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Abstract: In this paper, we present several explicit and hybrid strong convergence algorithms for solving the multiple-sets split
feasibility problem (MSSFP). Firstly, we modify the existing successive, parallel and cyclic algorithms with the hybrid steepest
descent method; then two new hybrid formulas based on the Mann type method are presented; Two general hybrid algorithms
which can cover the former ones are further proposed. Strong convergence properties are investigated, and numerical

experiments shows the compromise is promising.
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1. Introduction

Let H be a real Hilbert space and C be a nonempty
closed convex subset of H . The variational inequalities is to

find x"OC such that
(Fx"x=x"}20, forall xOC, (1)

where F is k -Lipschitz and /77 -strongly monotone

mapping on H. Since Yamada [1] introduced a hybrid
steepest descent method for solving the variational inequalites
(1), some improved and extended work have been done by Xu
and Kim [2], Zeng [3], Liu and Cai [4] and Iemtoo and
Takahashi [5]. Recently, Buong and Duong [6] introduced a
new hybrid steepest descent algorithm based on the Krasnosel’
ski-Mann iteration, afterward, Zhou and Wang [7] improved it
and proposed a simpler one. Kim and Buong [8] also
introduced another formula.

Remark that when there is C :ﬂt_:lCl- in (1), and

C;,C,,...,C, are t closed convex subsets of H such that

m;lCl- #Z0, we can apply the hybrid method to improve

some algorithms of the multi-sets split feasibility problem
(MSSFP) [9], which is formulated as

t
finding a point x 0C:= ﬂC,-
i=1

. 2
such that Ax1Q = ﬂQj
j=1

where . ;> are integers, ¢,GC,,...,C, and Q,,0,,...,0.,
are closed convex subsets of H; and H,, respectively.
A:H; - H, isabounded linear operator.

We just to consider the core iterative formula with fixed
stepsize in this paper. Some algorithms have been invented to
solve MSSFP (2), see [9, 10, 11, 12]. In [10], Xu proposed
three weak convergence algorithms i.e., the successive,
parallel and cyclic iteration methods to solve a simpler
minimization problem in Hilbert spaces. In [13], Xu proposed
a strong convergence algorithm for the cyclic type, Guo and
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Yu [14] presented strong convergence of the others. Then, He
and Liu [15] presented some variable Krasnosel’ ski-Mann
(KM) iteration algorithms, which converge weakly to a
common fixed point. Deng and Chen [16] have applied the
hybrid method to solve MSSFP, but their algorithms are either
implicit ones or successive type.

However, for some piratical problems, the strong
convergence algorithms in [13] and [14] sometimes may not
have better iterative results than the weak convergence ones in
[10, 15, 21, 22]. Therefore, in order to obtain strong
convergence and more effective iteration formulas, we
propose several explicit and hybrid strong convergence
algorithms to solve MSSFP (2), it is also a combination with
applying the hybrid steepest descent methods of solving (1).

The paper is organized as follows. In Section 2, we review
some facts and summarize useful results. In Section 3, several
explicit and hybrid algorithms are presented orderly, strong
convergences are also analyzed. Some numerical results are
compared in Section 4 and Section 5 concludes and leads
some further discussions.

2. Preliminaries

If the solution of MSSFP (2) I = CﬂA_l(Q) # 0, then

the MSSFP is equivalent to the minimization problem

r

1 2
ot~ 158 |, ac-af
ming(x) = = oA A

I<j<r r -
where ,8] >0 for each , and Zj:lﬂj =1. The

gradient of 7 is

Og(x) = Zﬁ (1 PQ) @)

It is easy to see that (g

L=[A] Y. B and (1/L)-ism.

Lemma 2.1 [10] Assume that the MSSFP (2) is consistent.
Let T,:=F.(I-Yq), i=1,2,....,t , where 0<y<2/L.

is L -Lipschitzian with

Then the mapping U =T,...1, is averaged, the convex

t
combination S::Z, la’ﬂ} is averaged, where a; >0,
=

t
a;, =1;

i=1

Iy =1,

mod: 1S also averaged, where the

mod function takes values {1,2,...,t}.

