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Abstract: As a result of integration of the equations of motion with regard to the pressure field and acceleration field the 

system’s integral energy-momentum 4-vector is found. It is shown that this vector in the covariant theory of gravitation 

must be equal to zero. This allows us to explain the 4/3 problem and the problem of neutrino energy in an ideal spherical 

supernova collapse. At the same time, in order to describe the system’s state, instead of the integral 4-vector we must use 

the four-momentum, which is derived from the Lagrangian. The described approach differs substantially from the results of 

the general theory of relativity, in which the integral 4-vector serves as the system’s four-momentum, and the stress-energy 

tensor of the gravitational field is replaced by the corresponding pseudotensor. 
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1. Introduction 

The essence of the 4/3 problem is that the mass-energy 

associated with the field momentum of the moving body is 

4/3 times greater than the mass-energy associated with the 

field energy. This differs significantly from the treatment of 

mechanical mass-energy when the rest mass-energy 

coincides with the mass-energy of mechanical motion 

momentum. Initially 4/3 problem was considered for the 

electromagnetic field of the electron. In the works of 

Thomson [1], Abraham [2] and Poincaré [3], it was 

assumed that the electron energy should include additional 

types of energy of non-electromagnetic origin. In particular, 

Poincaré introduced the scalar surface pressure, which 

should not only maintain the integrity of the electron, but 

also compensate for the excess mass-energy in the 

electron’s electromagnetic momentum. Mie [4] tried to 

solve this problem with the help of additional forces of 

electrical origin. Becker [5] showed how non-

electromagnetic tensions can compensate for the excess 

electromagnetic mass-energy in the body’s momentum. For 

this, he adds to the stress-energy tensor of the 

electromagnetic field the stress-energy tensor of 

mechanical stresses written in a general form, and then 

makes Lorentz transformation of the tensor components 

and finds the total energy and the momentum of the moving 

body. Since the momentum of body at rest is equal to zero, 

after Lorentz transformation only the energy components of 

the body at rest (the electric energy plus the energy of 

mechanical stresses) make contribution to the energy and 

momentum. As a result, for the total energy and momentum 

of the body with regard to the stresses the relation for the 

energy and momentum remains the same as in the special 

theory of relativity for an uncharged body. 

In [6] the 4/3 problem is described for a charged body by 

taking into account the mass-energy momentum of the 

negative internal pressure, arising from the interaction 

forces between the like charges on the surface (or in the 

volume) of the body. In the simplest case, when the 

pressure inside the body is the same at all points, the 

negative momentum of this pressure is 4 times less than the 

positive electromagnetic momentum. This conclusion 

actually repeats the calculations of Poincare [3], the 

difference is that Poincare also considered the pressure 

distribution inside the body (electron) as the consequence 

of Lorentz contraction. A brief overview of the 4/3 problem 

can be found in [7]. 

We should note that a more general approach requires 

simultaneous consideration of energy-momentum of not 
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only the electromagnetic but also gravitational field, as well 

as acceleration field and pressure field of the moving body. 

As it was shown in [8-10], the 4/3 problem also refers to 

the gravitational field – for the field not only outside but 

also inside the body. Next we will solve the posed problem 

in a general form, and we will proceed from the equation of 

the system’s motion, written in four-dimensional form. 

2. Integration of the Equation of Motion 

In the covariant theory of gravitation the equation of 

motion of the system in the form of a set of particles and 

associated fields can be written as follows [11]: 

( ) 0U W P Bα β α β α β α β α β
β β τ∇ + + + = ∇ =   (1) 

According to (1), the covariant derivative of the sum of 

four stress-energy tensors must be equal to zero. Relation 

(1) is a differential form of the law of conservation of the 

system’s 4-momentum. 

In (1) U α β
, W α β

, P α β
 and B α β

 denote the stress-

energy tensors of the gravitational field, electromagnetic 

field, pressure field and acceleration field, respectively. 

These tensors are derived from the principle of least action 

and are written as follows: 

2 1

4 4

c
U g Φ Φ g Φ Φ

G

α β αν κ β α β µν
κν µνπ

 = − − + 
 

. (2) 

2

0

1

4
W c g F F g F Fα β αν κ β α β µν

κν µνε  = − + 
 

.    (3) 

2 1

4 4

c
P g f f g f fα β αν κ β α β µν

κν µνπ σ
 = − + 
 

.    (4) 

2 1

4 4

c
B g u u g u uα β αν κ β α β µν

κν µνπη
 = − + 
 

.     (5) 

In (2) c  is the speed of light, G  is the gravitational 

constant, gαν
 is the metric tensor, 

Φ D D D Dµν µ ν ν µ µ ν ν µ= ∇ − ∇ = ∂ − ∂  is the 

gravitational tensor, ,D
c

µ
ψ = − 
 

D  is the 4-potential of 

the gravitational field. In (3) 0ε  is the vacuum permittivity, 

F A A A Aµν µ ν ν µ µ ν ν µ= ∇ − ∇ = ∂ − ∂  is 

electromagnetic tensor, ,A
c

µ
ϕ = − 
 

A  is the 

electromagnetic 4-potential. In (4) σ  is assumed to be a 

constant, depending on the type of the system under 

consideration, fµν µ ν ν µ µ ν ν µπ π π π= ∇ − ∇ = ∂ − ∂  

is the tensor of the pressure field, 

0

2

0

,
p

u
c c

µ µπ
ρ

℘ = = − 
 

Π  is the 4-potential of the 

pressure field, uµ  denotes the 4-velocity of the particle 

relative to the reference frame under consideration K , 0p  

is the pressure in the reference frame pK  associated with 

the particle, 0ρ  is the particle density in pK . In (5) 

u u u u uµν µ ν ν µ µ ν ν µ= ∇ − ∇ = ∂ − ∂  is the acceleration 

tensor, ,u
c

µ
ϑ = − 
 

U  is the covariant 4-velocity of the 

particles and at the same time the 4-potential of the 

acceleration field, η  can be considered constant in some 

simple cases. 

The above mentioned tensors are used to find the metric 

from the equation: 

1 1
( )

4 2
R R g U W P B

ck

α β α β α β α β α β α β− = − + + + , 

where k  is a constant coefficient. 

In order to integrate the equation (1) over the moving 4-

volume, we will use the procedure which was used in [12] 

and in many other works on the theory of gravitation and 

which allows us to simplify integration. If we introduce a 

reference frame relative to which a matter unit at a given 

time and at a given point in space is moving in such a way 

that the first derivatives of the metric tensor by coordinates 

are equal to zero, then in this reference frame the 

Christoffel symbols 
α
β λΓ  are equal to zero. Then the 

covariant derivative β∇  becomes the ordinary derivative 

β∂ , which is the 4-divergence for the sum of tensors in (1) 

due to the contraction by index β . Such reference frames 

are often called locally Lorentzian. According to [13] the 

transformation of the covariant derivative into the ordinary 

derivative is possible in case of satisfying the harmonicity 

condition ( ) 0,g gα β
β∂ − =  which leads to harmonic 

coordinates. 

In the Lorentz reference frame instead of (1) we have the 

equation 0α β
β τ∂ = , the left side of which can be 

integrated over a 4-volume, with regard to the Gauss 

theorem: 

0 1 2 3g dx dx dx dx dSα α β α β
β βτ τ= ∂ − =∫ ∫ℚ , 

where dSβ
 denotes a unit of an infinite hypersurface 

surrounding the 4-volume, the factor in the form of the 

square root g−  includes the determinant g  of the metric 

tensor, taken with a minus sign. This factor is required for 
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the covariance of the volume unit 1 2 3dx dx dx  in different 

reference frames. 

If we take a projection of this hypersurface onto the 

hyperplane 
0x const= , then dSβ  turns into a unit of 

three-dimensional volume, and for the conserved 4-vector 
α
ℚ  we can be write: 

0 0 0 0 0 1 2 3

0 ( )dS U W P B g dx dx dxα α α α α ατ= = + + + −∫ ∫ℚ .                                            (6) 

 
This relation reflects the fact that the flux of the system’s 

4-momentum passing through the three-dimensional 

surface surrounding the 4-volume remains unchanged 

despite the exchange of the 4-momentum between the 

components of the system within this volume. 

