(+�=) = (+�2 − +�2) ⊗ (+�= − +�=) + (+�� − +��) ⊗ (+�� − +��) + (+�� − +��) ⊗ (+�� − +��) + (+�= − +�=) ⊗ (+�2 −
+�2) + +�2 ⊗+�= + +�� ⊗+�� + +�� ⊗ +�� + +�= ⊗+�2; 

Δ	(+�=) = +�2 ⊗ +�= + +�� ⊗+�� + +�� ⊗ +�� + +�= ⊗ +�2; 

Δ	(+2>) = (+22 − +�2) ⊗ (+2> − +�>) + (+2> − +�>) ⊗ (+22 − +�2)) + (+�2 − +�2) ⊗ (+�> − +�>) + (+�> − +�>) ⊗(+�2 − +�2) + +�> ⊗+�2 + +�2 ⊗+�>; 

Δ	(+�>) = (+�2 − +�2) ⊗ (+�> − +�>) + (+�> − +�>) ⊗ (+�2 − +�2) + +�> ⊗+�2 + +�2 ⊗ +�>; 

Δ	(+�>) = +�> ⊗ +�2 + +�2 ⊗+�>; 

Δ	(+2?) = (+22 − +�2) ⊗ (+2? − +�?) + (+2� − +��) ⊗ (+2> − +�>) + (+2> − +�>) ⊗ (+2� − +��) + (+2? − +�?) ⊗ (+22 −
+�2) + (+�2 − +�2) ⊗ (+�? − +�?) + (+�� − +��) ⊗ (+�> − +�>) + (+�> − +�>) ⊗ (+�� − +��) + (+�? − +�?) ⊗ (+�2 −

+�2) + +�2 ⊗+�? + +�� ⊗+�> + +�> ⊗ +�� + +�? ⊗+�2; 

Δ	(+�?) = (+�2 − +�2) ⊗ (+�? − +�?) + (+�� − +��) ⊗ (+�> − +�>) + (+�> − +�>) ⊗ (+�� − +��) + (+�? − +�?) ⊗ (+�2 −
+�2) + +�2 ⊗+�? + +�� ⊗+�> + +�> ⊗ +�� + +�? ⊗+�2; 

Δ	(+�?) = +�2 ⊗ +�? + +�� ⊗+�> + +�> ⊗ +�� + +�? ⊗ +�2; 
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Δ	(+2@) = (+22 − +�2) ⊗ (+2@ − +�@) + (+2� − +��) ⊗ (+2> − +�>) + (+2> − +�>) ⊗ (+2� − +��) + (+2@ − +�@) ⊗ (+22 −
+�2) + (+�2 − +�2) ⊗ (+�@ − +�@) + (+�� − +��) ⊗ (+�> − +�>) + (+�> − +�>) ⊗ (+�� − +��) + (+�@ − +�@) ⊗ (+�2 −

+�2) + +�2 ⊗+�@ + +�� ⊗+�> + +�> ⊗ +�� + +�@ ⊗+�2; 

Δ	(+�@) = (+�2 − +�2) ⊗ (+�@ − +�@) + (+�� − +��) ⊗ (+�> − +�>) + (+�> − +�>) ⊗ (+�� − +��) + (+�@ − +�@) ⊗ (+�2 −
+�2) + +�2 ⊗+�@ + +�� ⊗+�> + +�> ⊗ +�� + +�@ ⊗+�2; 

Δ	(+�@) = +�2 ⊗ +�@ + +�� ⊗+�> + +�> ⊗ +�� + +�@ ⊗ +�2; 

Δ	(+2A) = (+22 − +�2) ⊗ (+2A − +�A) + (+2� − +��) ⊗ (+2@ − +�@) + (+2� − +��) ⊗ (+2? − +�?) + (+2= − +�=) ⊗ (+2> −
+�>) + (+2> − +�>) ⊗ (+2= − +�=) + (+2? − +�?) ⊗ (+2� − +��) + (+2@ − +�@) ⊗ (+2� − +��) + (+2A − +�A) ⊗ (+22 −
+�2) + (+�2 − +�2) ⊗ (+�A − +�A) + (+�� − +��) ⊗ (+�@ − +�@) + (+�� − +��) ⊗ (+�? − +�?) + (+�= − +�=) ⊗ (+�> −
+�>) + (+�> − +�>) ⊗ (+�= − +�=) + (+�? − +�?) ⊗ (+�� − +��) + (+�@ − +�@) ⊗ (+�� − +��) + (+�A − +�A) ⊗ (+�2 −

