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Abstract: Hypergraph theory has been found many applications in chemistry. As an important descriptor of molecular 
structures, the Wiener index of a graph also has many applications. The Wiener index of a connected hypergraph is defined as 
the summation of distances between all pairs of vertices. If each edge contains exactly k vertices, then a hypergraph G is called 
k-uniform. A hypertree is a connected hypergraph with no cycles. For k-uniform hypertree, H. Guo, B. Zhou et al. have 
determined the first, second and third maximum and minimum Wiener indices of uniform hypertrees. And give the unique 
structure of the k-uniform hypertree corresponding to the Wiener index, Moreover, in this paper, We first find out the 
relationship between the first few Wiener indices, then according to the structure of the graph, determine the unique k-uniform 
hypertree with the fifth maximum Wiener index. Through the determination of the fifth Wienr index k-uniform hypertree, the 
structure of the NTH Wiener index k-uniform hypertree can be found. 
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1. Introduction 

Let ( )V G  and ( )E G  be the vertex a hypergraph G is called 

k -uniform. When 2k = , an ordinary graph G  is a 2 -
uniform hypergraph. A hypertree is a connected hypergraph 
with no cycles. A k -uniform hypertree with medges always 

has 1 ( 1)k m+ −  vertices. The degree of a vertex ( )v V G∈ , 

denoted by ( )
G

d v , is the number of edges of G  which 

contains the vertex v [1]. 
For , ( )u v V G∈ , a path from u  to v  in G  is defined to be 

a sequence of vertices and edges 0 1 1 1( , , , ..., , , )p p pv e v v e v−  

with all iv s distinct and ie s distinct such that 1,i i iv v e− ∈  for 

1, 2,... ,i p=  where 0v u=  and pv v= . A cycle in G  is a 

sequence of vertices and edges 0 1 1 1( , , , ..., , , )p p pv e v v e v−  with 

2p ≥ , all iv s distinct except 0 pv v=  and all ie s distinct 

such that 1,i i iv v e− ∈  for 1, 2,... ,i p=  where the value p  is 

the length of this path or cycle. For any , ( )u v V G∈ , if it 

exits a path from u to v for any , ( )u v V G∈ , then G  is called 

connected. Let G  be a k -uniform hypergraph with 

1 2( ) { , ,..., }nV G v v v= . For , ( )u v V G∈ , the distance between 

u  and v  in G  is denoted by ( , )
G

d u u . In particular, 

( , ) 0
G

d u u = . The diameter of G  is the maximum distance 

among all vertex pairs of G [1]. 
Hypergraph theory has been found many applications in 

chemistry [2-4]. The reseach in the study [3] indicated that 
the hypergraph model shows a higher accuracy of molecular 
structure. That is the higher accuracy of the model and the 
greater diversity of the behavior of its invariants. As an 
important descriptor of molecular structures, the Wiener 
index of a graph also has many applications [2-5]. 

The Wiener index ( )W G  of G  is defined as the 
summation of distances among all unordered pairs of 

distinct vertices ,u v  in G , i.e., 
{ , } ( )

( ) ( , )G

u v V G

W G d u v

⊆

= ∑ . 

Especially, the summation of distances from the vertex 
u  to any other vertex, is denoted by 

( )

( ) ( , )G G

v V G

W u d u v

∈

= ∑ . Obviously, we see that 

1
( ) ( )

2 GW G W u= . H. Guo et al. [4] have determined the 
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first, second and third maximum and minimum Wiener 
indices of uniform hypertrees.  

Moreover, in this paper, We determine the unique k-
uniform hypertree with the fifth maximum Wiener index. 

2. Preliminary 

Let G be a connected k -uniform hypergraph with 
, ( )u v e E G∈ ∈ . For nonnegative integers p and q , let

, ( , )u vG p q be the k -uniform hypergraph obtained from G by 

attaching a pendant path of length p  at u  and a pendant path of 
length q at v  [4]. 

Proposition 2.1 [4]. Let G  be a connected k -uniform 

hypergraph with ( ) 2E G ≥ , ,u v e∈  and ( ) 1
G

d u = . For 

integers 1p q≥ ≥ , , ,( ( , )) ( ( 1, 1)u v u vW G p q W G p q< + − . 

For positive integers p and q , and a k -uniform hypergraph G , 

let ( , )uG p q  be the k -uniform hypergraph obtained from G  by 
attaching two pendant paths of length p and q  at u , respectively, 
and ( ,0)uG p be the k -uniform hypergraph obtained from Gby 
attaching a pendant paths of length p  at u . 

Proposition 2.2 [4]. Let G be a connected k -uniform 

hypergraph with ( ) 1E G ≥  and ( )u V G∈ . For integers 

1p q≥ ≥ , ( ( , )) ( ( 1, 1)u uW G p q W G p q< + − . 