Integration of the time components of the stress-energy 

tensors over the infinite volume is a necessary condition, 

because only in this case the transition from these tensor 

components to the conserved 4-vector 
α
ℚ  is possible. 

3. The Time Component of the 4-Vector 
α
ℚ  

The equation (6) is written for the system’s motion 

relative to the Lorentz reference frame. We will assume that 

there is a set of identical particles that form a 

gravitationally bound system and fill some spherical 

volume. Suppose that for all particles inside the sphere the 

condition holds that they are at the same time located in 

some selected Lorentz reference frame, in which their 

motion can be described. Then integration in (6) can be 

extended to all particles of the system and to all of the 

fields generating these particles. 

Let us consider (6) in a weak field in the limit of flat 

spacetime, when we can assume that 1g− = . In this case 

the tensor’s time components can be expressed in terms of 

the corresponding field strengths, and for the time 

component 
α
ℚ  we find: 

0 00 00 00 00 1 2 3

2 2 2 2 2 20

1 2 3

2 2 2 2 2 2

( )

1
( ) ( )

8 2
.

1 1
( ) ( )

8 8

U W P B dx dx dx

c E c B
G

dx dx dx

C c I S c N

εΩ
π

πσ π η

= + + + =

 − Γ + + + + 
 =
 + + + + 
 

∫

∫

ℚ

.  (7) 

The vector S  is the acceleration field strength and the 

vector N  is a quantity similar in its meaning to the 

magnetic field induction in electrodynamics or to the 

torsion field in the covariant theory of gravitation (to the 

gravitomagnetic field in the general theory relativity). 

Using the components S  and N  the acceleration tensor 

uµν  is constructed in (5). The contribution of the vectors S  

and N  into the integral (7) is calculated in Appendix A and 

is equal to the following quantity: 

2 2 2 2
2 2 2 1 2 3 (1 3 )1

( )
8 10

cm v c
S c N dx dx dx

a

η γ γ
π η

++ =∫ .  (8) 

In (8) the mass m  is obtained by multiplying the mass 

density 0ρ  by the volume of a stationary sphere with the 

radius a , while the density 0ρ  is the density of an 

arbitrary particle from the set of identical particles, taken in 

the reference frame pK  associated with the motion of the 

particle inside the sphere. The Lorentz factor 
2 2

1

1 v c
γ =

−
 

appears in (8) due to the motion of the sphere at a constant 

velocity v  in the reference frame K , in which we 

calculate 
0
ℚ . The quantity 

2 2

1

1
c

cv c
γ =

−
 is the Lorentz 

factor for the velocities cv  of the particles in the center of 

the sphere. 

The vectors C  and I  are given by relations: 

0 0 0

1
i i i if C

c
π π= ∂ − ∂ = , i j i j j i kf Iπ π= ∂ − ∂ = − , 

where the indices , , 1, 2,3i j k = , and these vectors are 

the components of the pressure tensor fµν  in (4). 

The contribution of these vectors in the integral (7) is 

calculated in Appendix B: 

2 2 2 2
2 2 2 1 2 3 (1 3 )1

( )
8 10

cm v c
C c I dx dx dx

a

σ γ γ
πσ

++ =∫ .  (9) 

Γ  in (7) denotes the gravitational field strength, Ω  is 

the torsion field, E  is the electric field strength, B  is the 

magnetic field induction. We calculated the energy of the 

gravitational field in Appendix C: 

( )2 2 2 2

2 2 2 1 2 3
3 1 31

( )
8 5

cGm v c
c dx dx dx

G a

γ γ
Ω

π
+

− Γ + = −∫ .  (10) 

In view of similarity of equations for the gravitational 

and electromagnetic fields in the Lorentz-invariant theory 

of gravitation, for the total energy of the electromagnetic 

field of the moving sphere we can write: 

( )2 2 2 2

2 2 2 1 2 30

0

3 1 3
( )

2 20

cq v c
E c B dx dx dx

a

γ γε
π ε

+
+ =∫ ,  (11) 

where q  is the charge of the sphere, which is obtained by 

multiplying the charge density of the particles, that was 
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found in the co-moving reference frames pK , by the 

volume of the sphere . 

Therefore, 

( )
2 2 2 2

0 2 2 2

0

3 3
1 3

5 20 10 10
c

Gm q m m
v c

a a a a

σ ηγ γ
π ε

 
= + − + + + 

 
ℚ .  (12) 

The third term in brackets in (12) specifies the energy of 

the pressure field, and the fourth term is associated with the 

velocity field and it can be treated as the kinetic energy of 

the particles’ motion inside the sphere. According to the 

virial theorem, the internal kinetic energy of the body 

should equal half the absolute value of the potential energy 

of the gravitational and electromagnetic fields. From this 

the condition follows, which determines the coefficient η  

in this problem: 

2 2 2 2 2

0 0

1 3 3 3 3

10 2 5 20 10 40

m Gm q Gm q

a a a a a

η
πε π ε

= − + = − , 

2

2

0

3
3

4

q
G

m
η

π ε
= − .                            (13) 

Let us substitute (13) into (12): 

( )
2 2 2

0 2 2 2

0

3 3
1 3

10 40 10
c

Gm q m
v c

a a a

σγ γ
π ε

 
= + − + + 

 
ℚ . 

To make the quantity 
0
ℚ  constant and not dependent on 

either time or velocity the condition must be satisfied: 

2

2

0

3
3

4

q
G

m
σ

π ε
= − .                 (14) 

Equation (14) defines the constant σ  for the pressure 

field inside the ball with uniform distribution of mass and 

charge. Choosing η σ=  according to (13) and (14), the 

component 
0
ℚ  becomes zero. 

4. The Space Components of the 4-

Vector α
ℚ  

We will now consider the equation (6) in the limit of flat 

spacetime for the space-like component, when the index of 

the 4-vector 1,2,3iα = = , and g−  becomes equal to 

unity: 

0 0 0 0 1 2 3( )i i i i iU W P B dx dx dx= + + +∫ℚ .       (15) 

Let us substitute the expressions of tensor components 

according to [11] in (15): 

1 2 31
( ) dx dx dx

c
= + + +∫Q H P F K ,       (16) 

where the Heaviside vector 
2

0 [ ]
4

i c
cU

Gπ
= = − ×H Γ Ω  

specifies the density of the gravitational energy flux, the 

Poynting vector 0 2

0 [ ]icW c ε= = ×P E B  is the density of 

the electromagnetic energy flux, the vector 
2

0 [ ]
4

i c
cP

πσ
= = ×F C I  specifies the density of the pressure 

field energy flux, the vector 
2

0 [ ]
4

i c
cB

π η
= = ×K S N  

specifies the density of the acceleration field energy flux. 

The gravitational and electromagnetic field strengths Γ  

and E , the torsion field Ω  and the magnetic field 

induction B  inside and outside the moving body were 

determined in [9-10]. In Appendix C we showed that due to 

the motion of particles inside the sphere under 

consideration, these potentials and strengths of the 

gravitational and electromagnetic fields must be multiplied 

by the Lorentz factor 
2 2

1

1
c

cv c
γ =

−
, where cv  denotes 

the velocity of particles in the center of the sphere. With 

this in mind, for the sphere with the radius a  the total 

integral of the gravitational and electromagnetic energy 

fluxes inside and outside the sphere is equal to: 

22 2
1 2 3

0

1 4
( )

5 5

cGm q
dx dx dx

c a a c

γ γ
π ε

 
+ = − + 

 
∫

v
H P .             

(17) 

The integral of the vector F  over the volume is the 

following: 

1 2 3 1 2 31

4

c
dx dx dx dx dx dx

c πσ
= ×∫ ∫F C I . 

