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Abstract: Cloaking refers to hiding a body from detection by surrounding it with a coating consisting of an unusual
anisotropic nonhomogeneous material. The permittivity and permeability of such a cloak are determined by the coordinate
transformation of compressing a hidden body into a point or a line. In this work, the scattering properties of cloaked spherical
bodies (conducting and dielectric) are investigated using a combination of approximate cloaking, where the conducting
sphere is transformed into a small sphere rather than to a point, and using two types of nonlinear transformations; concave-up
and concave-down. The radially-dependent spherical cloaking shell is approximately discretized into many homogeneous
anisotropic layers, provided that the thickness of each layer is much less than the wavelength, and this discretization raises the
level of scattering as the number of layers decreases. Each anisotropic layer can be replaced by a pair of equivalent isotropic
sub-layers, where the effective medium approximation is used to find the parameters of these two equivalent sub-layers. The
effect of nonlinearity in the coordinate transformation on the scattering performance is studied. The back-scattering
normalized radar cross section, the scattering pattern are studied and the total scattering cross section against the frequency
for different number of layers and transformed radius.
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they rely onusing array of resonant elements (as split ring
resonators) [9] - [12].Approximate cloaking can be achieved
by transforming the hidden body virtually into a small object
rather than a point or a line as shown in Fig. 1, which
eliminates the zero (point transformed) or infinite (line
transformed) values of the electrical parameters [13], [14].
This, however, leads to some scattering, since the hidden
body is virtually transformed into a small object rather than a
point or a line, and the scattering decreases as the
transformed sphere radius is smaller.

1. Introduction

Recently, the concept of electromagnetic cloaking has
drawn considerable attention concerning theoretical,
numerical and experimental aspects [1] - [8]. One approach
to achieve electromagnetic cloaking is to deflect the rays
that would have struck the object, guide them around the
object, and return them to their original trajectory, thus no
waves are scattered fromthe body [1]. In the coordinate
transformation method for cloaking, the body to be hidden is
transformed virtually into a point (3D or spherical
configuration) or a line (2D or cylindrical configuration),
and this transformation leads to the profile of €, p in the
cloaking coating. Some components of the electrical
parameters of the cloaking material (e, p) are required to
have infinite or zero value at the boundary of the hidden
object. Thisrequires the use of metamaterials which can (@ (b)
produce such values, however, they are narrow band since Fig. 1. (a) Virtual domain, (b) Actual Domain

r r




American Journal of Electromagnetics and Applications 2013; 1(2): 16-29 17

The nonlinear-transformation-based cloaks [15], [16]
cannot be solved by the analytic method proposed for
classic spherical cloak [17], [18], [19]. Therefore, a
discretized non-ideal model has to be implemented in
which each layer is homogeneously anisotropic, provided
that the thickness of each layer is much less than the
wavelength, and this discretization decreases the level of
scattering as the number of layers increases. Each
anisotropic layer can be replaced by a pair of equivalent
isotropic  sub-layers, where the effective medium
approximation is used to find the parameters of these two
equivalent sub-layers [20]. Near the boundary of the hidden
sphere, the values of the radial components of &, p of the
cloaking material are nearly zero. This makes the values of
€, W in one of the pair of isotropic layers to be very small,
and can be implemented using metamaterials [11], [21],
[22]. Two approaches are possible in choosing the
materialproperties in the pair of sub-layers. The first is to
take the smaller values of €, together with the smaller value
of n in one sub-layer, and the opposite combination in the
other sub-layer [20], whereas the other possibility is to take
the smaller value of € together with the larger value of p in
one sub-layer, and the opposite combination in the other
sub-layer [23]. The first approach leads to improved back
scattering with high forward and total scattering. The
second approach leads to great reduction in forward and
total scattering, while the back scattering is low enough. In
this paper, we study the scattering performance of cloaked
conducting and dielectric spheres using the second
approach with approximate cloaking and nonlinear
transformations.

2. The Nonlinear Transformations

Pendry’s spherical cloak [1] uses a linear transformation
between the radius r in the virtual domain and the physical
radius r, Fig. 1. In this section, we consider the two classes of
nonlinear-transformation; the concave—up and
concave-down transformations [15], [16], modified for
approximate cloaking. In the concave-down and concave-up
transformation, the transformation is sharper near the inner
or the outer radius of the cloak, respectively. The resulting
permittivity and permeability of the approximate nonlinear
spherical cloak are given.

2.1. Concave-Down Nonlinear Transformation

The concave-down nonlinear function f(r) to transform

from the physical space 7" to the virual space 1’ is given by:

X X
fy=r'= —RZREZ(}EZR{) [ 1-— (%) ] +c (1)
which obviously satisfies the requirements at the inner and
outer boundaries (when r = R;, ' = ¢, and when r = R,,
r’ = R,), Fig.1. The value of “x” is a factor to control the
nonlinearity degree in the transformation, which can be
arbitrary from 0 to oo.