For a k -uniform hypertree G  with 1 2( ) { , ,..., }nV G v v v= , if 

1 2( ) { , ,..., }nE G e e e= , where ( 1)( 1) 1 ( 1)( 1){ ,..., }i i k i k ke v v− − + − − +=  

for 1,2,... ,i m=  then we call G  a k -uniform loose path, denoted 

by ,n kp . 

For a k -uniform hypertree G  of order n , if there is a disjoint 

partition of the vertex set 1( ) { } ... mV G u V V= ∪ ∪ ∪ such that 

1 ... 1mV V k= = = − , and ( ) {{ } :1 }iE G u V i m= ∪ ≤ ≤ , then 

we call G  is a k -uniform hyperstar (with center u ), denoted by 

,n kS . In particular, 1,kS  is a hypergraph with a single vertex and 

,k kS  is a hypergraph with a single edge. 

For positive integers ,n∆ with 
1

1
1

n

k

−≤ ∆ ≤
−

, let ,n kB∆  be the 

k -uniform hypertree obtained from vertex-disjoint hyperstar 

( 1)( 1) 1,k kS ∆− − +  with center u  and loose path ( 1)( 1),n k kP − ∆ − −  with 

an end vertex v  by identifying u  and v . In particular, 

, ,n k n kB P∆ ≅ if 1,2∆ = . 

3. Hypertree with the Fifth Maximum 

Wiener Index 

In this section, we determine the unique k -uniform 
hypertree with the fifth maximum Wiener index. 

Theorem 3.1 [5]. Let T  be a k -uniform hypertree on n  

vertices with maximum degree ∆ , where 
1

1
1

n

k

−≤ ∆ ≤
−

. Then 

,( ) ( )n kW T W B∆≤  with equality if and only if ,n kT B∆≅ . 

For 3,k ≥  
n-1

3
1k

≥
−

 and a loose path 

1, 0 1 1

1 1

( , , ,..., , )n k k n k n k

k k

P u e u e u− + − −
− −

=
, let ,n kF be the k -uniform 

hypertree obtained from 1,n k kP − +  by attaching a pendant edge 

at a vertex in 2 1 2\{ , }e u u . If 
1

3
1

n

k

− =
−

, then , ,n k n kF P≅ . Let 

3
,2 ,2n nF B= . 

Theorem 3.2 [5]. For 
1

1
1

n

k

− ≥
−

. Let T be a k -uniform 

hypertree on n vertices. Then ,( ) ( )n kW T W P≤  with equality 

if and only if ,n kT P≅ . 

Lemma 3.1 [5]. Suppose that 3k ≥  and 
1

3
1

n

k

− ≥
−

. Then 

3
, ,( ) ( )n k n kW B W F< . 

For 
1

3, 6
1

n
k

k

−≥ ≥
−

 and a loose path 

1, 0 1 1

1 1

( , , ,..., , )n k k n k n k

k k

P u e u e u− + − −
− −

=
, let ,n kE  be the k -uniform 

hypertree obtained from 1,n k kP − +  by attaching a pendant edge at a 

vertex in 3 2 3\ { , }e u u . Let ,2nE  be the k -uniform hypertree 

obtained from 1,n k kP − +  by attaching a pendant edge at 2u . 

Theorem 3.3 [4]. For 
1

4
1

n

k

− ≥
−

, let T  be a k -uniform 

hypertree with n  vertices. Suppose that ,n kT P≠ . Then 

,( ) ( )n kW T W F≤  with equality if and only if ,n kT F≅ . 

Lemma 3.2 [4]. Suppose that 3k ≥  and 
1

6
1

n

k

− ≥
−

. Then 

3
, ,( ) ( )n k n kW B W E≥  with equality if and only if 

1
6

1

n

k

− =
−

. 

Lemma 3.3 For 
1 1

3,3 3, 6
1 1

n n
k i

k k

− −≥ ≤ ≤ − ≥
− −

 and a loose 

path 1, 0 1 1

1 1

( , , ,..., , )n k k n k n k

k k

P u e u e u− + − −
− −

=
, let ,

i
n kH  be the k -

uniform hypertree obtained from 1,n k kP − +  by attaching a pendant 

edge at a vertex in 1\ { , }i i ie u u− . Then 3
, ,( ) ( )i

n k n kW B W H≥  

with equality if and only if 3i =  and 
1

6
1

n

k

− =
−

. 

Proof. If 3i = , 3
, ,n k n kH E= , by Lemma 3.2, we have 

3
, ,( ) ( )n k n kW B W E≥  with equality if and only if 

1
6

1

n

k

− =
−

. 

Suppose 
1

4 3
1

n
i

k

−≤ ≤ −
−

, let , 1, \{ , }i
n k i i iT H v e u u−= ∈ , with 

( ) 2Td v = , and let e  be the pendant edge at v  in T . Let T ′  
be the hypergraph obtained from T  by moving e  from v  to 

1u , obviously, 3
,n kT B′ ≅ , Let 1 ( ) \ ( \{ })V V T e v= , Note that  

1 1( ) ( )T TW V W V′= , ( \{ }) ( \{ })T TW e v W e v′= , 
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2 3 2 3( \{ }, ) ( \{ }, )T i T iW e v e e e W e v e e e′∪ ∪ ∪ = ∪ ∪ ∪⋯ ⋯ . 

