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Abstract: In an electron-ion plasma, ions can consider are fixed and electrons moving due to the high mass of ions relative
to electrons. In a piece of metal, free electrons are almost like electrons in a plasma, and ions are stationary. By applying
electric and magnetic fields, the behavior of these electrons can be predicted by studing the two-fluid electron-ion model. This
paper derives a set of two-fluid (electron-ion) plasma equations based on the quantum magnetic hydrodynamic model
(QMHD) for each of the two electron-ion fluids. We consider the electron-ion as two different types of particles and follow a
path for discussion that is different from the usual path and obtain new dispersion equations. We consider the two regimes of
non-spin and spin plasma separately and analyze the propagation of waves that correspond to perturbations in parallel and
perpendicular to the external magnetic field, and obtain their vibrational modes. Then we return to the subject of the metal part
and the ions and set the flow velocity of the ions to zero. Finally, we consider a one-dimensional grid of ions, at any given
length Ly, with one electron impurity as a Fermi polaron. We study its effect on ground state energy. Due to the long-range
nature of the electron-ion interaction, these systems have several properties distinct from their ordinary counterparts such as
the simultaneous presence of several stable. Surprisingly, the residue of electrons is shown to increase with the Fermi density
for fixed interaction strength.

Keywords: Fermi Polaron, Magnetized Two-Fluid Spin Quantum Plasmas, Quantum Hydrodynamic Plasmas,
Spin-Spin Interaction, Spin-Magnetic Field Coupling

quantum hydrodynamic model to see new oscillating modes
in a magnetic quantum plasma [5-7].

This work is organized as follows: In Section 2, we use the
two-fluid plasma equations and their oscillation modes
concerning quantum effects such as Fermi pressure, Bohm

1. Introduction

Magneto-hydrodynamics (MHD) can consider a suitable
formalism for studying magnetized plasma at scales larger
than the ionic inertia length A; = ¢/w; where w; is the ionic

plasma frequency [1-4]. At distances much smaller than A;,,,
we assume, ions are stationary due to their much larger mass
than electrons, and electric currents are entirely the result of
the motion of electrons. At these scales, quantum works are
highlighted. One of these is when the thermal de Broglie

wavelength of the plasma particles Az = 2/,/kgTm is about

the average particle distance L = n51/3, ie, AgzL. A
method for considering the quantum effect is to correct the
classical equations. It is natural to see differences between
the classical and quantum models, for example, using the

pressure, and spin interactions [8-10]. We also get new
dispersion modes by converting from the laboratory to the
center of the mass system. In Section 3, we study free
electrons and ions in a piece of metal. We assume, in the one-
dimensional grid of ions, at any given length £, there is one
electron impurity as a Fermi polaron. We study its effect on
ground state energy by eliminating the degree of freedom of
the impurity and replacing a generalized Hamiltonian of only
ions (impurity removal) with the system's Hamiltonian.
Finally, some conclusions are drawn in Section 4.
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2. QMHD Equations and the Effects of
Spin

We first consider a plasma consisting of two fermionic
fluids whose temperature is below the Fermi temperature.
Then, we consider electron-ion as two different species and
obtain our equations to the evolution of the spin current. We
write the QMHD quantum equations for the two-fluid plasma
of electron-ion located in the external magnetic field B.

2.1. Two-Fluid Plasma Equations

We use the method of many-particle quantum

H={ Iivzl 2my,

Where N, N;, are numbers of electrons and ions
correspondingly, N = N, + N;,, @f** is the external scalar
potential acting on the particle with number i, A; oy is the
external magnetic potential, o; is the Pauli matrixes. Let us
describe the physical meaning of different terms in the
Hamiltonian (3). The first term describes kinetic energy; The
second term is the potential energy of charges in the external
electric field. The third term is the Potential energy due to
magnetic moments' interaction with the external magnetic
field. These three terms are related to the motion of each
particle in the external electromagnetic field. The fourth term
is the spin-spin interaction. The fifth term is the interaction of
the spin-electric-magnetic field correspondingly [15-18].

