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Abstract: Rotatable designs are mainly for the exploration of response surfaces. These designs provide the preferred
property of constant prediction variance at all points that are equidistant from the design center, thus improving the quality of
the prediction. Initially, they were constructed through geometrical configurations and several second order designs were
obtained. Full Factorial Design of Experiment provides the most response information about factor main effects and
interactions, the process model’s coefficients for all factors and interactions, and when validated, allows process to be
optimized. On the other hand, mixture designs are a special case of response surface designs where prediction and optimization
are the main goals. These designs usually predict all possible formulations of the ingredients however, little or no research has
been done incorporating rotatability with the mixture designs. This paper therefore aims at constructing Rotatable Simplex
Designs (RSDs) using the properties of Simplex - Lattice Designs (SLDs) in connection with Full Factorial Designs (FFDs).

Keywords: Response Surface Designs, Second-Order Rotatable Designs (SORD), Mixture Designs, Moment Matrices,

Central Composite Designs

1. Introduction

A response surface design is an experimental field in
which treatments are various combinations of different levels
of the factors that are quantitative. Here the main objective of
the experimenter is usually to estimate the absolute response
or the parameters of a model providing the relationship
between the response and the factors. In many experimental
situations this relationship is a functional one say Y =
f(ty, ty, ..., ty) + e where Y is the response, ty, t, ..., ty are k
factors and e is the random error term.

A k — simplex is a generalization of the notion of a k —
dimensional polytope which is the convex hull of its k +
1 vertices. Simplex Designs are used to study the effects of
mixture components on the response variable. There are
standard mixture designs for fitting standard models such as
Simplex — Lattice Designs and Simplex — Centroid Designs

In this paper, the properties of Simplex Lattice Designs, in
connection with Full Factorial Designs have been used to
construct Second Order Rotatable Simplex Design with any
number of factors.

2. Second Order Rotatable Designs

Box and Hunter (1957) introduced rotatability as a natural
and highly desirable property in response surface
methodology for the exploration of response surfaces. They
constructed these designs through geometrical configurations
and obtained second order rotatable designs (SORD). Das
and Narasimham (1962) constructed second order rotatable
designs (SORD) through balanced incomplete block designs
(BIBD). Tyagi (1964) constructed SORD using pairwise
balanced designs (PBD). Panda and Das (1994) studied first
order rotatable designs with correlated errors. Das (1997,
1999) introduced robust second order rotatable designs
(RSORD). Rajyalakshmi and Victorbabu (2011) constructed
robust rotatable central composite designs (RRCCD) for
factors 2 < v < 17. Victorbabu and Rajyalakshmi (2012) gave
a new method of construction of robust second order
rotatable designs using BIBD.

Victorbabu and Rajyalakshmi (2012) studied robust slope
rotatable central composite designs (RSRCCD) for the
factors 2 < v < 8. Further, Victorbabu and Rajyalakshmi
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(2012) studied robust slope rotatable designs (RSOSRD)
using BIBD for the factors 3 <v < 8.

Rajyalakshmi and Victorbabu (2014) suggested an
empirical study of second order rotatable designs under
tridiagonal correlation structure of errors using central
composite designs.

3. Conditions for Second — Order
Rotatability

Rotatable designs provide the preferred property of
constant prediction variance at all points that are equidistant
from the design center, thus improving the quality of the
prediction.

Let there be variables each at S levels. If a design be
formed with N of the SV treatment combinations, it can be
written as the following N X V matrix which we shall call the
design matrix

t11 t21 31 ty1
ti2 l22 32 ty2
tiv v Gy Gun

A variate t; has been associated with the i*" factor to
denote its level. The treatment combinations will hereafter be
called points of the design. According to Box and Hunter
(1957), a design of the above form will be a rotatable design
of order d if a response polynomial surface

Yu = ﬁou + Ziu Biutiu + Ziu Biiutizu + Ziusju Bijutiutju + Ziusjusku ﬁijkutiutjutku + oty (1)

of order d of the response y as obtained from the treatments on the variates t;,i = 1, 2,-:-, k, with some suitable origin and

scale, can be so fitted that the variance function

Var(9) = t;(T'T)"'ts0? 2

is a function of only 1,2 = t#, + t3, + -+ + t%, i.e. the variance of 9, is a function of only the distance of t from the origin not

of the direction.