From T to T ′ , the distance between a vertex of \{ }e v and 

a vertex of 1 1\{ }e u decreases by 1,i −  and the distance 

between a vertex of \{ }e v and a vertex of 

1 1 2\ ( )iV e e e∪ ∪ ∪⋯ increases by 2i − . Note also that  

1 1 2
1

\ ( ) ( 1)( 1)
1i

n
V e e e i k

k

−∪ ∪ ∪ = − − −
−

⋯

. 

Then 

2
1 1 1 1 1 1( \{ }, \{ }) ( \{ }, \{ }) ( 1) \{ } \{ } ( 1)( 1)T TW e v e u W e v e u i e v e u i k′− = − = − −

 

and 

1 1 2 1 1 2

2

( \{ }, \ ( )) ( \{ }, \ ( ))

1
( 2)( 1)( 1) .

1

T i T iW e v V e e e W e v V e e e

n
i i k

k

′∪ ∪ ∪ − ∪ ∪ ∪
−= − − − − −
−

⋯ ⋯

                                         (1) 

Since 

1 2 3

1 1 1 1 2

( ) ( ) ( \{ }) ( \{ }, )

( \{ }, \{ }) ( \{ }, \ ( )).
T T T i

T T i

W T W V W e v W e v e e e

W e v e u W e v V e e e

= + + ∪ ∪ ∪
+ + ∪ ∪ ∪

⋯

⋯
                                                     (2) 

and 

1 2 3 1 1 1 1 2( ) ( ) ( \{ }, ) ( \{ }, \{ }) ( \{ }, \ ( )).T T i T T iW T W V W e v e e e W e v e u W e v V e e e′ ′ ′ ′′ = + ∪ ∪ ∪ + + ∪ ∪ ∪⋯ ⋯                      (3) 

We have 

1 1 1 2 1 1 1 1 2

2 2

2

( ) ( ) ( \{ }, \{ }) ( \{ }, ( )) ( \ { }, \{ }) ( \{ }, \ ( ))

1
( 1)( 1) ( 2)( 1)( 1)

1
1

[( 1) ( 2)( 1)]( 1) 0.
1

T T i T T iW T W T W e v e u W e v e e e W e v e u W e v V e e e

n
i k i i k

k

n
i i i k

k

′ ′′− = + ∪ ∪ ∪ − − ∪ ∪ ∪

−= − − − − − − −
−

−= − − − − − − ≤
−

⋯ ⋯

        (4)

Then we can see that 3
, ,( ) ( )i

n k n kW B W H≥ , for 

1
3 3

1

n
i

k

−≤ ≤ −
−

, with equality holds if and only if 3i = and 

1
6

1

n

k

− −
−

. 

For 
1

3, 8
1

n
k

k

−≥ ≥
−

 and a loose path 

1, 0 1 1

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− + − −
− −

= ⋯
, 4

.n kH be the k-uniform 

hypertree obtained from 1,n k kP − + by attaching a pendent edge 

at a vertex in 4 3 4\{ , }e u u . By Lemma 3.3, we have
3 4
, ,( ) ( )n k n kW B W H≥ .  

For 2k = , let ,2nF ′  be the tree obtained by attaching a 

pendent edge at the vertex 3v of the path 1 1, , .nv v −⋯ For 

3k ≥ ，let ,n kF ′ be the k-uniform hypertree obtained from 

1, 0 1 1

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− + − −
− −

= ⋯
by attaching two pendant 

edges at 1v and 4nv − of the path 1 4, , nv v −⋯ . Let ,2nE′ be the 

tree obtained by attaching a pendant edges at the vertex 4v of 

the path 1 1, , nv v −⋯ .  

Lemma 3.4 For 2k = , 6n ≥ , ( ) 3.T∆ =  T be an any 2-
uniform hypertree obtained by attaching two pendent edges 
at two internal vertices of a path on 2n − vertices, 

respectively. Then *
,2( ) ( )nW T W F≤  with equality if and only 

if *
,2nT F≅ .  Proof. Let T  be such a hypertree with the 

maximum Wiener index. As ( ) 3,T∆ =  T can not be a path. 

Give a path 1 1 2 3 2, , , , ,n nP v e v e v− −= ⋯ , add the first pendent 

edge 2ne − to P and get a graph 1T . By Theorem 3.3, 

1 1,( ) ( )n kW T W F −≤ , the edge 2ne − must be attached at the 

vertex 2v . Then add the second pendant edge 1ne − to P . 