In a piece of metal, free electrons and ions are almost like
electrons and ions in an electrically neutral degenerate plasma
composed of two species as a two-fluid electron-ion system. We
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hydrodynamics for the two-fluid plasma equations. Let's start
with the one particle and many particle Pauli equation [11, 12],

RO (r) = [ (0 — qm)? + 40| 19 () — 0. By () (1)
iﬁatl/)(rl, e Ny t) = Hl/J(T'l, e Ty t) (2)

U\ ¢ (10 . .
Where y; = (qj_), [= (O 1), Y4 (r) is the one-particle

wave function, P(ry,...,7y,t) is the many-particle wave
function, r; is the coordinates of each particle and N is the
total number of particles in the system. Hamiltonian for
electron- ion plasmas of particles moving with velocities
v L cis[13, 14],

1¢N mwe?h? io
i,j#i [m 0' 0 + Zl 1
e.io

am 2 0' (E XAL ext) (3)
introduce the velocity for each species of particles J, ;o (1, t) =
Ne,io (T) t)Ue 1o (T, ), Where U, is their fluid velocities. In the
following, we consider ions to be protons for simplicity. The
Fermi pressure for each fluid P, , is equal to,

2y2/3 _1 n3/3
nepEFep = (3n?) “

pF,ep me_ ep

where Egep, is the Fermi energy of species e and p, Ege, =
2 2 2/3
om (3mnep)

equation for electrons and protons as,

. At first, we can write the continuity

0Nep + V. (Nepltep) =0 Q)

The basic set of equations that we use for the plasma using
the quantum hydrodynamic model are as follows [19, 20],

Neph? V2 [nep ehne h2ne ep ep
MepNep(0r + Uep. V) Uep + VDep — ﬁ v (ﬁ) =Feng,(E + uep X B) S (sep V)Be,+ P—— v(a g 9,S57) (6)
And, magnetic field, and the third term shows spin interaction with
R non-uniform spin. Now, we convert the two-fluid equations
deSp =+ m_pcsp X By M toa single fluid.
d, S, =— (8) 2.2. Investigation of Spin Wave Propagation and Vibration

Where pg, is the partial scalar pressure and the B, is the
generalized magnetic field,

_ h
By =B+ - V(n,V.Sp) )

h
B, = B~ 5~ V(n.V.5,) (10)

The Maxwell equations for neutral, non-relativistic

systems are,

I7><E=—%atB,\7xB=4”e

T(nPuP - neue) + %atE (11

In Eq. (6), the second and third terms on the left show the
contribution of pressure to the motion of the particles. The
first term on the right represents the Lorentz force; the
second term shows spin interaction with the non-uniform

Modes

Before starting the discussion, we state some definitions,
m=m,+m, , u=m,/m , mu=meu, +myu, and
u = (1 — wu, + pu,. Corresponding to the density of the
electric current | = e(npup - neue), we also introduce the
spin current density § = C (npup - neue), where C = %, we
can conclude,

U, = — _6(171—;4)5

(12)
(13)

_ ¢
u, =u+ £s
n
According to the definition of the mean velocity U and the
total density n, the continuity equation and equations of
motion for each species become,

om+V.(na) =0 (14)
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umdy +20pe — 27 (Z) = —e(E +u, x B) - ;578 +h—;V(aussau55) (15)
(1 = ymdgup + 2 0pp = v () = e(E 4+ up X B) + 55— SPVBY + 2 7(3,509,50)  (16)
And,
de Sp = o Sp X By (17)
d,S, = —Mimse X B, (18)
(32w ns/3 =

Adding Egs. (15), (16), and considering p, + p, = pr = = noyn°/3, and using total spin currents density,

s5mu(1- u)
we obtain the equation of evolution for u,

_ n? 2\n h
ditt + 270 — e 7 (%) =2(S x B+ { 1;) SP x [\7 x (B +22 7 x (n? x sp))]%se X [\7 x

hc 1
(B 7 rx Se))]}+ﬁ o 7 (0uST0uSY) + 7 (0,550,55)| (1)
Or,
= _ 1 _ Mo 2/3 n? v2Vn 4 !
u=z (§ xB) m Vn®* + 2m2p(1-p) V( Vn ) 2m2c (1- H) {(1_ )
1 hc
Sp)t—15¢ X 7 x (E 7 x (n¥ X se))]} +7|u1 - y) mes?| (20)

Where, we used the multiplication properties of the operators. Finally, it can obtain,