Fig. 2 shows typical concave-down nonlinear
transformation function r’ for different values of x with
R, = 2R; . When x < 0.1 , all mapping curves are
overlapping (i.e. they effectively lead to the same
performance). When x becomes large, the transformation
function changessharply near the inner radius r = R;. All
curves belonging to the concave-downtransformation
functions in Eq. (1) have negative second derivative with
respect to the physical space radius r.
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Fig. 2. The concave-down nonlinear transformation function r', R, =
2R, and ¢ = R,/20

The radial and transverse permittivity and permeability of
the spherical cloak, depending on 1, are given as [24]:

€r Ur f(r)? €0 _ Mo _Ep _ Mp _ f!
—_—= — = — —_—= —=—=—= r
£ wo r2fl(r) ’ €o Ho €0 Ho (r) @
Thus, the permittivity and permeability of the
approximate spherical cloak in the physical space become:
e _ [RI(Ry—c)(*~RY + cr*(RI-R)? 3
g XR¥REr**+1(Ry—c )(RE-RY) G)

g9 _ XRIR¥(Rp—c) 4)
&g PHRE-RY)

For modeling scattering by discretized cloak layers, it is
possible to use equal thickness of the layers either in the
physical space or in the virtual space. In order to avoid sharp
variations of the parameters ¢, 1 in the inner layers, Fig. 2,
the discretized layers are taken to be of equal thickness in the
virtual space [15], [16] which leads to finer segmentation in
the physical space,where f(r) turns to be steeper. The
virtual space 1’ is discretized into 2M layers with identical
thickness, thus

i(R2—0)

= +c

,i=1,2,..
M

L 2M )

The corresponding radii in the physical space r become:
-1
()= R, -[1- BRI Xi=1,2,..2M (6
i = Ry [1 R% Rz—c] ’ ©)

2.2. Concave-Up Nonlinear Transformation

The concave-up nonlinear transformation function is
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given by:
_ o _ Ry [(r\* _
fr) =1r"= “RE-RT (Rl) 1] +c (7
Fig. 3 shows typical concave-up nonlinear

transformation function r' for different values of x with
R, = 2R;. When x =1, it is exactly Pendry’s linear
spherical cloak. When x gets extremely large, the mapping
curve will become sharp near the outer radius = R,. All
curves belonging to the concave-up transformation
functions in Eq. (7) have positive second derivative with
respect to the physical space radius r.
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Fig. 3. The concave-up nonlinear transformation function r', R, = 2R,

and ¢ = R,/20

In the same way, we can obtain the permittivity and
permeability of the approximate spherical cloak in the
physical space as:

er _ [Rg=c)(*~ RD+c(RE-RD)?

€0 = xr¥*1(Ry—c)(RE-RY) (8)
g9 _ xr*"1(Ry—c)
g (RZ-RD ©

As in concave-down transformation, the virtual space is
discretized into equal thickness layers, Eqn. 5, the
corresponding radii in the physical space r turn out to be:

1
r,(x) = Rl.[mﬂJrl]X,i:l,z, -2M  (10)

R)l( Ry—cC

3. Spherical Nonlinear Cloak by
Layered Structure of Homogeneous
Isotropic Materials

The fields in the cloak layer can be obtained by solving
Maxwell equations using the magnetic and electric vector
potentials [17], [18], [19]. The equation for the radial
component of the field potentials becomes:

or?

+ [Ke? = AR 222 H(r) = 0 (11)

where K2 = w?p,&., (AR) denotes the anisotropy ratio of
the cloak, for TM wave,(AR) = g;/¢,, and for TE wave, a
similar equation is obtained with  (AR) = p/u,.

For pande of perfect linear spherical cloaks
[17]-[19],AR = r?/(r — R;)?, Eq. (10) is reduced to:
3%H(r) 2 n(n+1) _
ar? [Kt (r—Rl)Z] H(r) =0 (12)

Thus, the radial component H(r) can be solved in a
way similar to that for isotropic materials, except for the
changein the argument of resultant Bessel/Hankel functions.
However, given a set of pand e derived from a certain
transform, the anisotropy ratio may not be
r2/(r — R;)? anymore, and then the radial component
cannot be solved explicitly in the same way. In this situation,
the original inhomogeneous anisotropic cloaking materials
can be approximated by the limit of many (M) thin,
concentric, homogeneous, anisotropic coating layers [15],
[20]. Each anisotropic layer can be replaced by a pair of
equivalent homogeneous isotropic sub-layers A and B with
different thickness, where the effective medium
approximation is used to find the parameters of these two
equivalent sub-layers as shown in Fig. 4.