Assume 1ne − is attached at the vertex (3 3)jv j n≤ ≤ − of .P

Note that 1 { }.n j ne v v− = Obviously, T is composed of 1T and 

1ne −  and 1 1( ) ( ) ( , ).nW T W T W v T= +  In order to get the 
Wiener index of T , we need to calculate the maximum value 
of 1( , )nW v T . Since 

1

2 2

( , ) 1 2 2 3 1

( 1) ( )(1 )

2 2

2 (2 2 )
.

2

nW v T j j n j

j j n j n j
j

j n j n n

= + + + + + + + + − +
+ − + −= + +

+ − + +=

⋯ ⋯

   (5) 



77 Yalan Li et al.:  The Fifth Maximum Wiener Index of Uniform Hypergraphs 
 

Let 2 2( ) 2 (2 2 ) .f j j n j n n= + − + +  We can see that the 

function ( )f j  attains the maximum value as 3j n= −  so 

that ( )W T  have maximum value in this case. Thus, the edge 

1ne −  must be attached at the vertex 3nv −  of P and *
,2nT F≅ . 

Lemma 3.5 For 3k ≥ and 
1

8
1

n

k

− ≥
−

， 4
, ,( ) ( )n k n kW E W H>  

holds.  
Proof. Note that ,n kE be a k-uniform hypertree obtained 

from 1, 0 1 1

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− + − −
− −

= ⋯
 by attaching a 

pendant edge 1

1

n

k

e −
−

at a vertex in 3 2 3\ { , }v e u u∈ . Then by 

moving 1

1

n

k

e −
−

from v  to a vertex 4 3 4\ { , }u e u u∈  in , ,n kE  we 

get a hypertree T ′ . Thus, 4
,n kT H′ ≅ . Note that 

1 1

1 1

( \ ( \{ })) ( \ ( \{ }))n n

k k

W T e v W T e u− −
− −

′=
 

1 1

1 1

( \{ }) ( \{ })T n T n

k k

W e v W e u′− −
− −

=
 

1 3 4 1 3 4

1 1

( \{ }, ) ( \{ }, )T n T n

k k

W e v e e W e u e e′− −
− −

∪ = ∪
 

1 1 2 2 5 4 6 7 1

1 1

( \{ }, ( \{ }) ( \{ }) )T n n

k k

W e v e e u e u e e e− −
− −

∪ ∪ ∪ ∪ ∪ ∪⋯
 

2(3 4 4 5 6 1)( 1)
1

n k
k

k

−= + + + + + + − −
−

⋯  

1 1 2 2 5 4 6 7 1

1 1

( \{ }, ( \{ }) ( \{ }) )T n n

k k

W e u e e u e u e e e′ − −
− −

∪ ∪ ∪ ∪ ∪ ∪⋯
 

2(4 5 3 4 6 2)( 1)
1

n k
k

k

−= + + + + + + − −
−

⋯ . 

Thus, 

1 1 2 2 5 4 6 7 1

1 1

( ) ( ) ( \{ }, ( \{ }) ( \{ }) )T n n

k k

W T W T W e v e e u e u e e e− −
− −

′− = ∪ ∪ ∪ ∪ ∪ ∪⋯
 

1 1 2 2 5 4 6 7 1

1 1

( \{ }, ( \{ }) ( \{ }) )T n n

k k

W e u e e u e u e e e′ − −
− −

− ∪ ∪ ∪ ∪ ∪ ∪⋯
 

 21
( 7)( 1) 0

1

n
k

k

−= − − >
−

                                                                               (6) 

Then we can see that 4
, ,( ) ( )n k n kW E W H> for 3k ≥ and 

1
8

1

n

k

− ≥
−

. 

Lemma 3.6 Suppose that 3k ≥ and 
1

4
1

n

k

− ≥
−

. Then 4
, ,( ) ( ).n k n kW B W F ′<  

Proof. Note that ,n kF ′  be the k-uniform hypertree obtained from 1, 0 1 1

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− + − −
− −

= ⋯
 by attaching a pendent 

edge 1

1

n

k

e −
−

at a vertex in 2u . Let ,n kT F ′= . Then by moving 1e  from 1u  to 2u  in T , we get a hypertree T ′ . Thus, 4
,n kT B′ ≅ . Let 

1 1 1( ) \ ( \{ })V V T e u= . Note that  

1 1( ) ( )T TW V W V′=  

1 1 1 1( \{ }) ( \{ })T TW e u W e u′=  

2
1 1 1 2

1

( \{ }, \{ }) 3( 1)T n

k

W e u e u k−
−

= −  
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2
1 1 1 2

1

( \{ }, \{ }) 2( 1)T n

k

W e u e u k′ −
−

= −  

2
1 1 2 3

1

( \{ }, ) (2 3 4 )( 1)
1T n k

k

n k
W e u e e e k

k
−
−

−∪ ∪ ∪ = + + + + −
−

⋯ ⋯  

2
1 1 2 3

1

( \{ }, ) (2 2 3 4 1)( 1)
1T n k

k

n k
W e u e e e k

k
′ −

−

−∪ ∪ ∪ = + + + + + − −
−

⋯ ⋯  

Since 

1 1 1 1 1 1 2

1

1 1 2 3

1

( ) ( ) ( \{ }) ( \{ }, \{ })

( \{ }, ).