=1 _Mopn2/3 M (7 _ p
@=2(SxB) = 2rnt 4 v (TR oS x (X B) + p( u)222[5x|7><5] =g siv x
hc 1
(E V x (nv x sp)) —;s;;v X (‘E V x (nV x se))]+|7 [,1(1 - 8252] (21)
Or,
d.u = —(5 X B) +$ - u)us X (V x B)+
2 n? vZyn
(1= 1) 5[5 X (7 x )] +V[,Ll(1 — 1) ]—’ZH—"VnZ/3 + s v(f) 22)
On the other hand, using Egs. (6), (10), and (11), we can write,
72 V2 um
=—9A—Vp=—u,xB + 2eumv( = ) =2 du, — 2 Vp, — =SB + |7(6 5£9,5¢) (23)
Calculating curl on both sides of Eq. (14), all terms resulting ) 0 ESA
from the gradient become zero. So, the evolution of the 00 B 0 0 0-1][x
: 0 0o-n 4 0 0 0B ||S
magnetic field become, 0O 0o o0 O 1 0 Bolln
0 o o 1 AB-4;1 0 ||b
3B =V x [ xB] +“2d,[V x 7] + 2 VS x VB (24) 0 0 0 —A 0 B 0o |[|,|=0 (26O
e zm QB 0 0 AB Ay 1 A3 0 |l
Adding two Egs. (7) and (9), we obtain, TWB-As 0 0 e/mc 0 0 0 Iy
ing two Eqs. (7) and (9), we obtain A 1B 0 —erme 0 0 0 0-.uz.
4,5 =< §x [B + - V(nv. §)] 25)
m ne Where, A; = , A,=Kkcosg=

i(1— 2
: Qowm  p, =42 p, = (1+hL)’ A5=(1+
where ¢ is the angle e e um 2e

Let us consider the equilibrium state where B = BZ,
(u) =0, k=k(0,sin¢g,cos¢) ,

between wave vector and magnetic field. k )sin<p =0,n=—2 (5 Mo | kz) flo = (372w
For Parallel propagation, k || B, the linear perturbations — 2#m*/ ™ ’ u(1-p) \3 4“‘2 Smu(1-p)
around the equilibrium state. Using Egs. (8), (9), (10), and B = w/k. The spin effect appears only in the four

(14), (15), (16), (17), and (18), we can write,

lement [—iw ~Aa
CEmENS |4, —iw/k

them. Use the properties of determinants, we have [21, 22],

] and does not appear in the rest of
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_ _lB A4
det(8 x 8) = det(6 x 6) x det | A i

=0 (27)

Solving det(6 X 6) = 0, normal modes without spin can
obtain, and solving the remaining determinant, normal modes
related to spin can obtain. The frequency of this spin mode is
equal to w = w,, SO,

=l p3p Sk

2um pum (28)

For electron-proton state, Eq. (28) can rewrite as,
ws = 8.9 x 107243 + 1.8 x 1011k

Parallel propagation has an acoustic mode with the

. . w/k _
characteristic ~ equation, [ N /k] [uz ] 0 , or
(i)/k _ ] : : — 2 1 _ ETl_o
—77 a)/k| = 0. It's solution 1sc0 =nk* = e (3m +

IZK)K2 or o =7.4%10°K? 437 x 10°k* . The
second term is explicitly related to 7 and is therefore derived

from quantum properties and becomes dominant for k >
108, For Perpendicular propagation, k L B, we can write,

0 0B 9O 0 0 0-1][%]

0 0-n 4 0 0 0B |[|S
TR E

0 0 0 1B —4; 0 0

0 00 A 0 p OO |[n]|=0 2
0 0 0 AB Ay, 0 431 ||

—IB-A, 0 0 e/mc 0 0 0 [|u,

(A4 =B 0 —¢/mc 0 0 0 0 |[u,l

Where A

0,A,=i2

2,2 ia_
[1+u(1—u)M] Azzwkcosgo:

hek _
;A= (145 ) A5—(1+ ) =0,
/3,2
1 51;0 2 _ (31:2)2 _
n= u(l—u)( 4m2k ) Mo = o and B =aw/k.
We must consider the remaining elements corresponding to
(uy, by, uy, and b,). The result is,

Hy = [} dx [} o) (-5

1y () g8 Py ()P, () ()]

Zum dx2 )
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@ -l - et <o
k 1+u(1—u)’Z—22k2 k w(1-p) =0(30)
Or,
(1+ ehk )kz 4 a2
o' 1+#(if7:)27:—22k2 w* = #(’1‘_#) Gﬁn_o + %sz) =0@3D

3. Electrons as an Impurity

We study the effect of the motion of an electron on a one-
dimensional grid of ions as an impurity and its effect on
ground state energy.

