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Abstract: Bayesian model or Beta-binomial conjugate using Bayesian sequential estimation method to estimate the pro-

portion of different age groups is compared with the conventional multivariate control chart method. The parameters for the 

techniques were derived and applied. The result shows that the patients between the ages of 15-44 in 2009 and 44-64 and 

64 and above in 2011 are out of control. This implies the Bayesian sequential estimation method is very efficient to notice 

any small shift that occurs among patients that make use of the hospital. Also the bracket mentioned above was very high 

among the people that used the hospital compared to others. The result of 2011shows that there was a high shift in the ages 

of the patients that attended the hospital for the ages between 44-64 and 64 and above respectively. 
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1. Introduction 

Statistical process control (SPC) chart is an important 

tool in the control chart. It can be used to detect changes in 

production processes, assess process stability, and identify 

changes that indicate either improvement or deterioration 

in quality and also to measure increase in performances of 

a particular sector. The momentum is changing as result of 

the adoption of these SPC techniques in the healthcare sys-

tem to aid in process understanding and to measure the 

delivery of the services rendered to the public. Hospitals, in 

particular, are a part of the health care service industry that 

routinely collect data but do not use it to the best advantage. 

Cases treated at times in hospital are both univariate and 

multivariate cases. The Univariate has only one variable or 

sickness at time and the multivariate analysis involves va-

riables that have more than one quality characteristic or 

sicknesses [1]. These quality characteristics are clearly 

correlated and control chart for monitoring the individual 

quality characteristic may not be adequate for detecting 

changes in the overall quality of the product. The system 

experiences some challenges in the application of SPC to 

monitor performance systems which including identifica-

tion of the best statistical model for the common cause 

variability, grouping of data, selection of type of control 

chart, the cost of false alarms and lack of signals, and diffi-

culty in identifying the special causes when a change is 

signaled [2] [3] [4]. Nevertheless, carefully constructed 

control charts are powerful methods to monitor perfor-

mance systems in a hospital. Control charts were intro-

duced by Dr. Shewhart in1920’s and involve two phases. In 

phase I, a set of historical data is analyzed to assess stabili-

ty and identify special causes. If no special causes are 

present, the in-control process parameters are estimated 

and control limits are established. In phase II, the data are 

sequentially collected over time to assess whether the per-

formance has changed from the estimated value [5] [6] [7]. 

The objective of this paper is to used a Bayesian sequential 

estimation control chart to determine a small shift that can 

easily show an out of control signals. Also the phase II 

approach which involves sequential collection of data over 

a period of time is adopted in this research using National 

Orthopaedic data and the result is compared with the con-

ventional Hotellings’ T2. 

2. The Bayesian Sequential Methodolo-

gy 

If a set of observations x1 , x2 , x3 , . . . , xn generates a 

posterior distribution and, in a similar situation, additional 
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data are collected beyond these observations, then the post-

erior distribution found with earlier observations becomes 

the new prior distribution and the additional observations 

give a new posterior distribution and inference can be 

made from the second posterior distribution. This proce-

dure can continue with newer and more observations. That 

is, the second posterior becomes the new prior, and the next 

set of observations give the next posterior from which the 

inference can be made [8]. This is the principle of Bayesian 

sequential methodology that we propose to estimate the 

proportion of counts data obtained from the hospital. 

Based on the Bayesian approach described above, data 

were collected monthly and collated yearly for three years 

(2009, 2010 and 2012) from the hospital records. The pop-

ulation proportion of patients admitted for orthopaedic sur-

gery is denoted by Po while the proportion of patients ad-

mitted for orthopaedic surgery in age group j is Pj (j = 1, 

2, . . ., 5). Xij represents a random outcome of patient i 

examined in age group j. 
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2.1. The Beta-Binomial Model 

The EB model to be applied is a conjugate beta-binomial 

model where the binomial distribution represents the like-

lihood of the observed data likelihood and the beta distri-

bution serves as the prior distribution of the binomial pa-

rameter. The posterior mean is 

∫= jkjkjkjkjk dPYPfPP ),|(
~ η             (1) 

A key component of this integral is ),,|( ηjkjk YPf the 

posterior distribution of which is jkP . Under the general 

Bayesian framework and using the beta conjugate prior 

plus the binomial likelihood, the posterior distribution of 

jkP  is: 
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There is need to estimate the hyperparameters r and s of 

the beta distribution in order to completely specify the prior. 

This can be achieved easily through re-parameterization of 
),|( ηjkPf  and using moment estimation [9]. Letting 
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that where Μ̂  (the scale factor) is large relative to jkn , λ  

is large and 
oP̂  receives a larger weight than

jk

jk

n

Y
. But 

large Μ̂  implies small prior variance. Thus, the estimate 

which is associated with smaller variance receives larger 

weight in determining the posterior mean
EBP

~
. On the oth-

er hand, if Μ̂  is small relative to jkn , the sample mean 

receives more weight. We note that the posterior density for 

the overall age group proportion �
 is obtained by replac-

ing jkY  and jkn  in equation (3) with Y and N, respective-

ly. Under conjugacy, the EB estimator of a proportion 
ijP̂  

is a weighted mean of two estimators, the mean of the prior 

density oP  and the sample proportion estimator
ijP̂ . Thus, 

ijoEB PPP ˆ)1(
~ λλ −+=                       (6) 

EBP
~

 is the empirical Bayes Estimators with λ as the 

shrinkage factor. λ is a function of the prior and sample 

estimator variance such that, if variance of sample estima-

tor is large, the weight of 
oP̂  (i.e. λ  ) will be large and 

EBP
~

 will shrink towards
oP̂  . Two components of the 

above model λ and 
oP̂  are derived from the EB process, 

[10]. 