+�2) + +�2 ⊗+�A + +�� ⊗+�@ + +�� ⊗ +�? + +�= ⊗+�> + +�> ⊗+�= + +�? ⊗ +�� + +�@ ⊗+�� + +�A ⊗+�2; 

Δ	(+�A) = (+�2 − +�2) ⊗ (+�A − +�A) + (+�� − +��) ⊗ (+�@ − +�@) + (+�� − +��) ⊗ (+�? − +�?) + (+�= − +�=) ⊗ (+�> −
+�>) + (+�> − +�>) ⊗ (+�= − +�=) + (+�? − +�?) ⊗ (+�� − +��) + (+�@ − +�@) ⊗ (+�� − +��) + (+�A − +�A) ⊗ (+�2 −

+�2) + +�2 ⊗+�A + +�� ⊗+�@ + +�� ⊗ +�? + +�= ⊗+�> + +�> ⊗+�= + +�? ⊗ +�� + +�@ ⊗+�� + +�A ⊗+�2; 

Δ	(+�A) = +�2 ⊗ +�A + +�� ⊗+�@ + +�� ⊗ +�? + +�= ⊗ +�> + +�> ⊗+�= + +�? ⊗ +�� + +�@ ⊗+�� + +�A ⊗+�2; 

�	(+22) = 3, �	(+�2) = 3, �	(+�2) = 1, �	(+,-) = 0 (for . ≥ 1); 

(4) P	(+2A) = 2, P	(+�A) = 1, P	(+�A) = �
� , P	(+,-) = 0 (for . ≤ 6); 

(5) � = ��L ,		 
The (J′, 	, 
, Δ, �, P, �) is a GWBF-algebra. Let M′ be the subspace generated by +22, +�2, +�2, +2�, +��, +��, +2>,

+�>, +�>, +2@, +�@ and +�@. It is a subalgebra and subcoalgebra of J′.  

Define N ∈ M∗ by 

N	(+2@) = 2, N	(+�@) = 1, N	(+�@) = �
� , N	(+,-) = 0 (for . = 0, 2, 4),  

Then (M′, N, �|OQ) is a GWBF-subalgebra of J′. 
3.4. The 40-Dimensional GWBF Algebra 

Define R as the 40-dimensional associative algebra generated by a set {+,-|� = 0, 1, 2, 3, 4, . = 0, 1, ⋯ , 7} with the 

following relations: 

(1) +22 is the unit; 

(2) +,-+24 = +24+,- = +,6 , +,-+�4 = +�4+,- = +,6 , +�-+�4 = +�6 , +�-+=4 = −+>6 , +=-+�4 = +>6 , +�-+>4 = −+=6 ,
+>-+�4 = +=6 , +=-+=4 = +26 , +=-+>4 = +>4+=- = +26 , +>-+>4 = +26 ,		where 9 = (. + �)  mod8  for � = 0, 1, 2, 3, 4  and 

., � = 0, 1, ⋯ , 7. 

(3) The coproduct and counit on ) are given by: 

Δ	(+22) = (+22 − +�2) ⊗ (+22 − +�2) + +�2 ⊗ +�2; 

Δ	(+�2) = +�2 ⊗+�2; 

Δ	(+�2) = +�2 ⊗ +�2; 

Δ	(+=2) = +�2 ⊗ +=2 + +=2 ⊗+�2; 

Δ	(+>2) = +�2 ⊗ +>2 + +>2 ⊗+�2; 

Δ	(+2�) = (+22 − +�2) ⊗ (+2� − +��) + +�2 ⊗ +�� + (+2� − +��) ⊗ (+22 − +�2) + +�� ⊗+�2; 

Δ	(+��) = +�2 ⊗+�� + +�� ⊗ +�2; 

Δ	(+��) = +�2 ⊗ +�� + +�� ⊗+�2; 

Δ	(+=�) = +�2 ⊗ +=� + +�� ⊗+=2 + +=2 ⊗ +�� + +=� ⊗+�2; 

Δ	(+>�) = +�2 ⊗ +>� + +>2 ⊗+�� + +�� ⊗ +>2 + +>� ⊗+�2; 

Δ	(+2�) = (+22 − +�2) ⊗ (+2� − +��) + +�2 ⊗ +�� + (+2� − +��) ⊗ (+22 − +�2) + +�� ⊗+�2; 
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Δ	(+��) = +�2 ⊗+�� + +�� ⊗ +�2; 

Δ	(+��) = +�2 ⊗ +�� + +�� ⊗+�2; 