The value of this integral is determined in Appendix D: 

2 2
1 2 3 21

15

cm
dx dx dx

c ca

σ γ γ=∫
v

F .              (18) 

The fourth integral is calculated in Appendix E: 

2 2
1 2 3 21

15

c
m

dx dx dx
c ca

η γ γ=∫
v

K .             (19) 

Substituting (17-19) into (16) we find: 

22 2 2 2

0

4 3 3

3 5 20 10 10

cGm q m m

a a a a c

γ γσ η
π ε

 
= − + + + 

 

v
Q .    (20) 

To make the vector Q  constant and not dependent on 

the velocity, the expression in brackets must be zero. We 

should note that the expression in brackets in (20) coincides 

with the expression in brackets in (12). Thus, we again 

obtain equation (13) for η  and the equation (14) for σ  in 
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the given problem. 

Appendix F provides evaluation of the coefficients η  in 

(13) and σ  in (14) and their comparison for a number of 

space objects. 

5. Discussion 

Above, in (12) and (20) we found the expression of the 

4-vector components 
0( , )α = Qℚ ℚ  for the motion at 

constant velocity of a sphere filled with particles which are 

moving inside it. This 4-vector is obtained by integrating 

the equation of the sphere’s motion. If no external forces 

act on the sphere with particles, this sphere is moving at a 

constant velocity and the integral 4-vector 
α
ℚ  must be 

constant. Under the conditions (13) and (14) we can assume 

that the 4-vector 
α
ℚ  is zero at any velocity. If the sphere is 

accelerated under action of a force, then we should expect 

to see some new ratios between η , σ , G , 0ε , the mass 

and charge densities 0ρ  and 0qρ  of the body, and between 

the quantities of the external accelerating fields and 

pressure. These ratios in the absence of acceleration must 

transform into the ratio, resulting from (12): 

2 2 2 2

0

3 3
0

5 20 10 10

Gm q m m

a a a a

σ η
πε

− + + + = ,       (21) 

and then to ratios (13) and (14). Thus we want to say that 

the 4-vector 
α
ℚ  can be made equal to zero not only while 

moving at a constant velocity, but with any type motion in 

case of the appropriate choice of physical quantities 

characterizing the body under consideration and with 

regard to the external fields and external pressure acting on 

the body. 

Equations (13) and (14) for the coefficients η  and σ  

were obtained for the case of the uniform mass and charge 

density in the volume of the sphere. Suppose now that the 

mass and charge density of the particles increases in the 

center, while the total mass m  and the charge q  remain 

the same. Then in (21) before the squared mass and charge 

the same numerical factor will appear, which depends on 

the degree of density nonuniformity. But these factors will 

not change relation (21) and relations (13) and (14). Only 

in case of large density nonuniformity we could expect 

some changes of ratios between η , σ , G , 0ε . 

5.1. 4/3 Problem 

As we know, the essence of the 4/3 problem in the theory 

of gravitational and electromagnetic fields is that the field 

momentum is proportional not to the field’s mass-energy, 

but to the quantity which is 4/3 times greater. Thus it seems 

that the idea of standard ratio between mass, velocity and 

momentum of bodies in the special theory of relativity is 

not proved. However, actually if we take into account not 

only the energy and momentum of electromagnetic and 

gravitational fields, but also the energy and pressure 

momentum inside the body, it allows us to solve the 4/3 

problem. 

In particular, it follows from (12) that the sum of 

gravitational and electromagnetic energies of the stationary 

sphere with particles inside it is 
2 2 2 2

0

3 3

5 20

c c
Gm q

a a

γ γ
π ε

− + . If 

the sphere is moving at velocity v , then this energy 

increases not only due to the Lorentz factor 
2 2

1

1 v c
γ =

−
, 

but the additional energy 
2 2 2 2 2

2

0

3 3

5 20 3

c c
Gm q v

a a c

γ γ γ
π ε

 
− + 
 

 

emerges, which depends on the square of the velocity. 

However, in (12) there is a term of the internal pressure 

field and a term of the field of particles’ acceleration inside 

the sphere, which exactly compensate the gravitational and 

electromagnetic energies of the sphere at any velocity. 

In order to obtain the momenta, we need to divide the 

vector Q  in (16) and (20) by the speed of light c . This 

follows from the relationship between the energy flux 

vectors and the corresponding momenta. For example, the 

momentum density of the electromagnetic field 
2

1
e

c
=g P . 

Then from (20) and (12) it follows: 

( )0

2 0

1 4

3c c

γ
=

=
v

v
Q ℚ ,                    (22) 

where ( )
2 2 2 2

0 2

0
0

3 3

5 20 10 10
c

Gm q m m

a a a a

σ ηγ
πε=

 
= − + + + 

 
v

ℚ  

denotes the component 
0
ℚ  at zero velocity of the sphere. 

If we assume ( )0

0=v
ℚ  to be the total energy of the 

gravitational and electromagnetic fields, the pressure field 

and acceleration field of the stationary sphere, then the ratio 

( )0

2 0

1

c =v
ℚ  in (22) denotes the total mass-energy of these 

fields. From (22) we see that the coefficient before the 

velocity v  is the total mass-energy of the fields in the total 

momentum, which is 4/3 times greater than the quantity 

( )0

2 0

1

c =v
ℚ  for the stationary sphere. This is the essence 

of the 4/3 problem. The solution of the problem is that 

( )0

0
0

=
=

v
ℚ , so that the energy and momentum of the 

gravitational and electromagnetic fields during the system’s 

motion are compensated with the corresponding energies 

and momenta of internal pressure and internal acceleration 

field, and for the system at rest the compensation takes 

place for the energies of all the four fields. Thus Poincare's 

idea of internal tensions in a moving body is realized from 

the standpoint of our pressure field model, in addition we 
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take into account the acceleration field. 

Apparently, the reason of the 4/3 problem is a two-

component structure of the fields under consideration. Both 

the torsion field Ω  (the gravitomagnetic field in the 

general theory of relativity) and the magnetic induction B 

are independent field components and are regarded as 

relativistic corrections to the main field strengths. In 

particular, emerging of the magnetic field during the 

charge’s motion not only leads to the need to take into 

account the electromagnetic momentum, but also due to the 

magnetic energy it increases the electromagnetic energy of 

the moving charge, adding to the quantity 
0

2 2

1

1
W

v c−
, 

where 0W  is the electromagnetic energy of the system at 

rest, the quantity 
2

0
2 2 23 1

v
W

c v c−
, which depends on the 

velocity. The same applies to the torsion field. 

The pressure field is also two-component and has a 

solenoidal component I. In this case we cannot say that the 

component I is due to time delay of the field intensity 

propagation C of the pressure field, since both components 

of the pressure field are acting simultaneously in one and 

the same point inside the particle or body. Similarly, the 

magnetic induction B is not a simple consequence of the 

delay of the electric intensity propagation E from the field 

source to the point under consideration, but it represents 

some electromagnetic field vorticity that exists separately 

and independently from E. The solenoidal component N of 

the acceleration field in the moving body occurs because 

the velocity of the body as a whole is added to the internal 

velocity of the body particles, while inside the body there is 

a radial gradient of the kinetic energy of the particles and 

the corresponding gradient of the velocity’s magnitude. 

In our model the pressure field equations are similar to 

Maxwell equations and the stress-energy tensor of the 

pressure field is similar in structure to the stress-energy 

tensors of the gravitational and electromagnetic fields. The 

same applies to the acceleration field with its tensor B α β
, 

as it was described in [11]. The vector component I of the 

pressure field and the component N of the acceleration field 

reflect the vorticity of the corresponding fields. The 

component N is associated with the rotational acceleration 

of the particle, and the component I specifies the pressure 

of the turbulent motion of particles as they move in the 

medium, which is similar by its properties to liquid. 

From the stated above it follows that only with regard to 

the energy and momentum of the acceleration field and 

pressure field in the Lagrangian, Hamiltonian and in the 

motion equation, the theory becomes self-consistent and 

allows us to describe the 4/3 problem in detail. 

5.2. The Integral 4-Vector and the Ideal Spherical 

Collapse 

Let us consider the formation of a dynamically 

equilibrium space system as a result of a long process of 

substance clustering from the initial state with very low 

density and almost zero energy of matter motion and zero 

energy of interaction by means of macroscopic fields. The 

basic work on substance clustering is produced by self-

gravitational force of the system, which increases with 

decreasing of the system’s size. This force is opposed by 

the pressure force in the substance, which is a consequence 

of the interaction of particles with each other. In some 

equilibrium both forces are balanced and the system stops 

changing its sizes. 