3.1. Hamiltonian and L. L.P Transformation

We assume that the density of ions is much higher than
that of electrons. Again, for simplicity, we assume our
system is electron-proton. At any given length £, there is
one electron impurity as a Fermi polaron. We study its effect
on ground state energy. By eliminating the degree of freedom
of the impurity, we replace a generalized Hamiltonian of only
protons (impurity removal) with the system’s Hamiltonian.
We use the Variation-Method [23] and the Lee-Low-Pines
(LLP) transformation [24-26] for the system's ground state.
The Hamiltonian of the entire system is [27-29],

H=H,+H, (32)

H= 2B g Do g5 o(xa—x,)  (33)

Where, g shows the strength of the interaction of each
proton with the electron impurity. or,

He = J dx (0 (= 7= 2) e () (34)

2p.m ax2

and,

(35)

Where L is the total length of the grid. The system stays in the polaron state, defined as the minimum energy state at a given

N+1

total momentum Q = p, + YN Pei or XN*1p; where pyyq = pp. For simplicity, we assume the protons have a constant mean

distanced = 1,n = L,/ d. In this case, the share of spin in the system Hamiltonian is [30-32],

H= _EkZB Cg,e Coe + gZ/y’

t t
CopCppCeeCpe

—uXpCl,Cop (36)

Where, Cgp and Cg, is the creation and annihilation operators for an electron at xg, Cg,v and Cg for proton at X, p is

2
chemical potential and &, = ;;—m. The operator CJr_ep

Hamiltonian in Eq. (36) can also write as,

H= —25,{6;‘8 Cap + 2p(ep —
Where Cip

1 .
Cf;e = J_NZ“ el Xu C, . are the electron and proton operators

1 i
= \/_ﬁzu etkxuC, and

in the momentum space, and N is the number of sites in the grid.
The parameter g is also called the strength of interaction with

T g
#)Cp o Cpet Zupp G

creates a proton with momentum p and spin index p. The system

J.P Cupe' 3 Cl;r,e Cpe (37)
the scattering length a = %T. To study the physics of Polaron,
we assume there is only one electron impurity particle. We want
to eliminate the degree of freedom of the impurity by the unitary
transformation U = exp[—ip.x]. This transformation operator



American Journal of Modern Physics 2022; 11(3): 60-66 64

LLP for the annihilation operator Cp¢ is,

UCpeU™! = Cpoe P (38)

Where, p = X Xgl CE;,pCB.p is the operator of the total
momentum of the protons, xg L is the inverse grid vector, and
X= ZuXBCIpCup is the operator of electron impurity
coordinates. The above unitary transformation equation is

_y ct By —i(p-2). t t g t
H=2,CleCpe [?an e PP nd] + Zu(gu ) CupCup + 2y CpreCure (ﬁzﬁ.u CBPCMP)

Where d is the distance vector between two adjacent
protons, as can be seen, this variation method disrupts the
conservation of the system's total momentum. Part of the
protons' momentum is transferred to the electron, eliminating

= t g t Sk —i(p—P).nd
Hpe = p(es = 1)Csp Cop + g Zpu CppCupt 5 Lne P07

Now, we create a wave function as ) = U |0)p to find the

approximate ground state of the original Hamiltonian. Then
by using the impurity state and the inverse of the
transformation, we get the original state of the initial
Hamiltonian with a constant momentum.

By adding one electron impurity and inverse
transformation, the eigenstate of the primary Hamiltonian
state in Eq. (37) can express as a new state. This situation is
similar to the existence of a hole at the top of the Fermi
electrons. According to the variation method, the ground

d.|P) = —[H — (1|P) = —-U[(C[,10),)®USTULE Uy 8]0), ]

called Lee- Low- Pins (LLP). This transformation introduces
to separate the degrees of freedom of the electron and the
proton base in a Bose medium of phonons [33, 34]. We
transform the spin-electron and spin-proton operators Cy, and
Cip to UTCeU = e7*Cy, and UTCy,U = e7**Cy,. As a
result, the share of spins in Hamiltonian is [35, 36],

(39)

the degree of freedom of the impurity particle. Therefore, for
a given total momentum py., the contribution of only the
protons Hamiltonian can be written as,