Lemma 2.2 [10, 13, 14, 15] Denote a averaged operator T
be U, S or Tj,.,, which are defined in Lemma 2.1. For

any initial points x,,y, and z, in H, nz0, the

sequences {xn}, {yn} and {Z”} are generated by

Xn+1 :Txn’ (5)

Vorr = (1=a,) Iy, (6)
and

+1:(1_bn)zn+bnTZn’ (7)

where {an} and {b

n} are real sequeces in (0,1) satisfying

the conditions in [13], [14] and [15], respectively. Then {xn}
and {z”} converge weakly to a solution of MSSFP (2), when
the MSSFP (2) is consistent; { yn} converges strongly to the

minimum-norm solution of MSSFP (2).
Definition 2.1 Let averaged operators U, § and T},

f:H - H be a
(d-a)x +a,x, ,

are defined as in Lemma 2.1, let

combination that f (xl,xz) nz0,
where a, [1[0,1]. We set the mappings X := Uf(S,T[,M]),

Y= Sf(U,T[nH]) and Z:= T[Ml]f(U,S) be averaged

operators, then let B:H — H be a averaged operator that
B=a,X+bY+c,Z, nz20, where a,, b, and c, are
sequencesin R,and a, +b, +c, =1.

Lemma 2.3 [1] Let F:H — H be a k -Lipschitz
continuous and /7 -strongly monotone mapping. For each

A0(0,1) and afixed p0(0,27/k), write
T = (I - A\uF)

and

- ll—y(zq—ykz) IR

Then we have
HTﬁx—Tﬂy“S(1—/1T)||x—y||, (8)

forall x,y0H, T":H - H isa contractionon H .

Lemma 2.4 [17] Let C be a nonempty closed convex
subset of real Hilbert space H and let T:C - C be a
nonexpansive mapping. Then /-7 is demiclosed on C,i.e.
if x,~x0C and x,-Tx, - 0, then x="Tx.

Lemma 2.5 [18] Let {xn}, {zn} be bounded sequences in
a Banach space E and let { ,Bn} be a sequence in [0,1]

which satisfies the following condition:

0<lim B,< lim B, <1 Suppose that
a=1-8)x,+B,z, for  all n=0 and

lim (|21 = 2, = [%s1 =%,]]) S O then tim |z, =x, || = 0.

Lemma 2.6 [19] Assume {sn} be a sequence of nonegative
real numbers satisfying  the
s,s <(1-0,)s, +0,0,,

following  relation

where  {£,} 0(0,1)  and
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{U } OR  satisfy the

Zﬂ =5 (ii) n@odnso or Z::l

s, >0 as n - o,

following  conditions: (i)

3. Main Results

In this section, we introduce several hybrid strong
convergence algorithms to solve the multi-sets split feasibility

problem (2). Namely, we want to find a solution x of
variational inequality (1) and MSSFP (2). For the successive,
parallel and cyclic algorithms, we have the following
theorems:

Theorem 3.1 Let H be a real Hilbert space and
F:H - H be a k-Lipschitzian and 1]-strongly monotone
mapping. Denote a averaged operator T, be U, S or
I ,+1), which are defined in Lemma 2.1 respectively. Let

{Ti};:1 be t averaged mappings of H, such that § =
ﬂt_:lFix(Tl-)?fD , take a point ulH, and Ux,0H,, a

sequence {xn}n>0 is generated by the following recursion:

Xp = (I =AMF)T,x,,  n=0, )

where A, 0(0,1) satisfying ( B ) ,f’;”lo/]" =0, and (P)

Zmzo/]” -
yUd(0,2/L) . Then the sequence {xn} defined by (9)

converges strongly a solution of MSSFP (2), and converges in
norm to the unique solution of the variational inequality

i=1,2,...,t

T;:Pcn([_VF) and

<Fx*,x—x*>zo, OxOT. (10)

proof. First, we show that { }1s monotone and bounded.
As T,
pQar, we have

is nonexpansive, from Lemma 2.4 and (9), take

s = 2= = Ao) (1,5, = p) ¥ A, 12|

< (1=A,7)|fv, = pll+ £ ]

< max{ s | 1.

It indicates that {xn} is bounded.

Next, take

1 =]
= ”(1 = AHF)T, (%, =%, ) + (At = A, ) HFT, %, "
(1=, =5yl 1, = A5,

By virtue of(P1 ) and (PZ) and Lemma 2.7, we have

lim |[x, . — X,
-0

=0. (11)
Let u, =T,x,, we observe that

R A

S, =+ Al |

from (£ ) and (11), we get

X, —u 0. (12)

n
n-o

. . . *
Since {x”} is bounded, there is a subsequence x, —x , as
1

i — oo, In general, we may assume that x, — x*, as i —» o,
combining with (12) and Lemma 2.5, we have x, —
x OFix(T,).
From Lemmas 2.1 and 2.2, we know u,—%, as n — o,
and X 0T . Therefore,
lim <Fx*,un
N o0