The layer thicknesses (dy, dg) of these shells are much
less than the wavelength A and when d <« A, the permittivity
and the permeability relationship between the anisotropic
material (&, &9) or (U, Hg) and the two-layer isotropic
materials &,, egare given by:

_ (14m)eacs

r EBtNEA (13)
eatME
gg = AL (14)

in which, n = dg/d,, d, and dg are the thicknesses of
the layers A and B, respectively. For the permittivity these
equations correspond to series and parallel addition of
capacitances, respectively.

nth Anisotropic laye!

Medium B Medium A

(a) Anisotropic (b) Isotropic

Fig. 4. Equivalence of an anisotropic spherical shell and two isotropic
sub-shells

By solving the above equations for gqand €, one can
obtain the equivalent medium parameters for the isotropic
sub-layers when the thicknesses are not identical:

[M—Der+ (14m)eplt \/[(n_1)€r+ (1+7])99]2_47]2595r (15)
2n

SBZ

£y = [(A+n)eg— (M—DerlF «/[(n;l)sﬁ (1+n)egl?—4n2eger (16)

For identical thicknesses (n = 1),
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gg = €9 t /€02 — €9 &, (17)
€a = € T /€% — Eg & (18)

It is possible to use different combinations for € and p
in the first and second layers, Table 1.

Table 1.Different combinations of €, p

Case FirstLayer Second Layer

Ea= &g+ &% — & & g = €9 — /€% — & &
— 2 - 2

Mo = Mot \Hg" — Hg Ur Up = Ug — \Ho" — Uglr

2= €9+ /€92 — g9 & &g = & — /€92 — €9 &

I _ 5
Ha = Ho — VHo" — Mo lr

4= €9 — /€92 — €&

I
Ba = Mo+ +Uo® — Mo lir

Ue = Mo+ \Ho® — Ko lr

g = €9+ /€% — €&
Hp = Mo — v/ Ho® — HoHr

In case I, the impedances in the layers /p/e  are equal,

whereas in cases Il and III the refractive index +/eqp. 1is
equal in the layers. Cases II and III differ only in whether
the inner layer has the larger or the smaller value of «.

4. Scattering from a Dielectric Sphere
with Multilayered Coating

The configuration for electromagnetic scattering by the
spherical body coated by 2M layers is shown in Fig. 5. The
external radius, permittivity, and permeability of the core
and the layers are denoted by a;, g; and w;(i=1, 2,.., 2M+1),
respectively. The outer radius of each sub-layer in the
physical space is given by Eqns. 6, 10. The values of the
anisotropic parameters are used at the center of each
anisotropic layer, i.e. for the even values of'i [16].

Fig. 5 shows an E, polarized plane wave with amplitude
E,, El = E, e 7%0%x incident upon the coated sphere along
the Z direction. Ky = w./Ko€pis the wave number in free
space. The time dependence e/t is suppressed.

Fig.5. Plane wave scattering by a multilayer dielectric sphere

The fields in the different regions are expanded in terms
of spherical harmonics of TE, and TM, modes w.r.t. the

radial direction.The field ( E or H) with only
transversecomponents (8, @) is expressed by the harmonics
m, whereas the other field having the three components is
expressed by the harmonics # [25], [26].

£ s In(kPE(c0s0) o 00—y (k) 52 517 6.3 (19)

mg =

ng =

n(n+1) sin , .

]n(kr)Pl(cose) £+

, 0P} sin
Ll (o)) 2250 96

[kr], (kn)]’ Pl(cose) (2) 3 (20)

_krsin®
where ], (kr) is a spherical Bessel function of order n of any
kind and Pl(cos®) is a Legendre polynomial of the first
kind, first order and n'"degree. The @-dependnce is taken
as sin® or cos® (odd, o, or even, €) to conform with the
incident plane wave.

The incident plane wave can be expressed in terms of
spherical harmonics with Bessel functions of the first kind
as:

E'= E, e /X0Z% = ¥, _. G, (m} + jni) 2n
H'= = Spy 28 (m = jnb) (22)

where
G = (= )nnz(:lzi) (23)

V=1

The scattered fields can be expanded in terms of spherical
harmonics with spherical Hankel functions h?2(k,r)
representing scattered outgoing waves with unknown
coefficients e, dSof the TE, TM parts, respectively.

ES = ¥po1 Gy (eSmit + jd*ngh)
= _Zn 1

and Z, = Z—z,]

24

- (dmet —jeng") (25)

We can write the fields in the i™Layer as:

Ecl = o1 Gy (chlimng + jeCHlinng + dCHzim(C,HZ +
jecHzingHz ) (26)

i G 15 1 1; 1 2 2
ci — n cHi ,,cH i AcHi,cH cH?i,cH
H ——anlzo(e mg™ — jd Ing" + e 'mg" —

) @7

where the modes in the cloak region are represented by
Hankel functions of the first and second kinds with
arguments ( kirj) ,where k; = w+/pi€; , and unknown
coefficients d,e. The boundary conditions at the interface
between layers i, i+1 lead to two equations relating the TM
coefficients dH', d°H” of the two layers and two equations
relating the TE coefficients e! " e?H® of the two layers.
The finiteness of the field in the dielectric core leads to
thefollowing ratios in the dielectric core [27]:

; JcH?i cH?
jd“'ng
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qCH? (D) eCHZ(D)

(28)

QcHI(D ScHI(D)

When cloaking a conducting sphere, the dielectric constant
in the core is taken to be very large.