2.2. Multivariate Hotelling’s T
2
 Control Chart 

Hotelling’s T2 is a very versatile multivariate control 

chart statistic. It can be used not only to identify outliers in 

the historical data set but also to detect process shift using 

new incoming observation. 

In the univariate test of means, the test statistic em-

ployed is Student t given by 
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This test statistic has a Student t distribution with n – 1 

degrees of freedom. When the observed t exceeds a speci-

fied percentage point of the t distribution with n – 1 de-

grees of freedom, Ho is rejected. 

The multivariate analogue of the square of t was pro-

posed by Hotelling’s in 1931, it was proposed for the 2-

sample case as; [11] 
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3. Results 

The results of the application of Beta-Binomial model 

and Bayesian sequential methods to the data of different 

age group patients for the three years (2009, 2010 and 2011) 

are presented in Table 1 and 2 below. The hyperparameters 

µ and M  are estimated using sample information. These 

are subsequently used to determine the parameters of the 

posterior distributions α and β , thereby completely spe-

cifying them. In our analyses, we obtain the yearly results 

for Bayesian Sequential (see Table 1).The result is plotted 

as shown in Figure 1. Comparing the yearly basis estimated 

sample proportions and EB proportions as well as va-

riances of estimated sample proportions and EB propor-

tions. 

Table 1. Comparative Analysis of Estimated Sample Proportions and EB Proportions. 

Year: 2009 2010 2011 

Age group  Pj1 PEB Pj2 PEB Pj3 PEB 

 < 1yr 0.4900332 0.4885043 0.547619 0.5430286 0.4608819 0.470019 

1 - 14yrs 0.4288879 0.4294206 0.52383 0.5215909 0.5281195 0.527877 

15 – 44yrs 0.3881102 0.3887539 0.4268812 0.4263775 0.4754009 0.474256 

45 – 64yrs 0.5764463 0.574785 0.6481088 0.6463872 0.6910533 0.689386 

 > 64yrs 0.5823899 0.5772227 0.6392638 0.6352365 0.7375887 0.727948 

Overall 0.4628868 0.4628868 0.5231361 0.52281 0.5593983 0.559072 
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Figure 1.The control chart for Bayesian Sequential of EB proportion. 

The result shows that the chart for patients between the 

ages of 15-44years (0.389) in 2009 is out of control. This 

implies that among the people that make use of the hospital 

the age bracket 15 – 44 records very high figure compared 

to others. In 2011 the result shows that there is a shift in the 

ages of the patients that attended the hospital from 15-44 

years to 44-64 and 64 and above respectively (see Table 1 

and Figure 1 above respectively). The result shows that this 

new approach is able to identify a small or slight shift that 

may occur among those that attended the hospital. Table 2 

is the estimated values obtained for the covariance’s and 

Table 3 is the variance and covariance values obtained 

from computation of Hotellings. Comparing the results of 

figures 1 and 2, figure 2 cannot identify any slight change 

that occur while the result of the sequential Bayesian anal-

ysis does. Also the values of the variances obtained from 

the sequential Bayesian analysis are better than that of Ho-

tellings. 

Table 2. Comparative Analysis of Variances of Estimated Sample Proportions and EB Proportions. 

Year: 2009 2010 2011 

Age group  Var(Pj1) Var(PEB) Var(Pj2) Age group  Var(Pj1) Var(PEB) 

 < 1yr 0.00042 0.00039 0.00037 0.00034 0.00035 0.00031 

1 - 14yrs 0.00011 0.00011 0.00011 0.00010 0.00011 0.00011 

15 - 44yrs 0.00006 0.00006 0.00006 0.00006 0.00007 0.00007 

45 - 64yrs 0.00010 0.00010 0.00010 0.00009 0.00009 0.00009 

 > 64yrs 0.00031 0.00029 0.00028 0.00027 0.00023 0.00021 

Overall 0.00002 0.00002 0.00002 0.00002 0.00003 0.00002 

Table 3. Computation of variance of Hotellings’ T Square. 

 
under 1yr 1 - 14YRS 15 - 44YRS 45 - 64YRS 65YRS & ABOVE 

under 1yr 72.60635 77.31905 182.14286 152.22063 71.78571 

1 - 14YRS 77.31905 692.25 652.9 291.04048 150.93571 

15 - 44YRS 182.14286 652.9 2473 172.21429 -2.75714 

45 - 64YRS 152.22063 291.04048 172.21429 843.97063 393.19286 

65YRS & ABOVE 71.78571 150.93571 -2.75714 393.19286 264.53571 
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Figure 2. The control chart for Multivariate HotellingsT24. Conclusion. 

This paper has been able to used a Bayesian sequential 

estimation control chart to determine a small shift that can 

easily show an out of control signals. Also the phase II 

approach which involves sequential collection of data over 

a period of time is adopted in this research using National 

Orthopaedic data and the result is compared with the con-

ventional Hotellings’ T
2
. Bayesian sequential estimation of 

proportion is suitable to identify and slight change that 

occurs than the usual or conventional technique. Similarly, 

the overall variances of the proportions tend more to zero 

over the three years under review than that of the variance 

of Hotellings’ T square. Thus, the results show that the EB 

estimators are better estimators on the basis of efficiency 

and consistency properties of good estimators. 
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