As a rule, the process of substance clustering is 

accompanied by matter ejection and radiation from the 

system. This happens especially during the gravitational 

collapse, when the system quickly reduces its size with 

large release of gravitational energy. Further we will 

consider an ideal spherical collapse, which is characterized 

by the fact that all the components, that are associated with 

the escaping matter and the emission from the system, are 

removed from the balance of the matter amount, its energy 

and momentum. 

In other words, in case of the ideal spherical collapse the 

system turns from one state to another without any loss of 

energy and momentum to the environment. In this case, all 

the work of the gravitational and electromagnetic fields 

during the matter compression should be transformed into 

the change of the pressure field energy and the velocity 

field energy (the kinetic energy) of the system’s particles. 

Due to the fact that the system’s 4-momentum in the 

ideal collapse does not change, the system’s integral 4-

vector 
α
ℚ  remains zero. Then from (12), (13) and (14) it 

follows that if the virial theorem is satisfied, half the work 

of the gravitational and electromagnetic fields during the 

matter compression turns into the velocity field energy and 

the other half of the energy turns into the pressure field 

energy. As a result of this collapse the pressure increases in 

the matter and the kinetic energy of the particles’s motion 

increases. In [14] we used the idea that the energy in the 

matter is divided between the potential pressure energy and 

the kinetic energy in order to determine the generalized 

temperature, taking into account the contribution made to 

the temperature not only by the kinetic but also by the 

potential energy per particle. 

It is intuitively clear that the mechanical energy of the 

system is distributed between the two extreme ideal forms 

– on the one hand, in the form of the kinetic energy of the 

ideal gas of the particles non-interacting through the field, 

and on the other hand, in the form of the potential pressure 

energy of the motionless matter in the ideal solid body. If 

we apply the theorem of equipartition, then on the average 

half of the system’s mechanical energy must be kinetic and 

the other half must be the potential energy. In (21) such 

distribution of energy takes place, also complying with the 

virial theorem. 

This picture allows us to qualitatively explain where the 

energy of the ideal gravitational collapse goes in case of 

supernova with formation of a neutron star. One 

explanation is that up to half of the gravitational energy of a 
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neutron star is converted into neutrino emission, and the 

other half of the gravitational energy goes for heating the 

stellar matter. If we suggest that the gravitational energy is 

divided mainly between the matter heating and the pressure 

energy, then the total emission of neutrinos need not to take 

away such a large part of the gravitational energy. 

5.3. Comparison with the Four-Momentum of the System 

As it was shown above, at constant velocity the integral 

4-vector 
α
ℚ , containing the energy and momentum 

components, vanishes. Thus in our approach this 4-vector, 

which is obtained by integrating the equation of motion and 

is a conserved quantity, cannot serve as the four-momentum 

of the system. In [11] from the Lagrangian we obtained the 

Hamiltonian H , which is the relativistic energy E  of the 

system of particles and fields and has the following form: 

( ) 0 1 2 3

0 0 0 0

2 2 2
1 2 3

0

1

1
.

16 4 16 16

qH E u g dx dx dx
c

c c c
Φ Φ F F u u f f g dx dx dx

G

µν µν µν µν
µν µν µν µν

ρ ϑ ρ ψ ρ ϕ ρ

π µ π η π σ

= = + + + ℘ − −

 
− − − − − 
 

∫

∫
       (23) 

In (23) the particles have the mass density 0ρ  and the 

charge density 0qρ , measured in the reference frames pK  

associated with them. The energy is measured in the 

arbitrary reference frame K , the 4-velocities uµ
 of the 

particles and their time component of the 4-velocity 
0u  are 

measured with respect to K . For the volume unit in the 

first integral we can write: ( )
0

1 2 3 1 2 3

0

u
g dx dx dx g dx dx dx

c
− = − , 

where ( )1 2 3

0
g dx dx dx−  denotes the volume unit associated 

with any arbitrary moving particle. Then for the energy we 

have: 

1

2 2 2
1 2 3

0

1
,

16 4 16 16

pN
n n n n

n

E m m q m

c c c
Φ Φ F F u u f f g dx dx dx

G

µν µν µν µν
µν µν µν µν

ϑ ψ ϕ

π µ π η π σ

=

 = + + + ℘ − 
 

 
− − − − − 
 

∑

∫
 

 

so that the integral becomes the sum for all pN  particles in 

the system, 
n

m  and 
n

q  denote the mass and charge of the 

particle with the number n ; ϑ , ψ , ϕ  and ℘  denote 

averaged with respect to particle’s volume scalar potentials 

of the acceleration field, gravitational and electromagnetic 

fields and pressure field, respectively, while both proper 

fields and fields from external sources should be taken into 

account. 

The system’s energy can be determined as the time 

component of the 4-vector: 

( ), ,
E

H c p E c E
c

µ µ  = = =  
 

p v , where pµ
 is the 

system’s 4-momentum, p  and v  denote the system’s 

momentum and velocity, respectively. In [15] the 4-vector 

H µ
 was referred to as the Hamiltonian 4-vector. If we 

divide H µ
 by the speed of light, then we obtain the 4-

momentum of the system consisting of particles and fields 

associated with them: 

1
,

E
p H

c c

µ µ  = =  
 

p .                     (24) 

The 4-momentum pµ
 and the similar 4-vector H µ

 

fully describe the physical state of the system, and in 

stationary conditions can be conserved relative to the fixed 

coordinate observer with his time t . In contrast, the 4-

vector 
α
ℚ  specifies relation only of those energy and 

momentum components, which are part of the equation of 

motion. In this case the equation of motion is written in 

such a form that the 4-acceleration in it, as a derivative of 

the 4-velocity with respect to the particle’s proper time, 

depends on the density of the 4-forces acting on the particle. 

Therefore, the difference between 
α
ℚ  and pµ

 can be 

attributed to the difference between the proper and 

coordinate time and the difference between the proper and 

coordinate observers. We can also say that the 4-vector 
α
ℚ  is unchanged in the Lorentz reference frame, and the 

4-vector pµ
, being a 4-vector, is unchanged due to the 

covariant notation in a variety of frames. 

5.4. Comparison with the General Theory of Relativity 

In the general theory of relativity (GTR) the integral 4-

vector 
α
ℚ  has special meaning – it is considered the 

energy-momentum of the system, for example, see [12-13]. 

Moreover, in contrast to the approach in the covariant 
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theory of gravitation, in equation (1) instead of the stress-

energy tensor of the acceleration field B α β
 we must place 

the stress-energy tensor of matter in the form 

0u uα β α βφ ρ=  for dust-like matter or a more complex 

tensor, which takes into account the pressure and thereby 

replaces our tensor P α β
. We will note that the covariant 

derivative of the tensor 
α βφ  leads to the particle’s 4-

acceleration: 

0 0 0 0( ) ( )k k k k

k k k k

Du
u u u u u u

D

β
β β β βφ ρ ρ ρ ρ

τ
∇ = ∇ = ∇ + ∇ = ,                                        (25) 

here the continuity relation in the form 0( ) 0k

kuρ∇ =  is 

used, as well as the operator of proper-time-derivative 

k

k

D
u u

D

σ
σ τ

∇ = ∇ = , where D  is the symbol of 4-

differential in the curved spacetime, τ  is the proper time 

[16]. 

Since in GTR the gravitational field is considered the 

metric tensor field gα β , then from the standpoint of GTR 

the stress-energy tensor of the gravitational field U α β
 

cannot be part of equation (1). But the role of the tensor 

U α β
 in GTR is played by the stress-energy pseudotensor 

of the gravitational field tα β
, which, due to its non-tensor 

nature, is defined in different ways and has different forms. 