T T T n

k

T n k

k

W T W V W e u W e u e u

W e u e e e

−
−

−
−

= + +

+ ∪ ∪ ∪⋯
                                                  (7) 

and 

1 1 1 1 1 1 2

1

1 1 2 3

1

( ) ( ) ( \{ }) ( \{ }, \{ })

( \{ }, ).

T T T n

k

T n k

k

W T W V W e u W e u e u

W e u e e e

′ ′ ′ −
−

′ −
−

′ = + +

+ ∪ ∪ ∪⋯
                                              (8) 

We have 

1 1 1 2 1 1 2 3

1 1

( ) ( ) ( \{ }, \{ }) ( \{ }, )T n T n k

k k

W T W T W e u e u W e u e e e− −
− −

′− = + ∪ ∪ ∪⋯
 

1 1 1 2 1 1 2 3

1 1

( \{ }, \{ }) ( \{ }, )T n T n k

k k

W e u e u W e u e e e′ ′− −
− −

− − ∪ ∪ ∪⋯
 

2 2( 1) ( 2)( 1)
1

n k
k k

k

−= − + − −
−

 

2( 1)( 1) 0
1

n k
k

k

−= − − >
−

                                                                             (9)

Then we can see that 4
, ,( ) ( )n k n kW F W B′ <  for 3k ≥  and 

1
4

1

n

k

− ≥
−

. 

Theorem 3.4. For
1

8
1

n

k

− ≥
−

, let T be an any k − uniform 

hypertree on n vertices. For 2k = , ,2nT F ′≠ , 3
,2nB , ,2nP . For 

3k ≥ , ,n kT E≠ , 3
,2nB , ,n kF , ,n kP . Then  

( )i  If 2k = , then 4
,2( ) ( )nW T W B≤  or ,2( ) ( )nW T W E′≤ , 

with equality if and only if 4
,2nT B≅  or ,2nT E ′≅ ; 

( )ii  If 3k ≥  and 
1

8
1

n

k

− =
−

, then 4
,( ) ( )n kW T W H≤  with 

equality if and only if 4
,n kT H≅ , and 4

, ,( ) ( )n k n kW H W F ′≤ ; 

( )iii  If 3k ≥  and 
1

9
1

n

k

− ≥
−

, then ,( ) ( )n kW T W F ′≤  with 

equality if and only if ,n kT F ′≅ . 

Proof. Let T  be a hypertree with the maximum Wiener 

index among all n - vertex and 
k − uniform hypertrees, which is not isomorphic to any 

one of 3
, ,2 ,2 , ,{ , , , , }n k n n n k n kE B F F P′ , where 2k ≥ . 

Let ( )T∆  be the maximum degree of T . Obviously, 

( ) 2T∆ ≥ . 

Suppose that ( ) 5T∆ ≥ . Then by Theorem 3.1, ,n kT B∆≅ . 

Note that 1
,n kB∆− is not isomorphic to any one of 

3
, ,2 ,2 , ,{ , , , , }n k n n n k n kE B F F P′ for 2k ≥ . By Proposition 2.2, 

1
, ,( ) ( ) ( )n k n kW T W B W B∆ ∆−= <  for 2k ≥ , a contradiction. 

Thus, 2 ( ) 4T≤ ∆ ≤ . 

Suppose that 2k = . Then 3 ( ) 4T≤ ∆ ≤ . 

If ( ) 4T∆ = , by Theorem 3.1, then 4
,2nT B≅ . 

Suppose ( ) 3T∆ = . Note that 3
,2 ,2n nB F=  and ,2nT F ′≅/ , 

3
,2nB , ,2nP . If there are at least three vertices of degree 3 in 

T , then let ,u v  be two vertices of degree 3 such that ( , )Td u v  
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is large as possible. Let 1 2 3, ,T T T  be the vertex disjoint 

subhypergraphs of T v−  with 
3

1
( ) ( ) \{ }i

i
V T V T v

=
=∪  such 

that [ ( ) { }]iT V T v∪  is a 2 − uniform hypertrees for 1 3i≤ ≤ . 