The ratios d<H*®/dH'® and eH*® JeH'D i the
successive larger layers can be obtained iteratively from the
following equations [27]:

20
d”Hl(f“) _ _ Ha(Kipr)— RHH" '(Kigar) § i=1,2,...2M (29)
qCHI(+1) HZ(Kipq7)— RYHE (Kipq1)

20
ecHl(%+1) _ _ Hiipar)- REHn ((KigaTo) ; i=1,2,...2M (30)
eCH1(i+1) HE(Kipq7)— REHn (K1+17”1)

whereH} (KR) = KRhi(KR)and HZ(KR) = KRhZ(KR) are the
Riccati-Hankel functions.

dCH?(
N J*Tim”n(“l) _
Ry = |2 e i=1,2,...
P e+ sl (K

2M (31)
Hl(l)
oCH?(0)
R = \/m O g sy o)
€illi+1 Hn (Kl D+ H18H121’(Kiri)

Finally, the boundary conditions between the outer layer

and air lead to the scattering coefficients b, = d5(TM part)
and a, = e%(TE part):
__ _in(KoRa)— REM* jh(KoR2)
bn - n(KORZ) R2M+1H2!(K Ry) (33)
0 = — In(oRa)= R jn(KoRy) (34)
n

HZ(KoRp)— REM*1H2 (KoR,)

The scattering cross section o and the normalized radar
cross sections Qg o) are given by [28], [29]:

2 IES|2

T (35)

Qg = %512 = (1( R (1S1(8)|%sin¢ + [S2(8)|%cos?¢ ) (36)

= 4mr

whereS;(0) and S,(0) are defined by :

51(0) = Zn o [ay(8) + byTn(0)] (37)
52(0) = T [bymia(8) + 2,Ta(®)] (38

In the above two equations m,(08) and t,(0) describe
the angular scattering patterns of the spherical harmonics
used to describe S;and S, and follow from the recurrence
relations [29], [30]:

P (cos8) 2n-1

m, = = cosO.m,_; —
n sin 6 n-1 n-1

(39

= TC
-1 n-2

dPy(cos6
— dPn(cosd) _ ncosO.m, —

Tn T (n+ 1) m,_, (40)

starting with the initial values: my, = 0;my = 1.
The total scattering normalized cross section Qgc,

follows from the integration of the scattered power over all
directions 0, ¢, given by [31]:

Qsca = Zn 1(2n + 1)(|an|2 + |b | ) (41)

(K’R)2

The backscattering normalized radar cross section Qy,,
applicable to monostatic radar, is given by [31]:

Qb |Z 1( 1)n(2n + 1)(an - bn)lz

(K R )2 (42)
The mode series is truncated at the mode number
Nmax=KoR, +4* (KoRy)'? +2,[29], [30].

5. Results

5.1. Scattering from cloaked Perfect Electrically
Conducting (PEC) Sphere

5.1.1. Effect of Arrangement of Materials in the Layers

To show the effect of different cases of arrangement of
materials in the layers, table 1, on the bistatic radar cross
section og (RCS), consider the inner core with radius
R; = A, the outermost radius R, = 2A, where A is the
wavelength, and the operating frequency f is 2GHz , the
cloak is discretized into 2M=80 Layers (these values are
used for the bistatic scattering in the paper unless otherwise
specified). Fig. 6 shows the bistaic radar cross section area
(RCS) of the concave-up nonlinear cloaks versus 6 of the
multilayered isotropic structure for the ideal case (c=0) for
the three different arrangement cases and the nonlinearity
degree x = 0.1. The results for cases I and II are checked
against ref. [16] with identical results. The main difference
between cases Il and III are near the forward direction
(6 =0).

PEC
77 Case _ |
) —¥—¥ Case_n
0 Case _IN

N
S

Bistatic RCS ( dBsm)
8 &

-80

-100

0 20 40 60 80 100 120 140 160 180
0 (deg)

Fig. 6. Bistatic RCS for the concave-up nonlinear ideal cloaks (c=0), x =
0.1for different cases

It can be seen from Fig. 6 that the backscattering
(6 = 180°) in cases II and III has not been reduced to the
same level as that in case I. Case I leads to proper impedance
matching of the layers but leads to large jumps of
therefractive index (equal to the square root of the product of
g, W) in the successive layers. This leads to low back
scattering, but high forward scattering[20]. On the other
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hand, the second and third approaches lead to gradual
variation of the refractive index in the successive sub-layers,
but the impedance of the successive sub-layers suffers from
jumps [23]. This increases the back scattering but improves
the forward and total scattering. In the near forward angles,
the scattering from case I1I is smaller than case II.