In [12] in the framework of GTR instead of (6) another 

formula is given for the integral 4-vector: 

0 0( )( )P g T t dVα α α= − +∫ .               (26) 

Expression (26) is characterized by the presence of the 

factor g−  in the form of the determinant of the metric 

tensor with a minus sign, 
0T α

 denotes the time 

components of the stress-energy tensor of the matter and 

electromagnetic field, the pseudotensor  
0t α

 reflects the 

contribution of the energy-momentum of the gravitational 

field. To make expression (26) valid, in GTR there should 

be an additional condition – at infinity the reference frame 

coordinates must transform into the coordinates of 

Minkowski spacetime. 

Accordingly, the equation of motion is written in a 

different way than (1) and has the form: 

( )( ) 0g T t
x

α β α β
β

∂ − + =
∂

.             (27) 

According to our approach, in order to describe the 

energy-momentum of the matter there is no need to use any 

special stress-energy tensor of matter such as 

0u uα β α βφ ρ=  or similar ones. Instead, we use the 

stress-energy tensor of acceleration field B α β
, the 

covariant derivative of which also gives the 4-acceleration 

of a point particle like in (25): 

0 0
( )k

k

Du
B u J u u u

D

βσ σ
β β σ β σ σ βρ ρ

τ
∇ = − = − ∇ − ∇ = . (28) 

And as it was indicated above, the four-momentum of 

the system (24) we obtain from the Lagrangian and not 

from the equations of motion, as it is done in GTR 

according to (26-27). 

Let us consider the question of appropriateness of using 

in GTR the tensor 0k ku uβ βφ ρ=  in relation (25). To do 

this, we will define more precisely the form of the 

continuity equation in the curved spacetime. According to 

[11], the equations of the electromagnetic field imply the 

following: 

0R F jµα α
µα αµ= ∇ ,             (29) 

where jα
 is the electromagnetic 4-current, 0µ  is the 

vacuum permeability, F µα
 is the electromagnetic tensor. 

The covariant derivative jα
α∇  in (29) is not equal to 

zero, because the tensor product of the Ricci tensor and the 

electromagnetic tensor is not equal to zero. Only in the flat 

Minkowski space the Ricci tensor vanishes, the covariant 

derivative becomes the 4-gradient, and (29) gives the 

standard continuity equation of the electromagnetic 4-

current in the special theory of relativity: 0jα
α∂ = . 

A similar situation in the covariant theory of gravitation 

takes place both for the gravitational field, for the pressure 

field and the acceleration field – for all these fields we 

obtain the expression similar to (29), the difference is that 

instead of jα
 the mass 4-current is used. For example, for 

the gravitational field we obtain: 

2

4 G
R Φ J

c

µα α
µα α

π= − ∇  

This means that in the general case 

0( ) 0J J uα α α
α α αρ∇ = ∇ = ∇ ≠ . But in this case the 

question arises whether we can consider as valid relation 

(25), which links the divergence of tensor kβφ  with 4-

acceleration. The essential component of (25) is the 

equality 0( ) 0k

kuρ∇ = , however in GTR this equality is 

only postulated, but not proved, and this equality 

contradicts the results of the covariant theory of gravitation. 
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At the same time, substitution of the tensor kβφ  with the 

stress-energy tensor of the acceleration field kBβ  in (28) 

leads to the covariant tensor relation. 

Appendix A 

According to [11], the equations for the acceleration field 

of a set of identical particles, completely filling the fixed 

sphere, are as follows: 

04π ηγ ρ′∇ ⋅ =S ,    
0

2 2

41

c t c

πηγ ρ′ ′∂∇× = +
∂

vS
N ,   

0∇⋅ =N , 
t

∂∇× = −
∂
N

S ,                    (A1) 

where 
2 2

1

1 v c
γ ′ =

′−
 is the Lorentz factor for the 

particles moving inside the sphere, ′v  is the velocity of 

particles in the reference frame K′  associated with this 

sphere, 0ρ  is the mass density of an arbitrary particle in 

the reference frame pK  associated with it. 

In the approximation of the special theory of relativity 

for the vectors S  and N  of the acceleration field we can 

write: 

2 ( )
c

t t

γϑ γ∂ ∂= −∇ − = − ∇ −
∂ ∂
U v

S ,  ( )γ= ∇× = ∇ ×N U v .  (A2) 

Here the scalar potential ϑ  and the vector potential U  

are included in the 4-potential ,u
c

µ
ϑ = − 
 

U  of the 

acceleration field. Since the vector potential ′U  of each 

individual particle is directed along the particle velocity, 

then due to the different directions of the velocity vectors 

′v   the total vector potential of different particles inside the 

fixed sphere is equal to zero. Therefore, the vector S  will 

depend only on the total scalar potential inside the sphere: 

ϑ= −∇S . The scalar potential of a single particle is 

2cϑ γ′ ′= , and we need to find the total scalar potential 

ϑ . We will assume such an equilibrium condition when 

the average velocity of the particles is the function of the 

current radius, then the average value γ ′  will be the 

function of the radius. We will further consider that γ ′  is 

the average value for the particles at each radius r  inside 

the sphere. Then substituting 
2cϑ γ ′= −∇ = − ∇S  in the 

first equation in (A1), we obtain the Poisson equation: 

0

2

4

c

π η ρ γγ
′′∆ = − .              (A3) 

It is convenient to transform this equation for γ ′  by 

moving to the spherical coordinates and to consider that γ ′  

depends only on the radius. Then the Laplacian in the 

spherical coordinates will be the function only of the radius 

r . Further substitution with the auxiliary function 

( )Z Z r=  in the form Z rγ ′ =  will significantly 

simplify the solution and as a result γ ′  will contain the 

sine: 

2

0
0 2

0

2
4

34

c c
c

c rr

c cr

γ π η ρ γγ π η ρ γ
π η ρ

 ′ = ≈ − 
 

sin ,   (A4) 

where 
2 2

1

1
c

cv c
γ =

−
 is the Lorentz factor for the 

velocities cv  of the particles in the center of the sphere, and 

due to the smallness of the sine argument we expanded the 

sinus to the second order terms. 

The 4-potential of the acceleration field inside the sphere 

is the covariant 4-velocity of the sphere, and since the 

sphere is fixed in K′ , the 4-potential will be equal to: 
2

02
( ,0,0,0) ,0,0,0

3

c
c

r
u c c

c
µ

π η ρ γγ γ ′ ′= = − 
 

. 

The components of vector S  and N  in [11] are given 

by the formulas: 

0 0 0

1
i i i iu u u S

c
= ∂ − ∂ = , i j i j j i ku u u N= ∂ − ∂ = − .   (A5) 

If we substitute the 4-potential uµ′  in (A5), we can find 

the integral vectors S  and N , arising from all the particles 

inside the sphere. 

Let us suppose now that the sphere is moving in the 

reference frame K  at the constant velocity v  along the 

axis OX . In this case, we need to express the 4-potential 

in the reference frame K  with the help of the partial 

Lorentz transformation. For the arbitrary covariant vector 

0 1 2 3( , , , )A A A A Aµ′ ′ ′ ′ ′=  the transformation of the 

components has the following form: 

0 0 1( )A A A v cγ ′ ′= − , 1 1 0( )A A A v cγ ′ ′= − , 2 2A A′= ,  

3 3A A′= , 

where 
2 2

1

1 v c
γ =

−
 is the Lorentz factor for the 

motion of the sphere. 

We will use this rule for the 4-potential of the 

acceleration field: 

( , ,0,0)u c vµ γ γ γ γ′ ′= − .            (A6) 
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We also need in the expression for γ ′  to substitute the 

coordinates of the reference frame K′  with the coordinates 

of the reference frame K  using the Lorentz 

transformations: 

( )x x vtγ′ = − ,  y y′ = , z z′ = ,                 

2 2 2 2 2 2 2 2( )r x y z x vt y zγ′ ′ ′= + + = − + + .        (A7) 

Substituting 
2 2 2 2 2( )r x vt y zγ= − + +  in (A4), then 

γ ′  in (A6) and uµ  in (A5), we calculate the vectors S  and 

N  in the reference frame K : 

0
4 ( )

3

c
x

x vt
S

π η ρ γ γ −= , 0
4

3

c
y

y
S

π η ρ γ γ= , 04

3

c
z

z
S

π η ρ γ γ= , 

0xN = , 
0

2

4

3

c
y

z v
N

c

π η ρ γ γ= − , 
0

2

4

3

c
z

y v
N

c

π η ρ γ γ= .  (A8) 

We use (A8) to calculate the integral with the energy of 

the acceleration field at the time point 0t = : 

( )
2 2 2

2 2 2 1 2 3 2 2 2 2 2 1 2 3021
( ) 1 ( ) .