- =(AfE-aT)20, XOF (3

Finally, we prove that x, — x in norm. We take

«|12
xn+1 - X

:H([-)In/jF)(un —x*)—)ln,qu*Hz

- “([ —An/JF)(un —x*) ‘2 + AL HFX*“Z

_2/ln/,1<(l—/\n,uF)(un —x*),Fx*>

<(1-2,1)

X, —x*”—2/]n,u<un —x*,Fx*>
+ A2 HFx“z +2A27 “Fu - Fx“”Fx

=(1-0,)

where 0, =A,T,

o, <u -Xx Fx>
e o, - ),

It is clear that Z g, = and llmJ <0. Hence, from

n—o

n=n>

X, —Xx “+U o,

Lemma 2.7 we deduce that x, — x as n - o.

Remark 3.1 When F=1 in Theorem 3.1, the
corresponding algorithm (9) will reduce to algorithm (6), and
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converges strongly to the minimum norm solution of MSSFP
2).

Theorem 3.2 Let H Dbe a real Hilbert space and
F:H - H be a k-Lipschitzian and 77-strongly monotone

mapping. Let Q be a nonempty closed and convex subset of

H,and {7}

= ﬂt__lFix(Tl-)?fD . Given a starting point x,Q, the

be ¢ averaged mappings of H, suchthat §
iteration is generated by:

% 0Q,y° =x,,n120,

no

Vi=Tyri=1,2,..1,

t
Xp+1 = PQ [(I_An:uF)[EnZEnH]y;l +(1_€n)zai7;y:1 J]’

i=1

(14)

where @; >0, for all i such that Zleai =1, A, 0(0,1],
g, 0[o,17,

Tk ),

Tomoar =Fc (I-yF) and y0(0,2/L) . Then the

sequence {xn} defined by (14) converges strongly a solution

x of MSSFP (2), and converges in norm to the unique
solution of the variational inequality (10).
proof. We know that Prx is well defined for each xUJH ,

we show that there exists a unique x OF such that

X =P(I-uF)x. (15)

From Lemma 2.4, we know that I-uF:Q - H is
contraction, and hence P (I - UF ):Q -Q is also a

contraction on Q. Then the Banach contraction mapping
principle to deduce (15).

t
Write  u, =£n7En+1]yfl +(1—€n)z_ 10’,-7}-)/; , then for
=
Op0OF and n=0, that

v = || =[ns - 1ip| < |58 - ] = I - £l

and hence

vy = p|=|rvi -1

<

W=
<... (16)
<0 -] =P -pl. i=120m

At this point, we can estimate ||un - p||2, by virtue of
Lemma 2.1, (14) and (16), we have that

2
e =
2

2
=& ]En+1]yrtz _pH +(1_€n)

t
zﬂiﬂyfq -p
=1

2

t

Ten Vi = Y 0T,
i=1

-¢,(1-¢,)

Va~ puz <[, - o[

- +(1-¢,)

<eg,

for all n=0. Therefore, we have

"un —p" < "xn —p", forall n 2 0.

In particular, for x = PS (I -yF ) x O §, we have

"Il <
u, —x || <

X, —x*H, forall n=0.

(17)

the rest of arguments follows exactly as the corresponding part
in Theorem 3.1, we omit its details.

Theorem 3.3 Let H be a real Hilbert space and
F:H - H be a k-Lipschitzian and /7-strongly monotone

mapping. Let Q be a nonempty closed and convex subset of

H, and {Ti}z:1 be ¢ averaged mappings of H, suchthat §

= ﬂt 1Fix(Tl.) #0 . Given a starting point x, 1Q, the
i-
iteration is generated by:
x, 0Q
t
0_
Y, = SHTE”H]X” +(l—€”) a;Tx,,nz0,
i=1 (18)
y}l'z = T[J’j,_lai = 1527"':t7

Xy = Fo I:(I_/]nIUF)y;:I:

where @; >0, for all i such that Ztﬂa" =1, 4,0(0,1],

£, 0[0,1] T, =F. (I-yF) i=1,2,...t

> >

Tnmodt:PCn (I_VF) and yU0O(0,2/L) . Then the

modt
sequence {xn} defined by (18) converges strongly to a

solution x* of MSSFP (2), and converges in norm to the
unique solution of the variational inequality (10).

The proof of Theorem 3.3 is similar with Theorem 3.2, we
also omit it here.

We further introduce two general hybrid strong algorithms.