When the response surface is of the second degree (i.e. d = 2), such constancy of variance is possible if the design points

are selected to satisfy the following relations

Z tiy = O,Z ity = O,Z it = O,Z 3, = O,Z tiutiy = O,Z tutjutin = O,Z bty = O,Z ttjutiuty, =0 fori #j#k #1.

Z tZ, = constant = N1, and Z ti, = constant = 3NA, for all i

z thth = constant for all i # j

Yth, =3Xthth foralli #j 3)

where the summation in the above relations is over the design
pointsu =1,2,...,N.

4. Moment Matrix

The moment matrix

M(T) = 5, wif ()F(8) = [ fFOF@)AT  (4)

reflects the statistical properties of a design T.

5. Simplex Designs

A mixture experiment involves the study of performance
of various mixtures formed by mixing two or more
components called factors. The special nature of the factors
necessitates specific regression models and specific types of
experimental designs. Let t; represent the proportion of it"
factor in a mixture. Then the key feature of these factors is:

0<ty,<1i=12 ..k

and

le ti =1 Q)

Simplex designs are used to study the effects of mixture
components on the response variable. A k — simplex is a
generalization of the notion of a k — dimensional polytope
which is the convex hull of its k + 1 vertices.

Scheffe (1958, 1963) introduced Simplex Lattice Designs
and Simplex Centroid Designs for estimation of the
parameters in the mean response function.

The “standard” mixture designs suggested ensure:

(1) full column rank condition;

(2) general structure for the information matrix for routine

computation of the variance and covariance of the
estimates of the model parameters.

6. Rotatable Simplex Design

This design was constructed in connection with the Full
Factorial design. Construction was done for two and three
factors, followed by a generalization to k factors.

Equation [5] from the SLD was used to generate the
original design points for the RSD. The levels of the SLD
were increased by taking all the combination levels of the
original points from the SLD to conform to equation [3a] for
rotatability. These points were then augmented with all the
combination levels of the distance from the centre point (a).
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Equation [3d] was then solved to attain rotatability.
6.1. Rotatable Simplex Design (RSD) {k, 2}

A RSD design for k factors involves all possible
formulations of {k, 2}, i.e the k individual factor proportions
belonging to the set + {0,%, 1}, augmented with the 2 Full
Factorial Design points of the distance from the centre.

6.2. RSD {2,2}

Otieno-Roche Emily ef al.: Construction of Second Order Rotatable Simplex Designs

At the ut" observation. (u = 1,2, ..., N = 12)

The value of a is determined such that the rotatability,
relation in [3d] is satisfied. Therefore using [Table 1] in
[3d], the following relation is obtained

4 4

1 1
2+4<§) + 4a4=12<5) + 12a*

This then gives:

1

The design points which constitute a 2™ order RSD are a4 = [ 3 ]Z 6)
given by {2,2} U +a as shown below: 16
Table 1. Design points for RSD{2, 2}. Following [1], the model used was
ty, 1 -1 .0 0 ¥ -% -% % a —-a a -—a
t,, 0 O 1 -1 % % Y2 % a a —a -—a
yu = ﬁoutou + ﬁlutlu + .BZutZu + ﬁllutlzu + :322ut22u + .BIZutlutZu + gu
for the ut" observation, (u = 1,2, ..., N = 12).
Hence from [Table 1], the design matrix T is arranged as:
Table 2. Design matrix T for {2,2} RSD.
t, 1 -1 0 0 0 0 11 1 ot 1 Loy 0 0 0
% 12 21 % 2 2 2 2 1 1 1 1
t,y O 0 1 -1 0 0 - - = —— 0 0 0 0 - = - _=
2 2 2 2 1 1 1 1 % 12 21 %
tau 0 0 0 0 1 =il 0 0 0 0 - - _= - = - _- _-
2 2 2 2 2 2 2
tou tfu tzzu tiy Loy gty
1 1 0 1 0 0 T
1 1 0 -1 0 0
1 0 1 0 1 0
1 0 1 0o -1 0
1 1 1 1 1 1
4 4 2 2 4
1 1 1 1 1 1
T = 4 4 2 2 4
1 1 1 1 1 1
4 4 2 2 4
1 1 1 1 1 1
4 4 2 4
1 a? a*> a a a?
1 a*> a*> —-a a -ad?
1 a2 a> a -a -ad?
11 a2 a? —-a —-a a?-
Now using [Table 2] in [4], the moment matrix is given as:
[ 12 (3 +4a*)1, 0 0
2 9 4 1 4 ’ '
B+4a)1; 3+ 4af) L+ G+ 4a*) (eses + ezel) 0 0 |
2 4 4 (7)
12 0 0 (3 + 4a?)I, 0
[ 0 0 0 T+ 4a4J