8 9

cS c N dx dx dx x v c y z dx dx dx
πηρ γ γ

πη
 + = + + + ∫ ∫      (A9) 

As a result of the Lorentz contraction the shape of the 

moving sphere changes and becomes a Heaviside ellipsoid 

with the equation for its surface with 0t = : 

2 2 2 2 2x y z aγ + + = . 

If we connect the Cartesian coordinates with the 

spherical coordinates in the following way: 

1
ˆcosx r θ

γ
= ,  ˆsin cosy r θ φ= , ˆsin sinz r θ φ= ,  (A10) 

then inside the ellipsoid the current radius r̂  will vary from 

0  to a , the angle θ  will vary from 0  to π , and the 

angle φ  will vary from 0  to 2π . In this case the volume 

unit as the consequence of transformation from the 

Cartesian coordinates to the spherical coordinates becomes 

equal to: 

1 2 3 21
垐 sindx dx dx r dr d dθ θ φ

γ
= .              (A11) 

Substituting (A10) and (A11) into the integral (A9) and 

integrating, we obtain: 

2 2 2 5 2 2 2 2 2 2
2 2 2 1 2 3 08 (1 3 ) (1 3 )1

( ) .
8 45 10

c ca v c m v c
S c N dx dx dx

a

π ηρ γ γ η γ γ
πη

+ ++ = =∫  

 

Appendix B 

According to [11], the differential equations of the 

pressure field for the vectors C  and I  inside a stationary 

sphere in Minkowski space are as follows: 

04π σ γ ρ′∇ ⋅ =C ,  
0

2 2

41

c t c

π σ γ ρ′ ′∂∇× = +
∂

vC
I , 0∇⋅ =I ,   

t

∂∇× = −
∂
I

C .                      (B1) 

where 
2 2

1

1 v c
γ ′ =

′−
; ′v  is the velocity of an 

arbitrary particle inside the sphere from the standpoint of 

the reference frame K ′ , in which the sphere is at rest. 

Equations (B1) are identical by their form to Maxwell 

equations. By definition of the 4-potential of the pressure 

field 0

2

0

,
p

u
c c

µ µπ
ρ

℘ = = − 
 

Π , for an arbitrary 

particle the components of 4-potential have the form: 

0

0

pγ
ρ
′′℘ = , 

0

2

0

p

c

γ
ρ

′′ ′=Π v , and hence the vector 

potential is directed along the particle velocity. Due to the 

randomness of the particles’ motion the total vector 

potential inside the sphere is zero: 0=Π . With this in 

mind, the vectors C  and I  inside the sphere are expressed 

as follows: 

t

∂= −∇℘− = −∇℘
∂
Π

C ,   0= ∇× =I Π .        (B2) 

Substituting the vector C  from (B2) in the first equation 

in (B1), we obtain the Poisson equation: 

04π σ γ ρ′∆℘= − . 

In order to simplify we will consider the case with the 

constant density 0 constρ =  inside the sphere. Passing to 

the spherical coordinates, expressing the Laplacian in the 

appropriate way, making the substitution Y r℘= , where 

Y  is the function of the radius, we obtain the differential 

equation: 
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2

02
4

d Y
r

dr
π σ γ ρ′= − . 

Substituting here relation (A4) for γ ′  we find that the 

particular solution of the inhomogeneous equation contains 

sine. Adding the solution of the homogeneous equation, we 

find Y  and then the general solution for the scalar potential 

of the pressure field inside the sphere: 

2 3 2

0
0

0

2
sin 4 .

34

c c c
c c

c c rr

cr

σ γ σ γ π σ ρ γπ η ρ
η η π η ρ

 ℘=℘ − + ≈℘ − 
 

                  (B3) 

According to (B3), at constant density inside the sphere 

the potential ℘ must quadratically depend on the current 

radius r , and in the center the potential equals c℘ .  

Let us refer to the definition of the 4-potential of the 

pressure field: ,
c

µπ ℘ = − 
 

Π  where now ℘ and  Π  

are respectively the scalar and vector potentials of the 

pressure field inside the sphere as a system. Since we have 

0=Π , then for the fixed sphere we have 

,0, 0,0
c

µπ ℘ =  
 

. 

We will perform transformation of the 4-potential µπ  in 

the reference frame K , in which the sphere is moving at 

the velocity v  along the axis OX . Acting like in 

Appendix A, we find: 

2
, ,0,0

v

c c
µ

γ γπ ℘ ℘ = − 
 

.           (B4) 

The vectors C  and I  are expressed from the 4-potential 

of the pressure field by the formulas: 

0 0

1
i i iC

c
π π∂ − ∂ = ,    i j j i kIπ π∂ − ∂ = − .        (B5) 

Using the coordinates (A7), substituting 
2 2 2 2 2( )r x vt y zγ= − + +  in (B3), then ℘ in (B4) and 

(B4) in (B5), we find the components of the pressure field 

strength vectors in the reference frame K : 

0
4 ( )

3

c
x

x vt
C

πγ γ σ ρ −= , 0
4

3

c
y

y
C

π γ γ σ ρ= , 04

3

c
z

z
C

πγ γ σ ρ= , 

0xI = , 
0

2

4

3

c
y

z v
I

c

π γ γ σ ρ= − , 
0

2

4

3

c
z

y v
I

c

π γ γ σ ρ= .   (B6) 

Now we can find the required integral with 0t = , when 

the sphere’s center coincides with the origin of the 

reference frame: 

( )
2 2 2

2 2 2 1 2 3 2 2 2 2 2 1 2 3021
( ) 1 ( ) .

8 9

cC c I dx dx dx x v c y z dx dx dx
π γ γ σ ρ

πσ
 + = + + + ∫ ∫  

 

Substituting here the coordinates (A10) and the volume 

unit (A11), we find: 

2 2 2 5 2 2
2 2 2 1 2 3 0

2 2 2 2

8 (1 3 )1
( )

8 45

(1 3 )
.

10

c

c

a v c
C c I dx dx dx

m v c

a

π γ γ σ ρ
πσ
σ γ γ

++ = =

+=

∫
 

Appendix C 

According to [14], the equation for the 4-potential of the 

gravitational field is a four-dimensional wave equation with 

d'Alembertian: 

2

4 G
D J

c
µ µ

π= −□ ,                   (C1) 

where ,D
c

µ
ψ = − 
 

D  is the 4-potential of the 

gravitational field, described by the scalar potential 
ψ

 and 

the vector potential D of this field, 

0J uµ µρ=  is the 4-vector of the gravitational (mass) 

current. 

Since we consider stationary random motion of identical 

particles inside a fixed sphere, the potential 
ψ

 inside or 

outside the sphere will not depend on time, and the total 

vector potential D will be zero everywhere. As a result, 

d'Alembertian in (C1) is transformed into the Laplacian, 

and (C1) becomes an equation for the internal gravitational 

scalar potential: 

04i Gψ π γ ρ′∆ = .                   (C2) 

In (C2) the Lorentz factor of the particles 

2 2

1

1 v c
γ ′ =

′−
, ′v  is the mean velocity of an arbitrary 

particle inside the sphere, 0ρ  is the mass density of the 
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particle, the index i  distinguishes the internal potential iψ  

from the external potential, which is generated by the 

sphere outside its limits. Both the potential iψ  and γ ′  are 

functions of the current radius r  inside the sphere and do 

not depend on the angle variables. Therefore, in the 

spherical coordinates in the Laplacian it is sufficient to take 

only that part which depends on the radius: 

2

02

1
4idd

r G
r dr dr

ψ π γ ρ  ′= 
 

. 