Fig. 7 shows the bistaic RCS of the concave-down
nonlinear ideal cloaks (c=0) for cases II and III and the
nonlinearity degree x= 0.1. For x = 0.1for concave-down
cloak, the results for cases II, IIT are nearly the same as the
corresponds results for concave-up cloak (Fig. 6).

20

—— PEC
—¥—k- Case _n

rrrrrr Case_In

Bistatic RCS ( dBsm )

-80

-100

0 20 40 60 80 100 120 140 160 180
0 (deg)

Fig. 7. Bistatic RCS for the concave-down nonlinear ideal cloaks for
different cases

5.1.2. Effect of the Reduced Radius c

Figs. 8, 9 and 10 show the bistaic RCS of the concave-up
nonlinear cloaks (case II) for different values of
approximate cloaking radius c¢ and the nonlinearity degrees
x = 0.1, 0.6, 20, respectively. The forward scattering is
nearly identical for ¢ =4/10to ¢ = A/40. The back
scattering improves for ¢ = 4/20, 1/40 for x = 0.1, 0.6
than for x = 20. The value of the back scattering depends
actually on whether the scattering pattern ends in the back
scattering direction with a peak or trough. As the
transformed radius c¢ increases to A/5, the scattering
increases as shown in Fig. 9.For the ideal profile (c=0),
€./€o = 0 atr=Rq, Eqn. 8. As c increases, ¢€./gq at =R;
increases. For c= R, /40, x =1, &./gq = 1/3200. For
c=R1/10, x =1, g./g, = 1/200.

20

PEC Sphere
AA Approx _ ¢ = M10
—~5— Approx _c =M20
------ Approx _ ¢ = M40
—%—%— Ideal_c=0

-40

Bistatic RCS ( dBsm )

-60

-80

Fig. 8. Bistatic RCS for the concave-up nonlinear cloaks for different
values of the cloaking radii ¢ and x =0.1 (case II)
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-60
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Fig. 9. Bistatic RCS for the concave-up nonlinear cloaks for different
values of the cloaking radii ¢ and x =0.6 (case I)
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-60
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Fig. 10. Bistatic RCS for the concave-up nonlinear cloaks for different
values of the cloaking radii ¢ and x =20 (case II)

Figs. 11,12 and 13 show the bistaic RCS of the
concave-up nonlinear cloaks ( case III ) for different values
of approximate cloaking radius ¢ and the nonlinearity
degree x = 0.1, 0.6, 20, respectively.

20

PEC Sphere
Approx _ ¢ = M10

—5—6~ Approx _ ¢ =\/20
Approx _ ¢ = \40

Bistatic RCS ( dBsm )

-80

0 20 40 60 80 100 120 140 160 180
0 (deg)

Fig. 11. Bistatic RCS for the concave-up nonlinear cloaks for different
values of the cloaking radii ¢ and x =0.1 (case I1I)
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20

PEC Sphere

g:g Approx _ ¢ = A5

Bistatic RCS ( dBsm)

-80

0 20 40 60 80 100 120 140 160 180
0 (deg)

Fig. 12. Bistatic RCS for the concave-up nonlinear cloaks for different
values of the cloaking radii ¢ and x =0.6 (case 111)
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Fig. 13. Bistatic RCS for the concave-up nonlinear cloaks for different
values of the cloaking radii ¢ and x =20 (case I1I1)

5.1.3. Effect of the Nonlinearity Degree x

Here, we will study the effects of the nonlinearity degree x
on the scattering from nonlinear spherical cloaks. We fix
¢ = R;/40, and consider x = 0.1, 0.6, 1, 5, 10 and x=20 for
concave-down and concave-up nonlinear cloaks, as
discussed in the following figures.

Figs. 14 and 15 show the bistaic RCS of the
concave-down nonlinear cloaks for both cases II and III for
six different values of the nonlinearity degree x.

40

C Sphere Xx=5
L%

W m
~oo
]

Bistatic RCS ( dBsm)

-80

0 20 40 60 80 100 120 140 160 180
6 (deg)

Fig. 14. Bistatic RCS for the concave-down nonlinear approximate
cloaking for different values of x (case I1)
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S|

phere X=5
X X%

X X%
W
~oo
e

Bistatic RCS ( dBsm)

0 20 40 60 80 100 120 140 160 180
6 (deg)

Fig. 15. Bistatic RCS for the concave-down nonlinear approximate
cloaking for different values of x (case II)

From Figs. 14 and 15, it can be seen that for
concave-down nonlinear transformations, the cloaking
property is better retained when x < 1. As X increases
(x> 1), their RCSs are increasing dramatically and can be
larger than that of an uncloaked PEC core (e.g., x = 5,10 and
20), which is not desired in the cloaking application [15],
[16].