Suppose without loss of generality that 1( )u V T∈ . Then 

2[ ( ) { }]T V T v∪  and 3[ ( ) { }]T V T v∪  are two pendant paths at 
v . Let il  be the lengths of the pendant path [ ( ) { }]iT V T v∪  

at v , where 2 3i≤ ≤  and 1il ≥ . Suppose 2 3l l≥ , then 

2 3( , )vT G l l= , where 2 3[ ( ) \ ( ) ( )]G T V T V T V T= ∪ . Note 

2 3( 1, 1)vT G l l′ = + − 2 − uniform hypertrees with maximum 

degree 3 and ,2nT F ′≅/ , 3
,2nB , ,2nP . By Proposition 2.2, 

( ) ( )W T W T′ > , which is a contradiction. So there are at most 
two vertices of degree 3 in T . If there is a unique vertex of 

degree 3 in T  and ,2nT F ′≠ , 3
,2nB , by Proposition 2.2, T  is 

obtained by attaching a pendant edge at the fourth vertex of a 

path on 1n −  vertices and ,2nT E ′≅ . If there are exactly two 

vertices of degree 3 in T , T  is obtained by attaching two 
pendant edges at two internal vertices of a path on 2n −  

vertices, respectively, by Lemma 3.4, *
,2nT F≅ . By direct 

calculation, we have *
,2 ,2( ) ( )n nW E W F′ > . Therefore, when 

2k = , 4
,2( ) ( )nW T W B≤  or ,2( ) ( )nW T W E′≤ , with equality if 

an only if 4
,2nT B≅  or ,2nT E ′≅ . 

Suppose that 3k ≥ . Note that 2 ( ) 4T≤ ∆ ≤  

If ( ) 4T∆ = , by Theorem 3.1, then 4
,n kT B≅ . By Lemma 

3.6, we have 4
, ,( ) ( )n k n kW B W F ′≤ . 

If ( ) 3T∆ = , let u be a vertex of degree 3. By similar 
argument of Theorem 3.1 in [4], u   

must be the unique vertex of degree 3 in T . By 
Proposition 2.1, we see that T  is obtained  

from a loose path ( 1), 0 1 1

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− − − −
− −

= ⋯
 by 

attaching an edge to a vertex of degree 2 of ( 1),n k kP − − . From 

Proposition 2.2 and 3
,n kT B≅/ , we have ,n kT F ′≅ . 

Next we see the case of ( ) 2T∆ = . 

Case 1. 
1

8
1

n

k

− =
−

. Since ,n kT E≅/ , ,n kF , ,n kP , and T  has 

the maximum Wiener index, we get 4
,n kT H≅ . By direct 

calculation, we have 4
, ,( ) ( )n k n kW H W F ′≤  for 3k ≥ . 

Case 2. 
1

9
1

n

k

− ≥
−

. Note that ,n kT P≠ . Suppose that there 

are at least two edges such  
that each edge has at least three vertices of degree 2 in T . 

Let u be a vertex of degree 1 in  
T . Choose an edge 1( , , )ke w w= ⋯ in T with at lease three 

vertices of degree 2 such that 

1( , )Td u w  is as large as possible, where 

1( , ) ( , ) 1T T id u w d u w= − for 2 i k≤ ≤ . Then there  
are two pendant paths at different vertices of e , say P  at 

iw  and P at jw , where 1 i j k≤ < ≤ . Let p and q  be the 

lengths of P  and Q , respectively, where , 1p q ≥ . Then  

, ( , )
i jw wT H p q≅  with [ ( ) \ ( ) \ { , })]i jH T V T V P Q w w= ∪ . 

Note that ( ) ( ) 1H i H jd w d w= = . Without loss of generality, 

assume p q≥ . Note that , ( 1, 1)
i jw wT H p q′ = + −  is a k −

uniform hypertree that is not isomorphic to ,n kP . If T ′  is also 

not isomorphic ,n kF  and ,n kE , then by Proposition 2.1, we 

have ( ) ( )W T W T ′< , a contradiction. Thus, there is only one 
edge with at least three vertices of degree 2 in T  in this case. 

Next we will discuss the subcases of ,n kT F′ ≅  and 

,n kT E′ ≅ . 

Subcase 2.1. ,n kT E′ ≅ . Then T  is isomorphic to the k −
uniform hypertree obtained  

From 2( 1), 0 1 1 1 1
2 2

1 1

( , , , , , )n k k n n

k k

P u e u e u− − − −− −
− −

= ⋯
 by 

attaching a pendant e′  at a vertex w′  

in 2 1 2\{ , }e u u and attaching a pendant edge e′′  at a vertex 

w′′  in 1\ { , }i i ie u u− , where 
1

3 3
1

n
i

k

−≤ ≤ −
−

. Suppose without 

loss of generality that T  is such a hypertree. 

If 
1

4 4
1

n
i

k

−≤ ≤ −
−

, for the hypertree T , by moving edge 

e′  from w′  to 1
2

1

n

k

u − −
−

 in 1
2

1

n

k

e − −
−

, 

we get a k − uniform hypertree T ′′  and , ,,n k n kT F E′′ ≠ . Let 
L  be the unique path in T  from  

w′  to 1
2

1

n

k

u − −
−

. Then 

( ( ) \ ( \{ })) ( ( ) \ ( \{ })),T TW V T e w W V T e w′′′ ′ ′ ′=  

( \{ }) ( \{ }),T TW e w W e w′′′ ′ ′ ′=  

( \{ }, ( )) ( \{ }, ( )),T TW e w V L W e w V L′′′ ′ ′ ′=  

21
( \{ }, \{ }) ( \{ }, \{ }) (2 )( 1) ,

1T T

n
W e w e w W e w e w i k

k
′′

−′ ′ ′′ ′′ ′ ′ ′′ ′′− = − −
−
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2
1 1 1 1

1
( \{ }, \{ }) ( \{ }, \{ }) (4 )( 1) .