If we make substitution of variables in the form i

Z

r
ψ = , 

then the equation can be rewritten as follows: 

2

02

1
4

d Z
G

r dr
π γ ρ′= . 

We will substitute here the value γ ′  from (A4), 

expressed in terms of the sine: 

2

0
02

0

4
sin 4

4

cG cd Z r

dr c

π ρ γ πη ρ
πη ρ

 =  
 

. 

The general solution of this equation has the form: 

3

1 2 0

0

sin 4
4

cGc r
Z C C r

c

γ πη ρ
η πη ρ

 = + −  
 

. 

Since i

Z

r
ψ = , and in the center at 0r =  the potential 

cannot be infinite, then the coefficient 1C  should be equal 

to zero. Hence the potential inside the sphere is equal to: 

3

2 0

0

sin 4
4

c
i

G c r
C

cr

γψ πη ρ
η πη ρ

 = −  
 

.        (C3) 

We will now turn to calculating the external gravitational 

potential oψ  of the fixed sphere filled with moving 

particles. First we will find the external gravitational field 

strength of the sphere. The equations of the gravitational 

field in the limit of the special theory of relativity, 

according to [14], take the following form: 

04 Gπ γ ρ′∇ ⋅ = −Γ ,  
0

2 2

41 G

c t c

π γ ρ′ ′∂∇× = −
∂

vΓ
Ω , 

0∇⋅ =Ω ,  
t

∂∇× = −
∂
Ω

Γ .           (C4) 

According to (C4), the particles moving inside the sphere 

at velocities ′v  generate around themselves a gravitational 

field with the strength Γ  and the torsion field Ω . We will 

surround the sphere with the shell of spherical shape with 

an arbitrary radius r a≥  and integrate the first equation in 

(C4) over the shell volume. In this case we will apply the 

Gauss theorem, substituting the integral of the divergence 

∇⋅Γ  with the integral of the vector Γ  over the surface 

S  of the shell. Due to the symmetry of the sphere at the 

constant density 0ρ  for the vector magnitude Γ  outside 

the sphere we find: 

2

0
4 4

o o o s
dV dS r G dVπ π ρ γ ′∇ ⋅ = ⋅ = Γ = −∫ ∫ ∫Γ Γ n . 

The vector n  here denotes to a normal unit vector to the 

shell surface, which is directed outward. Integration over 

the shell’s volume V  is reduced to integration over the 

sphere’s volume sV , since outside the sphere 0 0ρ = . 

Substituting here γ ′  from (A4) in the form of sine and 

integrating, we obtain the field strength outside the sphere: 

3

0 0 02

0

sin 4 4 cos 4
4

c
o

G c a a a

c c cr

γ π η ρ πη ρ π η ρ
η πη ρ

    Γ = − −    
    

. 

The relation between the gravitational field strengths and 

the 4-potential is as follows: 

0 0

1
i i iD D

c
∂ − ∂ = Γ ,  i j j i kD D Ω∂ − ∂ = − .     (C5) 

The space components iD  of the 4-potential are the 

components of the vector potential D , which in this case is 

equal to zero. Consequently, the components iΓ  of the 

vector Γ  are associated only with the time component 

0D
c

ψ=  of the 4-potential: i iψΓ = −∂ . This equation 

in vector notation is written as follows: ψ= −∇Γ . Hence 

taking into account the expression for oΓ  it follows that: 

3

0 0 0

0

sin 4 4 cos 4
4

c
o o

G c a a a
dr

c c cr

γψ π η ρ π η ρ π η ρ
η π η ρ

    = − Γ = − −    
    

∫ .                (C6) 
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c
o

G m

r

γψ ≈ − . 

At infinity, this potential becomes zero. On the sphere 

surface the potential (C6) must coincide with the internal 

potential in (C3). We will assume r a=  and equate both 

potentials. This allows us to determine the coefficient 2C  

and to specify the internal potential iψ : 

2

2 0cos 4cG c a
C

c

γ π η ρ
η

 =  
 

, 

2 3 2 2

0
0 0

0

2 ( 3 )
cos 4 sin 4 .

34

c c c
i

G c G c G r aa r

c cr

γ γ π γ ρψ π η ρ π η ρ
η η π η ρ

−   = − ≈   
   

       (C7) 

For the fixed sphere the 4-potential of the gravitational 

field has the form: ,0,0,0D
c

µ
ψ =  
 

, where the 

potential (C7) should be used inside the sphere and the 

potential (C6) – outside the sphere. If the sphere is moving 

at constant velocity v  along the axis OX  in the reference 

frame K , the 4-potential of the sphere in K  could be 

found using the Lorentz transformations. Acting like in 

Appendix A, we find: 

2
, , 0,0

v
D

c c
µ

γψ γψ 
= − 
 

.             (C8) 

First we will calculate the field strengths inside the 

sphere from the point of view of an observer in the 

reference frame K . For this observer the moving sphere in 

accordance with Lorentz transformations becomes the 

Heaviside ellipsoid. Since the coordinates of the points 

inside the sphere should be transformed into the 

coordinates of the reference frame K , we obtain (A7) and 

the relation 
2 2 2 2 2( )r x vt y zγ= − + + . This relation 

should be substituted into (C7). After that we will use iψ  

in (C8) in order to calculate the field strengths with the help 

of Dµ  and (C5): 

04 ( )

3

c
i x

G x vtπ γ γ ρ −Γ = − ,  

04

3

c
i y

G yπ γ γ ρΓ = − ,  04

3

c
i z

G zπγ γ ρΓ = − , 

0i xΩ = , 
0

2

4

3

c
i y

G z v

c

π γ γ ρΩ = ,               

0

2

4

3

c
i z

G y v

c

π γ γ ρΩ = − .             (C9) 

For the external field using (C6) in a similar way we find: 

( )
( ) 322 2 2 2[ ( )]

c

o x

G m x vt

x vt y z

γ γ

γ

−
Γ = −

− + +
, 

( ) 322 2 2 2[ ( )]

c
o y

G my

x vt y z

γ γ
γ

Γ = −
− + +

, 

( ) 322 2 2 2[ ( )]

c
o z

G mz

x vt y z

γ γ
γ

Γ = −
− + +

,  0o xΩ = ,  (C10) 

( ) 322 2 2 2 2[ ( )]

c
o y

G mz v

c x vt y z

γ γΩ
γ

=
− + +

,    

( ) 322 2 2 2 2[ ( )]

c
o z

G my v

c x vt y z

γ γΩ
γ

= −
− + +

. 

We calculated the potentials and strengths of the 

gravitational field inside and outside the moving solid body 

in [9]. In contrast to them, the factor cγ  appears in (C9) 

and (C10), which owes its origin to the motion of particles 

inside the sphere. 

We will assume that the sphere with the particles is 

moving at a constant velocity so long that its proper field 

inside and outside the sphere becomes stationary and the 

field’s shape is moving relative to the observer at the same 

velocity as the sphere itself. Then in order to calculate the 

sphere’s energy it is sufficient to calculate it at the time 

point 0t = , when the sphere crosses the origin of the 

reference frame. We will calculate the gravitational energy 

inside the sphere with the help of (C9): 

( )
2 2 2

2 2 2 1 2 3 2 2 2 2 2 1 2 3021
( ) 1 ( ) .

8 9

c
i i

G
c dx dx dx x v c y z dx dx dx

G

π γ γ ρΩ
π

 − Γ + = − + + + ∫ ∫  

 

Substituting here the coordinates (A10) and the volume unit (A11), we find: 

2 2 2 5 2 2 2 2 2 2
2 2 2 1 2 3 08 (1 3 ) (1 3 )1

( ) .
8 45 10

c c
i i

G a v c G m v c
c dx dx dx

G a

π γ γ ρ γ γΩ
π

+ +− Γ + = − = −∫   (C11) 
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Now we will use (C10) to find the energy of the moving sphere outside its limits with 0t = : 

( )2 2 2 2 22 2 2
2 2 2 1 2 3 1 2 3

0 2 2 2 2 3

1 ( )1
( ) .