Figs. 16 and 17 show the bistaic RCS of the concave-up
nonlinear cloaks for both cases II and III for different values
of the nonlinearity degree x.The value of the exponent x has
much less effect on the scattering than in the concave down
case. The back scattering in concave up case is higher than in
the concave down case for x < 1, Figs. 14-17.

The increase of x in concave-up transformations will push
the “hot” areas (region with sharp variations of the electrical
properties, Figs. 2, 3) further and further away from the
spherical core, so the far-field pattern become stable with
increasing x. However, the increase of x in the
concave-down transformations has little effect in shifting
away the “hot” positions from the core, which results in
larger interaction with the spherical core. Hence, the RCS
reduction in the far field is degraded with the increase of x,
where the variations of the electrical properties become
sharper in the concave-down class as shown in the figures
[15],[16].

20

m
e}

XXX XXX T

-20y}

-40

Bistatic RCS ( dBsm)

-60

-80

0 20 40 60 80 100 120 140 160 180
0 (deg)

Fig. 16. Bistatic RCS for the concave-up nonlinear cloaks for different
values of x (case II)
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Fig. 17. Bistatic RCS for the concave-up nonlinear cloaks for different
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5.1.4. Effect of Frequency and Reduced Radius ¢

Figs. 18, 19 show the back scattering RCS of the
concave-up and concave-down nonlinear cloaks against the
normalized frequency R;/A for different values of ¢ (case II)
at 2M = 80, R; = 0.15 m, R, = 2R; (these values are
used in the paper for the back scattering versus frequency,
unless otherwise specified) and for x =0.6 .

The average of the back scattering with frequency
increases with increasing frequency. This is because with a
fixed cloak thickness and number of layers the layer
thickness becomes a larger fraction of the wavelength with
increasing frequency. For concave-up cloak with ¢ =
R,/40, Fig. 18, some scattering peaks appear due to
interactions between the layers.

The concave-down cloak, Fig. 19, shows lower scattering
than the concave-up cloak, Fig. 18.
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Fig. 18. The back scattering RCS for the concave-up nonlinear cloaks for
different values of ¢ (case 1) at x = 0.6
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Fig. 19. The back scattering RCS for the concave-down nonlinear cloaks
for different values of c (case II) at x = 0.6

5.1.5. Effect of Frequency and Nonlinearity Degree x

The scattering properties of an approximate cloaked
conducting sphere coated with isotropic homogenous layers
are investigated concerning the back scattering cross section
versus the normalized frequency R, /A for different values
of the nonlinearity degree x.

Fig. 20 shows the back scattering RCS of the
concave-down nonlinear cloaks versus the normalized
frequency for different values of x (case II) at ¢ = R;/40.
Fig. 21 shows the corresponding results for case III.

At most frequencies, the cloak with x = 1 show least
scattering. It can be seen, from Figs. 20 and 21 for concave
-down profile that when the nonlinearity degree x becomes
larger than unity, the scattering increase compared to the
uncoated conducting sphere, which is useless for cloaking.

Fig. 22 shows the back scattering RCS of the concave-up
nonlinear cloaks for different values of x (case II) at
¢ = R, /40. The value of the exponent x has much less effect
on scattering compared with the concave-down profile. In
Fig. 22 large values of back scattering at some frequencies
and exponent x are found due to interaction effects between
the layers, corresponding to those found in Fig. 18.
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Fig. 20. The back scattering RCS for the concave-down nonlinear cloaks
for different values of x (case II) at ¢ = R, /40
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Fig. 21. The back scattering RCS for the concave-down nonlinear cloaks
for different values of x (case III) at ¢ = R /40
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Fig. 22. The back scattering RCS for the concave-up nonlinear cloaks for
different values of x (case II) at ¢ = R,/40

5.2. Scattering from cloaked dielectric Sphere

5.2.1. Effect of Dielectric Constant and Layers
Configurations

Fig. 23 shows the bistaic RCS of the concave-up
nonlinear cloaks for the ideal case (c=0) for cases II and III
for a dielectric sphere with €4 = 2 and the nonlinearity
degree x = 0.1. The results are nearly identical to the cloaked
conducting sphere, Fig. 6, due to near perfect cloaking for
¢=0. The results for a sphere with ¢4 = 10 are nearly
identical.
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Fig. 23. Bistatic RCS for the concave-up nonlinear ideal cloaks for cloaked

dielectric sphere with €5 = 2

Fig. 24 shows the bistaic RCS of the concave-down
nonlinear cloaks for the ideal case (¢c=0) for cases II and III
for a dielectric sphere with €4 = 2 and the nonlinearity
degree x = 0.1. The scattering is nearly identical to the
cloaked conducting sphere, Fig. 7, with slight difference for
back scattering. This shows that the cloaking of the body is
nearly ideal and the scattering properties are mainly a result
of the scattering from the cloaking layers. Similar behavior
is also found for g4 = 10.
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Fig. 24. Bistatic RCS for the concave-down nonlinear ideal cloaks for
cloaked dielectric sphere with €5 = 10