Δ	(+=�) = +�2 ⊗ +=� + +=2 ⊗+�� + +�� ⊗ +=2 + +=� ⊗+�2; 

Δ	(+>�) = +�2 ⊗ +>� + +>2 ⊗+�� + +�� ⊗ +>2 + +>� ⊗+�2; 

Δ	(+2=) = (+22 − +�2) ⊗ (+2= − +�=) + +�2 ⊗ +�= + (+2� − +��) ⊗ (+2� − +��) + +�� ⊗+�� + (+2� − +��) ⊗ (+2� −
+��) + +�� ⊗+�� + (+2= − +�=) ⊗ (+22 − +�2) + +�= ⊗ +�2; 

Δ	(+�=) = +�2 ⊗+�= + +�� ⊗ +�� + +�� ⊗+�� + +�= ⊗+�2; 

Δ	(+�=) = +�2 ⊗ +�= + +�� ⊗+�� + +�� ⊗ +�� + +�= ⊗ +�2; 

Δ	(+==) = +�2 ⊗ +== + +=2 ⊗+�= + +�� ⊗ +=� + +=� ⊗+�� + +�� ⊗ +=� + +=� ⊗ +�� + +�= ⊗+=2 + +== ⊗ +�2; 

Δ	(+>=) = +�2 ⊗ +>= + +>2 ⊗+�= + +�� ⊗ +>� + +>� ⊗+�� + +�� ⊗ +>� + +>� ⊗+�� + +�= ⊗ +>2 + +>= ⊗ +�2; 

Δ	(+2>) = (+22 − +�2) ⊗ (+2> − +�>) + +�2 ⊗ +�> + (+2> − +�>) ⊗ (+22 − +�2) + +�> ⊗+�2; 

Δ	(+�>) = +�2 ⊗+�> + +�> ⊗ +�2; 

Δ	(+�>) = +�2 ⊗ +�> + +�> ⊗+�2; 

Δ	(+=>) = +�2 ⊗ +=> + +=2 ⊗+�> + +�> ⊗ +=2 + +=> ⊗+�2; 

Δ	(+>>) = +�2 ⊗ +>> + +>2 ⊗+�> + +�> ⊗ +>2 + +>> ⊗+�2; 

Δ	(+2?) = (+22 − +�2) ⊗ (+2? − +�?) + +�2 ⊗ +�? + (+2� − +��) ⊗ (+2> − +�>) + +�� ⊗+�> + (+2> − +�>) ⊗ (+2� −
+��) + +�> ⊗+�� + (+2? − +�?) ⊗ (+22 − +�2) + +�? ⊗ +�2; 

Δ	(+�?) = +�2 ⊗+�? + +�� ⊗ +�> + +�> ⊗+�� + +�? ⊗+�2; 

Δ	(+�?) = +�2 ⊗ +�? + +�� ⊗+�> + +�> ⊗ +�� + +�? ⊗ +�2; 

Δ	(+=?) = +�2 ⊗ +=? + +=2 ⊗+�? + +�� ⊗ +=> + +=� ⊗+�> + +�> ⊗ +=� + +=> ⊗ +�� + +�? ⊗+=2 + +=? ⊗ +�2; 

Δ	(+>?) = +�2 ⊗ +>? + +>2 ⊗+�? + +�� ⊗ +>> + +>� ⊗+�> + +�> ⊗ +>� + +>> ⊗+�� + +�? ⊗ +>2 + +>? ⊗ +�2; 

Δ	(+2@) = (+22 − +�2) ⊗ (+2@ − +�@) + +�2 ⊗ +�@ + (+2� − +��) ⊗ (+2> − +�>) + +�� ⊗+�> + (+2> − +�>) ⊗ (+2� −
+��) + +�> ⊗+�� + (+2@ − +�@) ⊗ (+22 − +�2) + +�@ ⊗ +�2; 

Δ	(+�@) = +�2 ⊗+�@ + +�� ⊗ +�> + +�> ⊗+�� + +�@ ⊗+�2; 

Δ	(+�@) = +�2 ⊗ +�@ + +�� ⊗+�> + +�> ⊗ +�� + +�@ ⊗ +�2; 

Δ	(+=@) = +�2 ⊗ +=@ + +=2 ⊗+�@ + +�� ⊗ +=> + +=� ⊗+�> + +�> ⊗ +=� + +=> ⊗ +�� + +�@ ⊗+=2 + +=@ ⊗ +�2; 