(40)

state of Hamilton H can write in terms of the imaginary time
evolution of the wave function |(t)) = e H*|{s(0)) where
P(0)) shows the initial state. The ground state of Eq. (39)
can be written in terms of a wave function as the state |1/3(‘r))
holds in the following differential equation,

d.[¢(0)) = —[H — (H)]|$(7))
And for ¥ (),

(41)

(42)

Where (H) = (@) |H| (7)) and E = (P|H|P) = (1,[1|Hpe|1,l1> are the average energy of wave function ¥(7) and (7). By
calculating the variation energy E = (¢|Hpe|tp), using the relations C]t_p = %(bl‘k - ibz,k), Cop = %(bl,k + ibz‘k) and some

mathematical calculation, we obtain,

¢

E = (|Hpe|$) = ;S e =3 Ni + 5+ D p(Hodyp @l + =25 Zo e ™™ ((]e* ) =1 Dy Fup Qs (43)

2

where, the function F is defined as F = []? ]BN], Eq. (43) has the minimum energy as,
N

2 2
Emin =1+ =222 (g +2) 4 5¢ (44)
where, f = ﬁ [arctan(a — &) + arctan(a + §)] and ¢ = Py %.
NN E.mp2/f
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Figure 1. The plot shows the number of protons and one Fermi polaron in a
1D grid as the chemical potential. The results obtained with theory and the
MPS (matrix product state) method is in perfect agreement. The parameters
used in this figure are g /&, = 3, pror = 0, and N = 80.

Figure 2. The ground state energy of an electron in a 1D grid as the
interaction strengthg /§, withN,, = 75, pyoe = 0, and N = 100.
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Figure 3. Plot shows the average momentum Dyyy, of the impurity as a
function of the total momentum Pyyeq, for different values d (ground state).
The top lines to bottom are for d = 1,4, 8, 12, respectively.

3.2. Analysis

The state pyo = 0 is completely consistent with what was
obtained using the MPS method without determining the total
momentumpy,,. It shows that the ground state has a total
momentum magnitude of zero. We obtain the Polaron energy
asEp (Drot, 9) = E@tot, 9) — E(@ror = 0,9 = 0). Note that
the energy of the non-interactive system E(pio; = 0,9 = 0)
can be calculated exactly. In Figure 1, it can be seen that the
ground state energy changes smoothly in terms of interaction.
At the infinitely large repulsion limit g — +oo0, it creates one
electron impurity like a hard and effective wall, which results
in energy of E}, - 2. In contrast to the sizeable attractive
interaction limit g — —oo, the electron impurity pairs firmly
with a proton. Therefore, energy tends to have a limit value
of E, —» g + 2&;.

4. Conclusion

In this paper, a set of two-fluid electron-ion plasmas
equations based on the hydrodynamic model was written and
briefly discussed its various terms and the role of spin in
spin-spin and spin-magnetic field interactions. These
equations showed what dispersion relations to expect if
turbulence occurs in equilibrium plasma. Here, we take a
path for discussion that differs from the typical path taken in
other articles and obtain new dispersion equations. We also
examined the limits of weak and strong magnetic fields and
the effect of spin polarization on ripple waves in plasma.
Again, assuming that the external magnetic field is weak, we
obtained a quasi-sound wave due to differences in the
distribution of electron-proton states. We found that the spin-
current evolution in magnetized plasma creates a new
dispersion mode. We also showed that we have only the fast
mode in the direction perpendicular to the waves'
propagation direction. The speed of this mode is equal to the
speed of the mode in the parallel direction plus an additional
term that depends on the system's characteristics. For high-
density plasma, this correction is negligible. However, for
very low densities and weak magnetic fields, this effect is
significant.

We have studied the polaron properties in a homogeneous

Fermi gas of electron in a proton base by using a variation
method in the one-dimension grid (Fermi gas in one-
dimension). We assume the density of protons is much higher
than that of electrons. There is one electron impurity in the
one-dimensional grid of protons at any given length L, as a
Fermi polaron. We study its effect on ground state energy. By
eliminating the degree of freedom of the impurity, we replace
a generalized Hamiltonian of only protons (impurity removal
and consider the proton grid as it is in a Bose medium of
phonons. The ground state was obtained for a total fixed
momentum via imaginary time evolution for the various
parameters. Also, by using the system Hamiltonian, we
obtained the minimum energy and energy of the system.

Author's Contribution

Each author's contribution to the composition of the article
is the same.
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