5.2.2. Effect of the Reduced Radius c

Figs. 25, 26 show the effect of the reduced radius c on the
bistaic RCS of the concave-up and concave-down nonlinear
cloaks , respectively, for case II for cloaked dielectric sphere
with €4 = 10 and the nonlinearity degree x = 0.6 (R; = A,
R, = 2R;) . The scattering increases for ¢ = A/10, A/5.
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Fig. 25. Bistatic RCS for the concave-up nonlinear approximate cloaking
for different values of the cloaking radii ¢ and x =0.6 for cloaked dielectric
sphere with &5 = 10 (case 1I)
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Fig. 26. Bistatic RCS for the concave-down nonlinear approximate
cloaking for different values of the cloaking radii ¢ and x =0.6 for cloaked
dielectric sphere with &5 = 10 (case 1I)
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Figs. 27, 28 show the corresponding results for case I1I for
the bistaic RCS of the concave-up and concave-down
nonlinear cloaks, respectively. The back scattering for the
concave-down profile, Fig. 28, is lower than that of the
concave-up profile, Fig.27.
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Fig. 27. Bistatic RCS for the concave-up nonlinear approximate cloaking
for different values of the cloaking radii ¢ and x =0.6 for cloaked dielectric
sphere with €5 = 10 (case I1I)
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Fig. 28. Bistatic RCS for the concave-down nonlinear approximate
cloaking for different values of the cloaking radii c and x =0.6 for cloaked
dielectric sphere with 5 = 10 (case I1I)

5.2.3. Effect of the Nonlinearity Degree x

Fig. 29 shows the effect of the nonlinearity degree x on
the bistaic RCS of the concave-down nonlinear cloaks for
cloaked dielectric sphere with g4 = 10, for case II, c=
R;/40. The behavior is similar to the cloaked conducting
sphere except for back scattering, Fig. 14. The results for
case III are similar to those of Fig. 15 for the cloaked
conducting sphere.
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Fig. 29. Bistatic RCS for the concave-down nonlinear ideal cloaks for
cloaked dielectric sphere with €5 = 10 for different values of x (case II)

Fig. 30 shows the effect of the nonlinearity degree x on
the bistaic RCS of the concave-up nonlinear cloaks for
cloaked dielectric sphere with ¢4 = 10, for case II. The
results for case II are nearly identical to Fig. 16 for the
conducting sphere. The concave-up results for case III are
identical to those of the cloaked conducting sphere, Fig. 17.

From Figs. 29 and 30, it can be seen that for
concave-down nonlinear transformations, the cloaking
property is better retained when x < 1. As x increases
(x> 1), their RCSs are increasing dramatically and can be
larger than that of the uncloaked dielectric sphere (e.g., x =5,
10 and 20), which is not desired in the cloaking application.
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Fig. 30. Bistatic RCS for the concave-up nonlinear ideal cloaks for cloaked
dielectric sphere with ;5 = 10 for different values of x (case II)

5.2.4. Effect of Frequency and Reduced Radius ¢

Figs. 31, 32 show the effect of the reduced radius ¢ on the
back scattering RCS of the concave-up and concave-down
nonlinear cloaks, respectively, against the normalized
frequency R;/A for different values of ¢, R; = 0.15 m,
R, = 2R; forcase Il
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Fig. 31. The back scattering RCS for the concave-up nonlinear
approximate cloaking for different values of the cloaking radii ¢ and x =0.6
for cloaked dielectric sphere with €5 = 10 (case 1I)
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Fig. 32. The back scattering RCS for the concave-down nonlinear
approximate cloaking for different values of the cloaking radii ¢ and x =0.6
for cloaked dielectric sphere with ;5 = 10 (case II)

5.2.5. Effect of Frequency and Nonlinearity Degree x

The effect of the nonlinearity degree x on the back
scattering properties versus normalized frequency R;/A of
an approximate cloaked dielectric sphere is investigated for
the concave-down and concave-up nonlinear cloaks for both
cases II and III with c= R, /40.