Theorem 3.4 Let H be a real Hilbert space and
F:H - H be a k-Lipschitzian and 77-strongly monotone

mapping. Let Q be a nonempty closed and convex subset of
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H. Let g:H - H be « -contraction, and 4« [1(0,k). For
given [y, OH, the sequence {xn} is generated by:

X+l :(I_CL)”)X”
t@,Po[Aug(x,)+(1-A,uF)Bx, ], (19
nz0,

where {w,,} and {/1,,} are two sequences in [0,1] ,
satisfying the following conditions: (C;) [lim A, =0, and

oo:lﬂn =0; (C,) 0<lim w,; B isdefined by Definition

n—oo

2.3. Then the sequence {xn} converges strongly to a solution

x of MSSFP (2), and converges in norm to the unique
solution of the variational inequality

<g(x*)—Fx*,x—x*>S0, e Or. (20)

If g=0, the sequence {xn} converges strongly to a

solution of (10).
proof. First, we prove {xn} is bounded, for zOT, from

Definition 2.3, we have
Bx, ~ 2| <|v, -2, forallnz0,
and from (19), that
s =2l
<(1=a,)|x, ~ 2+ @, |4 u(et)-2(2))
+2,1(2(2) = F (2))+ (1 = A,uF ) (B(x,) - 2)|
He@-F ()]

T— UK

p|gz)-F (Z)||}

= (1—a)nAn (T—ﬂ/())"xn _Z"

T— UK

< max {"x,, - z||,
By introduction, for [On =0, we have

H|g(z2)-F(z

I, 2| max{uxo ||M}
UK

Hence, {x,,} is bounded. Consequently, we deduce that

g(x,) is also bounded.
Next, we go on to show that /fim |x,, = x,|= 0.

Set W=2F,—-1, we know that W is nonexpansive.
From Definition 2.3 we know there exists a positive constant
tJ(0,1) such that B=(1-t)[+¢tV , where V is a
nonexpansive mapping. We can rewrite (19) as

w (1+¢ w (1+¢
xn+1=(l— ”(2 )jxn+ "(2 )un, (21)

where
_thx, tz, +Wz,

u ]
T+ 2, = 4,12 (x,) = A, UFBx,,

n

z, = Aug(x,)+(1 =A,uF)Bx, .

Therefore, by the assumption ( C;) and ¢0(0,1), we
deduce that

Q,(+0) _ 7 @1+

0< lim (22)
Then from (4) and Definition 2.3, we have
|21 = 2| < |A0ss = A, |”("g (et )|+ 7Bx, ||)
* A (ke + )01 =, (23)
and
(EAEEA VA |”("g (et )|+ 7B, ||)
+(1+ A, (6 +K)) x40 =, (24)
from (23) and (24) we obtain
A K+ K)
)
# Ay = g (o ) B ) i
A k
s =t~ =5, s AR =
2
+m|/]n+1 _/]n|:u(||g (xn+l )" +||Fan+1||)-
By virtue of assumption ( C;), it is easy to get
Tim (g =t =1 =) <. (25)

In view of (C}) and (25), {un} is also bounded, therefore,
by using (22), (25) and Lemma 2.6, we can obtain

lim ||un - X, " =0.
n—o

Hence,

wn(l"'f)"u
2 n

- x,|=0. (26)

lim ||xn+1 -x, || = lim
n — oo n — 00

Let v, = Bx,, we have
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e =vall s =5l + (1= 0 )y v

+ @, | A pg (x,) = A HFBx,|.
Thus, we have
swLn"xm-xn + Al (x,) - FBx,|.  From
(C,) and (26), we can derive that
lim [lx, = v, || = 0. 27)

Since {x,,} is bounded, there exists a subsequence {xm}
1

of {xn} that X, = x', as i — oo Thus, we may assume that
x,=x as n - . From (27) and Lemma 2.5, we have x,
—x" DFix(B) .

Next, as x, = x DFix(B) , we can deduce that v, —
x O Fix(B). Therefore,

lim <(g—FB)x*,vn —x*>

-0
* (28)
< <(g —FB)x ,)Nc—x*> <0.

Finally, from (19), we have

<12 <2
X, —Xx H +w,|Bx, —x “

X4 —x*”s(l—wn)

e 22 () s |

+2a),1/]n,u<g (xn ) - FBx,,Bx, — x*>

|2 «||12
S(l—a)n) X, X H +w,||Bx, —x “

+ A2 1 ”g (xn ) - FBx, ?