8 8 [ ( )]

c
o

x v c y zG m
c dx dx dx dx dx dx

G x y z

γ γΩ
π π γ

+ + +
− Γ + = −

+ +∫ ∫  

( )2 2 2 2

2 2 2 1 2 3

0

1 31
( )

8 2

c

o

Gm v c
c dx dx dx

G a

γ γ
Ω

π
+

− Γ + = −∫ . 

Adding the obtained value to (C11), we find the total 

gravitational energy: 

( )2 2 2 2

2 2 2 1 2 3
3 1 31

( )
8 5

c
Gm v c

c dx dx dx
G a

γ γ
Ω

π
+

− Γ + = −∫ . 

Appendix D 

We need to calculate the integral: 

1 2 3 1 2 31

4

c
dx dx dx dx dx dx

c πσ
= ×∫ ∫F C I . 

We will substitute here the vectors C  and I   according 

to (B6) in Appendix B, and consider the time point 0t = , 

when the center of the sphere crosses the origin of the 

reference frame. From the symmetry of the problem we see 

that the integral pressure energy flux is directed parallel to 

the velocity of the sphere, that is parallel to the axis OX . 

Therefore it suffices to integrate this component of the 

vector product ×C I , which refers to the axis OX . This 

gives the following: 

2 2 2
1 2 3 2 2 1 2 30

4
[ ] ( )

4 9

c
x

vc
dx dx dx y z dx dx dx

c

πσ ρ γ γ
πσ

× = +∫ ∫C I . 

Proceeding to the spherical coordinates (A10) and the 

volume unit in the form of (A11) for the Heaviside ellipsoid 

like in Appendix A, we find: 

2 2 2 5 2 2
1 2 3 032 21

135 15

c ca m
dx dx dx

c c ca

π σ ρ γ γ σ γ γ= =∫
v v

F . 

Appendix E  

We will calculate the volume integral of the vector of the 

energy flux density of the acceleration field: 

1 2 3 1 2 31

4

c
dx dx dx dx dx dx

c πη
= ×∫ ∫K S N . 

It is sufficient to calculate the integral for the time point 

0t = , since the sphere is moving at the constant velocity 

and the integral at any given time point will be the same. 

We will use the vectors S and N according to (A8) in 

Appendix A. The only nonzero component of the energy 

flux is directed along the axis OX  and is equal to: 

2 2 2
1 2 3 2 2 1 2 304

[ ] ( )
4 9

c
x

vc
dx dx dx y z dx dx dx

c

πη ρ γ γ
πη

× = +∫ ∫S N  

 

Integrating over the volume in the coordinates, 

associated with the Heaviside ellipsoid, like in Appendix A, 

we find: 

2 2 2 5 2 2
1 2 3 0

32 21

135 15

c c
a m

dx dx dx
c c ca

π η ρ γ γ η γ γ= =∫
v v

K  

Appendix F. Estimation of the 
coefficients η  and σ  

If the quantity η  is constant, then in each particular 

physical problem it has its own value and is a combination 

of the fundamental physical constants and parameters of the 

system under consideration. For example, let us consider a 

rather large gas cloud with the constant density 0ρ  held by 

its proper gravitational force in the framework of the 

special theory of relativity. According to (A4), the solution 

of the equation for the Lorentz factor 
2 2

1

1 v c
γ ′ =

′−
, 

where v′  is the velocity of the particles moving inside the 

cloud, has the form: 

2

0
0 2

0

2
4

34

c c
c

c rr

c cr

γ π η ρ γγ π η ρ γ
π η ρ

 ′ = ≈ − 
 

sin , 

where 
2 2

1

1
c

cv c
γ =

−
 denotes the Lorentz factor of  

the particles at the center of the cloud. 

We will square the equation for γ ′  and approximately 

obtain the following: 

2
2 2 04

3
c

r
v v

πηρ′ = − ,                     (F1) 

so that as the current radius r  increases inside the cloud 
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when moving from the center to the periphery of the cloud, 

the particles’ velocity v′  decreases. 

We will multiply equation (F1) by 
1

2
pM , where pM  is 

the mass of one particle, and introduce the mass ( )M r  

located inside the sphere with the radius r : 

2 2
( )1 1

2 2 2

p

p p c

M M r
M v M v

r

η
′ = − .      (F2) 

If we denote Gη ζ= , then according to (F2) the 

difference between the kinetic energies of the particle at the 

center and on the surface of the sphere is determined by the 

gravitational energy of the particle on the surface of the 

sphere, with accuracy up to the coefficient 2ζ . 

Assuming that the gas law is valid and taking into 

account the relationship between the temperature T  and 

the kinetic energy of the particles in the form 

21 3

2 2
pM v kT′ = , where k  is the Boltzmann constant, 

the expression (F2) is transformed into the dependence of 

the temperature on the radius inside the uniform cloud: 

( )

3

p

c

GM M r
T T

kr

ζ
= − . 

We will apply this relation to space objects. For the 

surface of the cloud r R= , the mass is 

( ) ( )M r M R M= = , sT T= , and we obtain:  

3

p

s c

GM M
T T

kR

ζ
= − .                      (F3) 

In many cases the surface temperature sT  is much lower 

than the temperature cT  at the center. Then sT  in the left 

side of (F3) can be neglected. According to the standard 

model, the temperature at the center of the Sun is estimated 

to be 15.7 million Kelvin [17], and taking as pM  the mass 

of the proton as the nucleus of the hydrogen atom, from (F3) 

we find 2.4ζ = , and also 2.4Gη = . At the center of 

the Earth the temperature reaches 6000 Kelvin [18], which 

gives 2.38Gη = . These values are somewhat lower than 

3Gη =  according to (13). Apparently, this is due to the 

large heterogeneity of the matter distribution inside the Sun 

and the Earth. Besides, inside the Sun the energy from 

thermonuclear reactions is added to the gravitational energy, 

and inside the Earth a large proportion of heat energy is due 

to the decay of radioactive elements; all of this changes the 

value η . Estimation of the temperature at the center of the 

neutron star with the mass 
302.7 10⋅  kg and the radius 12 

km according to (F3) gives the value 
118.1 10⋅  Kelvin. 

We will consider now the Bok globules − small dark 

cosmic clouds of gas and dust. In [19] it was found that the 

radius of a typical globule is 0.35 parsecs, the mass is 11 

Solar masses, the surface dust temperature sT  in the 

globule is about 26 Kelvin. If we substitute this temperature, 

mass and radius in (F3) and use the value 3G Gη ζ= =  

according to (13), we will obtain the temperature at the 

center of a typical globule: 42.3cT =  Kelvin. 

If for the total 4-potential we apply the definition 

2

0

,
p

u
c c

µ µπ
ρ

℘ = =  
 

Π , where ( ), 0,0,0u cµ =  is 

the 4-velocity of the stationary sphere, then it allows us to 

connect the total scalar potential of the pressure field inside 

the sphere with the pressure: 

0

p

ρ
℘= . Substituting this in 

(B3), we obtain an approximate formula for the pressure as 

the function of the current radius: 

2 2

02
.

3

c
c

r
p p

π σ ρ γ= −  

Substituting here r R=  and neglecting the surface 

pressure, we estimate the pressure at the center with 

1cγ ≈ :  

2 2 2

0

4

2 3

3 8

c
c

R M
p

R

π σ ρ γ σ
π

≈ ≈ .         (F4) 

For the center of the Sun this formula under the 

condition 3Gσ =  according to (14) gives the pressure 

144 10⋅  Pa, which is substantially less than the pressure 
162.3 10⋅  Pa in the standard model of the Sun. For the 

Earth, according to the formula (F4) we find the pressure 
115.1 10⋅  Pa, whereas in [18] for the pressure at the center 

of the Earth the value 
113.6 10⋅  Pa is indicated. For a 

neutron star with the mass 
302.7 10⋅  kg and the radius 12 

km the pressure at the center according to (F4) equals 
338.4 10⋅  Pa, and in various models of neutron stars, 

according to [20], the pressure does not exceed 
341.6 10⋅  

Pa. The obtained estimates in comparison with theoretical 

models for space objects show satisfactory complying with 

the values 3Gη σ= = , except for the estimate of the 

pressure inside the Sun. 
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