1T T

n
W e w e u W e w e u k

k
′′

−′ ′ ′ ′− = − −
−

 

Since 

( ) ( ( ) \ ( \{w })) ( \{ }) ( \{ }, ( ))T T TW T W V T e W e w W e w V L′ ′ ′ ′ ′ ′= + +  

1 1( \{w }, \{ }) ( \{ }, \{ }),T TW e e w W e w e u′ ′ ′′ ′′ ′ ′+ +                                                       (10) 

( ) ( ( ) \ ( \{w })) ( \{ }) ( \{ }, ( ))T T TW T W V T e W e w W e w V L′′ ′′ ′′′′ ′ ′ ′ ′ ′ ′= + +  

1 1( \{w }, \{ }) ( \{ }, \{ }),T TW e e w W e w e u′′ ′′′ ′ ′′ ′′ ′ ′+ +                                                       (11) 

We have 

2 21 1
( ) ( ) (2 )( 1) (4 )( 1)

1 1T

n n
W T W T i k k

k k

− −′′− = − − + − −
− −

 

21
(4 2 2 )( 1) 0.

1

n
i k

k

−= + − − <
−

                                                                      (12) 

Thus, W(T)<W(T'') , a contradiction. 

If 
1

3
1

n
i

k

−= −
−

 as 3k ≥ , for the hypertree T , by moving 

edge 1e from 1u  to 1
2

1

n

k

u − −
−

 and moving e′  from w′  to 

0 1u e∈ , then we get a k -uniform hypertree T ′′  and 

, ,, .n k n kT F E′′ ≅/  By the same calculation as above, 

W(T)<W(T'') , a contradiction. 

If 3,i = in the hypertree T  by moving edge e′  from w′  to 

0u  at 1e , then we get a k -uniform hypertree T ′′  and we see 

that 4
,n kT H′′ ≅ . Through similar calculation, we get 

W(T)<W(T'') , a contradiction. 

Subcase 2.2. , .n kT E′ ≅  Then T  is isomorphic to the k -

uniform hypertree obtained from  

2( 1), 0 1 1
2 2

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− − − −− −
− −

= ⋯
 by attaching a 

pendant e′  at a vertex w′  in 3 2 3\{ , }e u u  and attaching a 

pendant edge e′′  at a vertex w''  in 1\{ , }i i ie u u− , where 

1
2 3

1

n
i

k

−≤ ≤ −
−

 and 3.i ≠  Suppose without loss of 

generality that T  is such a hypertree. By the same prove as 
above, we can get a contradiction. Thus e  is the unique edge 
with at least three vertices of degree 2. 

Suppose that there are four vertices 1 2 3, ,w w w  and 4w  of 

degree 2 in e  for T . Let iQ  be the pendant path of length il  

at iw , where 1il ≥  for 1,2i = . Suppose without loss of 

generality that 1 2l l≥ .  

Let 1 2 1 2[ ( ) \ ( ) \{ , }].G T V T V Q Q w w= ∪  Then 

1 2, 1 2( 1, 1).w wT G l l≅ + −  Note that 1( ) 1Gd w =  and 

1 2

*
, 1 2( 1, 1)w wT G l l≅ + −  is a k -uniform hypertree that is not 

isomorphic to ,n kP . If *T  is also not isomorphic to ,n kF  and 

, ,n kE  by Proposition 2.1, W(T)<W(T*) , a contradiction. 

Hence, there is only three vertices of degree 2  in the edge 
e . 

If *
, ,n kT F≅  then T  is isomorphic to the k -uniform 

hypertree obtained from 

2( 1), 0 1 1
2 2

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− − − −− −
− −

= ⋯
by attaching 

pendant edges e′  and e′′  at y  and z  in 2 1 2\ { , },e u u  

respectively, and y z≠ . , (1,1)y zT H≅  with 

[ ( ) \ ( ) \{ , }].H T V T e e y z′ ′′= ∪  By moving 1
2

1

n

k

e − −
−

 from 

1
3

1

n

k

u − −
−

 to 0u at 1e . Continue moving e′  from y  to 1
2

1

n

k

u − −
−

 at 

1
2

1

n

k

e − −
−

. Then we get a k -uniform hypertree **T . 

Obviously, 4
,** n kT H≅ , and by direct computation, we have 

W(T)<W(T**) , a contradiction. 