Fig. 33 and 34 show the back scattering RCS of the
concave-up nonlinear approximate cloaking for cloaked
dielectric sphere with €4 = 10 for both cases II and III,
respectively, for different values of the nonlinearity degree x.
The scattering properties have great similarities with those
of the cloaked conducting sphere for case II, Fig. 22.
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Fig. 33. The back scattering RCS for the concave-up nonlinear
approximate cloaking for cloaked dielectric sphere with €5 = 10 for
different values of x (case II) at ¢ = R, /40
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Fig. 34. The back scattering RCS for the concave-up nonlinear
approximate cloaking for cloaked dielectric sphere with €5 =10 for
different values of x (case Ill) at ¢ = R, /40

Fig. 35 and 36 show the effect of the nonlinearity degree x
on the back scattering RCS for the concave-down nonlinear
cloaks for cloaked dielectric sphere with €4 = 10 for both
cases II and III, respectively, at ¢ = R;/40. The scattering
properties have great similarities with those of the cloaked
conducting sphere for case II, Fig. 20. The scattering
properties for case I1I have similarities with Fig. 21.
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Fig. 35. The back scattering RCS for the concave-down nonlinear
approximate cloaking for cloaked dielectric sphere with €5 = 10 for
different values of x (case II) at ¢ = R, /40
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Fig.36. The back scattering RCS for the concave-down nonlinear
approximate cloaking for cloaked dielectric sphere with €5 =10 for
different values of x (case IIl) at ¢ = R{/40

5.3. Effect of Cloaking Material Thickness

5.3.1. Effect of Cloaking Material Thickness for Constant
Layer Thicknesses

Figs. 37, 38 show the effect of cloaking material thickness
for constant layer thickness of A/80 on the bistatic RCS
of the nonlinear approximate cloaking for cloaked
conducting sphere for two different coating thicknesses of
A/2 and A for concave-down and concave-up nonlinear
cloaks, respectively . We use ¢ = R;/40 and x = 0.6. For
fixed layer thickness, as the number of layers increases the
average scattering decreases.
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Fig. 37. Bistatic RCS for the concave-down nonlinear approximate cloaks
for cloaked conducting sphere for two different thicknesses /2, A and
¢ = R,/40, x = 0.6 (case 1I)
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Fig. 38. Bistatic RCS of the concave-up nonlinear approximate cloaking for
cloaked conducting sphere for two different thicknesses,A/2, A and
¢ = R,/40, x = 0.6 (case II)

5.3.2. Effect of Cloaking Material Thickness for Constant
Number of Layers

Fig. 39 shows the effect of thickness of cloaking material
on the bistatic RCS for the nonlinear approximate cloaking
for cloaked conducting sphere for two different coating
thicknesses of A/2 and A with 80 isotropic layers. Smaller
cloaking thickness improves scattering since the normalized
layer thickness decreases.

Fig. 40 shows the back scattering cross section versus
normalized frequency R;/A of the concave-up nonlinear
approximate cloaking for cloaked conducting sphere for
two different thicknesses R, = 0.225m,0.3 m, with
R; =015 m, c¢c=R;/40 and x = 0.6 ( case II ). On the
average, smaller cloaking thickness improves scattering.
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Fig. 39. Bistatic RCS for the concave-up nonlinear approximate cloaking
for cloaked conducting sphere for two different thicknesses, 2/2, A and
¢ =R,/40, x = 0.6 case Il
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Fig. 40. The back scattering RCS for the concave-up nonlinear
approximate cloaking for cloaked conducting sphere for two different
thicknesses, Ry = 0.15 m, ¢ = R;/40,x = 0.6 (case 1I)

6. Conclusions

The scattering properties of cloaked spherical bodies
(conducting and dielectric) are studied using a combination
of approximate cloaking, where the conducting sphere is
transformed into a small sphere rather than to a point, and
using two types of nonlinear transformations; concave-up
and concave-down. The radially-dependent spherical
cloaking shell is approximately discretized into many
homogeneous anisotropic layers, provided that the thickness
of each layer is much less than the wavelength, and this
discretization raises the level of scattering as the number of
layers decreases. Each anisotropic layer can be replaced by a
pair of equivalent isotropic sub-layers, where the effective
medium approximation is used to find the parameters of
these two equivalent sub-layers.

This study is concerned with layering structure where a
smaller value of p is accompanied with the larger value of €
in a layer, and the opposite combination in the second layer,
which leads to large reduction of forward scattering with
good reduction of back scattering. It is found that the
reduced radius c has larger effect on the back scattering than
on the forward scattering, and that good improvement on
scattering is obtained for ¢ < A/20. The use of reduced
radius eliminates the zero value of the permittivity and the
permeability at the radius of the body to be cloaked. Good
reduction of scattering is achieved with nonlinearity
exponentX < 1, and the concave-down profile given less
back scattering.

The scattering performance from cloaked dielectric
sphere is almost identical to that of a cloaked conducting
sphere for ¢ = 0, and in this case the scattering is actually a
result of the interactions between the layers. Smaller
thickness of the layers w.r.t. the wavelength results less
scattering. The relative location of the layers with small and
large values of €, p(cases II, III) has effect mainly on the
scattering near the forward angles.
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