Δ	(+>@) = +�2 ⊗ +>@ + +>2 ⊗+�@ + +�� ⊗ +>> + +>� ⊗+�> + +�> ⊗ +>� + +>> ⊗+�� + +�@ ⊗ +>2 + +>@ ⊗ +�2; 

Δ	(+2A) = (+22 − +�2) ⊗ (+2A − +�A) + +�2 ⊗ +�A + (+2� − +��) ⊗ (+2@ − +�@) + +�� ⊗+�@ + (+2� − +��) ⊗ (+2? −
+�?) + +�� ⊗+�? + (+2= − +�=) ⊗ (+2> − +�>) + +�= ⊗ +�> + (+2> − +�>) ⊗ (+2= − +�=) + +�> ⊗+�= + (+2? − +�?) ⊗

(+2� − +��) + +�? ⊗+�� + (+2@ − +�@) ⊗ (+2� − +��) + +�@ ⊗ +�� + (+2A − +�A) ⊗ (+22 − +�2) + +�A ⊗ +�2; 

Δ	(+�A) = +�2 ⊗+�A + +�� ⊗ +�@ + +�� ⊗+�? + +�= ⊗+�> + +�> ⊗ +�= + +�? ⊗+�� + +�@ ⊗+�� + +�A ⊗ +�2; 

Δ	(+�A) = +�2 ⊗ +�A + +�� ⊗+�@ + +�� ⊗ +�? + +�= ⊗ +�> + +�> ⊗+�= + +�? ⊗ +�� + +�@ ⊗+�� + +�A ⊗+�2; 

Δ	(+=A) = +�2 ⊗ +=A + +=2 ⊗+�A + +�� ⊗ +=@ + +=� ⊗+�@ + +�� ⊗ +=? + +=� ⊗ +�? + +�= ⊗+=> + +== ⊗ +�> +
+�> ⊗+== + +=> ⊗+�= + +�? ⊗ +=� + +=? ⊗+�� + +�@ ⊗ +=� + +=@ ⊗+�� + +�A ⊗ +=2 + +=A ⊗+�2; 

Δ	(+>A) = +�2 ⊗ +>A + +>2 ⊗+�A + +�� ⊗ +>@ + +>� ⊗+�@ + +�� ⊗ +>? + +>� ⊗+�? + +�= ⊗ +>> + +>= ⊗ +�> +
+�> ⊗+>= + +>> ⊗ +�= + +�? ⊗+>� + +>? ⊗+�� + +�@ ⊗ +>� + +>@ ⊗+�� + +�A ⊗ +>2 + +>A ⊗+�2; 

�	(+22) = 2,			�	(+�2) = 1, �	(+�2) = 1,			�	(+,-) = 0 (for � = 3, 4 or . ≥ 1); 

(4) S	(+2A) = 1,			S	(+=A) = 1,			S	(+,-) = 0 (for � ≠ 0, 3 or . ≤ 6); 
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(5) � � ��T . 

Then �R,				,			
,			Δ, �, S, �) is a GWBF-algebra. Let U 

be the subspace generated by +,2, +,�, +,>, +,@  for � = 0,
1, 2, 3, 4. It is a subalgebra and subcoalgebra of R. Define 

V ∈ U∗  by V(+2@) = 1, V(+=@) = 1, V(+,-) = 0  (for 

� ≠ 0, 3  or . = 0, 2, 4 ). Then (U, V, �|W)  is a 

GWBF-subalgebra of R. 

4. Conclusion 

Poposition 4.1 Let � and $ be two GWBF-algebras. Then 

the tensor product of � and $ is also a GWBF-algebra. 

Proof Deine the antipode as follows 

�X⊗Y = �X ⊗�Y,		 
And the integral as follows 

�X⊗Y = �X ⊗�Y,		 
It is obviously that (� ⊗ K, SX⊗Y, �X⊗Y)  is a 

GWBF-algebra under the tensor product algebra structure and 

tensor coproduct coalgebra structure. 

Poposition 4.2 Let �  be a weak Hopf algebra , $  be a 

biFrobenius-algebra. Then the tensor product of � and $ is 

a GWBF-algebra. 

Proof The antipode is given by 

�X⊗Y = �X ⊗�Y,		 
And the integral is 

�X⊗Y = �X ⊗�Y,		 
Where �X is an integral of �. 

Poposition 4.3 The GWBF-algebra )  introduced in 

Example 3.1 is a GWBF-subalgebra of J in Example 3.2. 

Proof Obviously )  is the 16-dimensional 

GWBF-subalgebra of B  in Example 3.2 generated by 

{+,-|� = 0, 1, . = 0, 1, ⋯ , 7}. 
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