‘g(xn ) —g(x* )H”an -x

2w A, 1

—2w A /j“Fan - FBx' H“ Bx, —x" H
+20 (g (x" )~ FBY By, -

n-n>

o2
xn—xH +0,9,

=(1-0,)
where T, = Z%Anﬂ(k—K),

__AH 2

"L -kK)

<(g—FB)x*,an —x*>.

"g (x,, ) —-FBx,

+

k—-k

From Lemma 2.7, ( ¢; ) and (28), it is clear that

Zw O, = and lim 9, <0. Hence from Lemma 2.7 we
n=

n—o

obtain that “x,7 - x*‘

- 0. The proof is completed.

Similar to Theorem 3.4, another algorithm and its
convergence without proof is immediately obtained.

Theorem 3.5 Let H be a real Hilbert space and
F:H - H be a k-Lipschitzian and /7-strongly monotone

mapping. Let Q be a nonempty closed and convex subset of
H. Let g:H - H be k -contraction and «(0,k). For

given [lx, O H, the sequence {x,,} is generated by:
Xn+1 = (1_0‘)”)xn

+@, Py [ A, pg (x,)+B(I=AuF)x, |,

n=0,

(29)

where {a)} and {An} are two sequences in [0,1] ,

n

satisfying the following conditions: (i) [lim A, =0, and
Zmzl/]n =o0; (ii) 0<lim @,; B is defined by Definition

n— 00
2.3. Then the sequence {xn} converges strongly to the a

solution of MSSFP (2), and converges in norm to the unique
solution of the variational inequality (20). If g =0, sequence

{xn} converges strongly to a solution of (10).

4. Numerical Results

In this section. We chose the algorithms (5), (6), (7), (9) and
(14) to solve a modified test problem in [20], and the
numerical results were compared. For (5), (6) and (7), set
T'=T,uy- Set T, =Tj,,, F=1 in (9) and (14). All the
codes were written in Matlab 2011 and run on a PC with
Pentium (R) dual-core CPU G630 (2.69 GHz).

Example 4.1.

e, =(0,0,...,000RY, ¢ =(1,1,...,)ORY

Denote and

— M
&= (L DURT e MSSFP with 4=(q,)  and

J I mxN
a; 1(0,1) generated randomly.

C ={xORY ||x-a]<r}. i=1.2...5

Qj :{yDRM |k_/ Syglj}’ j=12,..,r.

where d; is the center of the ball Ci , ¢ =d; <10¢ , and

7 1(40.50) is the radius, 4, and i are generated randomly.

k; and [, are boundary of the box QO;, and are also
generated 20¢ <k; <30¢, and

40e, <1, <80e, .

randomly, satisfying

For each algorithm, set B, =1/7, j=1,2,....r and
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1 n
=195/L . =—— | b =—— i
|4 Set a, p—y in (6), b, p—y in (7),

1 1
A, = , #=0.1, £, ,=0.5 and a;, =- in(9)and (14).
n+10 t

The stop rule is p(x) < 107" with initial point X = ¢, . The

numerical results are listed in table 1, where 7 is the number

of iterations and § is the CPU time in seconds, respectively.
We see that though algorithm (6) is strong convergence, it
usually takes great time. (5) and (7) can get less time by
appropriate constant sequence choice, but it is weak
convergence. However, (9) and (14) can split the difference.

Table 1. Result comparison of the chose algorithms.

MxN Algorithms Time 20x20 30x20 40%50 50x50 60x70
®) n 702 6478 4032 6627 10185
s 0.2098 2.0816 1.8030 3.3260 8.1348
(6) n 94224 111260 139593 174122 143721
=30 s 26.8063 35.9333 63.0368 86.1091 114.3822
@) n 735 7312 3599 6201 10717
=40 s 0.2116 2.4229 1.6338 3.1217 8.5977
©)] n 33 14585 15208 18370 18291
s 0.0139 4.6702 6.7923 9.2566 14.7097
(14) n 5 475 623 633 613
s 0.0739 5.9771 12.6471 13.5881 23.5791

5. Conclusions

This paper presented several strong convergence algorithms
with the hybrid steep descent method for solving MSSFP. The
algorithms can obatin more effective iterative results than the
strong covergence ones before. However, the main drawback
of the proposed algorithms is that more complex iteration
formulas bring large computational complexity. In order to
have less running time and iteration steps, we may continue to
choose appropriate variable parameters in the hybrid steepest
descent method and use variable or adaptive stepsize in the
MSSFP algorithms.
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