Where a is as given in [6]

6.3. RSD {3,2}

Similarly, a 2™ order {3, 2} RSD gives all the possible formulations as:
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Table 3. Design points for RSD {3,2}.

tiy —a —-a —-a —a a a a a
toy —a —-a a a —-a —-a a a
ta, —a a —a a —a a —a a

At the ut® observation. (u = 1,2, ..., N = 26)
The choice of the design points in [Table 3] to satisfy the rotatability relation in [3d] yields:

1\* 1\*
2 +8(—) + 8a* =12 (—) + 24q*
2 2
This then gives:
1
7
o= [f ©

Following [1], the model used was

Yu = ﬁoutou + ﬁlutlu + BZutZu + B3ut3u + ﬁllutlzu + BZZutZZu + B33ut§u + BlZutlutZu + Bl3ut1ut3u + Bz3ut2ut3u + )

for the ut" observation, (u = 1,2, ..., N = 26)
The design matrix T was then arranged as: (APPENDIX I), and the corresponding moment matrix for the design matrix as in
[4] is:

[ 26 (4 +8a*)1; 0 1
i| (4+8a2)1; I+ G + 8a4)]3) 0 0 | o
26 0 0 (4 + 8a?)l, 0 |

| o 0 0 (5+8a*) 1)

Where a is as defined in [8].

6.4. General RSD {k, 2}
The above findings were generalized for a {k, 2} RSD, and the rotatability conditions too considered obtaining;

1
k(k—-1)+1]a
a === (10
From [7] and [9] above, the generalized moment matrix for a {k, 2} Rotatable Simplex Design is given as:
M, 0 O
M:%(O M, 0) (11)
0 0 M,
Where
N b1,
M = (bl2 cl, + d(eje; + eze{))' M, = Dbl and M = dl—k(kz_l)
In which
22+ (k-1 1
N = Z(kk‘1 +4), b=(k+1)+ 2ka%, ¢ =%+ 2Ka%tand d =Z+ 2kat

When experimentation is expensive, difficult or time
consuming, rotatable designs seem more appropriate in
practice. One of the aims of design of experiment in general
is to extract as much as possible information from a limited
set of experimental study.

The newly suggested second order rotatable simplex
design may add to the list of designs that seek to address the
highlighted areas, and are very efficient in providing much
information on experiment variable effects and overall

7. Conclusion

Rotatable designs have been widely studied. In recent years
more emphasis has been placed by the chemical and processing
field for finding regions where there is an improvement in
response instead of finding the optimum response (Myers,
Khuri, and Carter 1989). In practice, the experimenter aims at
obtaining optimal designs with minimum cost.
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experimental error in a minimum number of required runs.

Appendix
I. Design matrix T for {3, 2} RSD
tou tlzu tzzu tagu tiy
r1 1 0 0 1
1 1 0O 0 -1
1 0 1 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 1 0
1 1 1 0 1
4 4 2
1 1 1 0 1
4 4 2
1 1 1 0 1
4 4 2
1 1 1 0 1
4 1 2
1 1 0 1 1
4 4 2
1 1 0 1 1
4 4 2
T = 1 1 0 1 1
4 4 2
1 1 0 1 1
4 4 2
1 0 11 0
4 4
1 0 11 0
4 4
1 0 . L 0
4 4
1 0 . L 0
4 4
1 a®> a*® a® -a
1 a®> a*> a® -a
1 a®> a*> a® -a
1 a®> a*> a® -a
1 a®> a* a? a
1 a®> a* a? a
1 a®> a* a? a
11 a®> a? a? a
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tlu tZu tlu t3u tZut3u
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2 4
1 0 L 0
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1 0 L 0
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1 0 L 0
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1 0 0 1
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