If *
, ,n kT E≅ , then T  is isomorphic to the k -uniform 

hypertree obtained from 

2( 1), 0 1 1
2 2

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− − − −− −
− −

= ⋯
 by attaching 

pendant edges e′  and e′′  at y  and z  in 3 2 3\ { , },e u u  

respectively, y z≠ . Note that , (1,1)y zT H≅  with 

[ ( ) \ ( ) \{ , }].H T V T e e y z′ ′′= ∪  By m 4
,** n kT H≅ oving e′  

from y  to 0u  at 1e . Then we get a k -uniform hypertree 
**T . Obviously,, and by Proposition 2.1, we have 

W(T)<W(T**) , a contradiction. 

As above, T  is a k -uniform hypertree obtained from 

( 1), 0 1 1
1 1

1 1

( , , , , , )n k k n k n k

k k

P u e u e u− − − −− −
− −

= ⋯
 by attaching a 

pendant edge to a vertex of 1\{ , },i i ie u u−  with 
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1
4 4

1

n
i

k

−≤ ≤ −
−

. 

If 4i =  or 
1

4
1

n
i

k

−= −
−

, then 4
,n kT H≅ . If 

1
5 5

1

n
i

k

−≤ ≤ −
−

, in the hypertree T , by moving the pendant 

edge *e  from w  of 1\{ , }i i ie u u−  to a vertex v  in 

4 3 4\{ , }e v v , then we get a k -uniform hypergraph *T . Note 
4
,* n kT H≅ . Let P′  be the unique path from v  to w . 

*
2 1 2 3( ) \ ( ( ) )V V T V P e e e e′= ∪ ∪ ∪ ∪ .  

Then 

*
* *( ( ) \ ( \ { })) ( ( ) \ ( \ { })),T T

W V T e w W V T e w=  

*
* *( \ { }) ( \ { })),T T

W e w W e w=  

*
* *( \ { }, ( )) ( \{ }, ( )),T T

W e w V P W e w V P′ ′ ′=  

*
* * 2

1 2 3 3 1 2 3 3( \ { }, ( \ { })) ( \ { }, ( \ { })) 3( 4)( 1) ,T T
W e w e e e u W e w e e e u i k′ ∪ ∪ = ∪ ∪ = − −  

*
* * 2

2 2( \{ }, ) ( \{ }, ) ( 4)( 1)( 1) .
1T T

n k
W e w V W e w V i i k

k

−′ ′− = − − − − −
−

 

Since 

* * *

* *
1 2 3 3 2

( ) ( ( ) \ ( \{ })) ( \{ }) ( \{ }, ( ))

( \{ }, ( \{ })) ( \{ }, ),

T T T

T T

W T W V T e w W e w W e w V P

W e w e e e u W e w V

′= + +

′ ′+ ∪ ∪ +
                                          (13) 

and 

* * *

* *

* * * *

* *
1 2 3 3 2

( ) ( ( ) \ ( \{ })) ( \{ }) ( \{ }, ( ))

( \{ }, ( \{ })) ( \{ }, ),

T T T

T T

W T W V T e w W e w W e w V P

W e w e e e u W e w V

′= + +

′ ′+ ∪ ∪ +
                                     (14) 

we have 

* 2 2 2n-k n-1
( ) ( ) 3( 4)( 1) (i-4)( -i-1)(k-1) (i-4)(4 i- )(k-1) 0

k-1 k-1
W T W T i k− = − − − = + < .                          (15) 

Thus, W(T)<W(T*) , a contradiction. So 4
, .n kT H≅  By 

direct calculation, we get 4
, ,( ) ( ).n k n kW H W F ′≤  as 3.k ≥  

4. Conclusion 

From above discussionthe, fifth Wiener index of 

hyperthree is obtained. ,
i
n kH  be the k -uniform hypertree 

obtained from 1,n k kP − +  by attaching a pendant edge at a 

vertex in 1\{ , }i i ie u u− . Then 3
, ,( ) ( )i

n k n kW B W H≥  with 

equality if and only if 3i =  and 
1

6
1

n

k

− =
−

. For 2k = , 6n ≥ ,

( ) 3.T∆ =  T be an any 2-uniform hypertree obtained by 
attaching two pendent edges at two internal vertices of a path 

on 2n − vertices, respectively. Then *
,2( ) ( )nW T W F≤  with 

equality if and only if *
,2nT F≅ . For

1
8

1

n

k

− ≥
−

, let T be an 

any k − uniform hypertree on n vertices. For 2k = , 

,2nT F ′≠ , 3
,2nB , ,2nP , then 4

,2( ) ( )nW T W B≤  or 

,2( ) ( )nW T W E′≤ , with equality if and only if 4
,2nT B≅  or 

,2nT E ′≅ . 

For 3k ≥ , ,n kT E≠ , 3
,2nB , ,n kF , ,n kP , if 

1
8

1

n

k

− =
−

, then 

4
,( ) ( )n kW T W H≤  with equality if and only if 4

,n kT H≅ , and 

4
, ,( ) ( )n k n kW H W F ′≤ . If 

1
9

1

n

k

− ≥
−

, then ,( ) ( )n kW T W F ′≤  

with equality if and only if ,n kT F ′≅ . 
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