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Abstract: In this paper the velocity field and the adequate shear stress corresponding to the rotational flow of an Oldroyd-B
fluid, between two infinite coaxial circular cylinders, are determined by applying the finite Hankel transforms. The motion is
produced by the inner cylinder that, at time t = 0", is subject to a time-dependent rotational shear stress. The solutions that have
been obtained are presented under series form in terms of Bessel functions, satisfy all imposed initial and boundary conditions.
Moreover, these solutions satisfy both the governing differential equations and all imposed initial and boundary conditions. The
corresponding solutions for Maxwell, second grade and Newtonian fluids are obtained as limiting case of general solutions.
Finally, the influence of the pertinent parameters on the velocity and shear stress of the fluid is analyzed by graphical
illustrations.
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of some polymers.

1. Introduction

Due to the several technological applications the flow
analysis of non-Newtonian fluids is very important in the
fields of fluid mechanics. Many investigators have not studied
the flow behavior of non-Newtonian fluids in various flow
fields due to the complex stress - strain relationship [1]. The
study of non-Newtonian fluids has got much attention because
of their practical applications. Non-Newtonian characteristics
are displayed by a number of industrially important fluids
including polymers, molten plastic, pulps, microfluids and
food stuff display. Exact analytic solutions for the flows of
non-Newtonian fluids are important provided they correspond
to physically realistic problems and they can be used as checks
against complicated numerical codes that have been
developed for much more complex flows. Many
non-Newtonian models such as differential type, rate type and
integral type fluids have been proposed in recent years.
Among them, the rate type fluid models have received special
attention. The differential type fluids do not predict stress
relaxation and they are not successful for describing the flows

Here, we shall consider a model due to Oldroyd [2], which
contains as special cases Maxwell, second grade and
Newtonian Models. For Newtonian fluid, the velocity field for
a fluid contained in an annular region between two co-axial
circular cylinders, is given in [3]. The first exact solutions for
motions of Oldroyd-B fluids in cylindrical domain seem to be
those of Waters and King [4]. In the meantime many papers
regarding such motions have been published but we mention
here only a few of those regarding Oldroyd-B or more general
fluid [5-16].

To the best of our knowledge, the first exact solutions for
motions of non-Newtonian fluids, due to a constant shear
stress on the boundary, are those of Waters and King [17] over
an infinite plate, and Bandelli and Rajagopal [18] between two
co-axial circular cylinders. Similar solutions for the flow due
to an infinite plate that applies a constant/time-dependent
shear to a non-Newtonian fluid, have been also obtained by
Erdogan [19], Fetecau and Kannana [20], Awan et al. [21] and
Kamran et al. [22]. The computer techniques make the
complete integration of the momentum equation feasible, the
accuracy of the numerical results can be established by



26 M. Imran et al.:

comparison with an exact solution. Consequently, as in the
case of the motion problems in which the velocity is given on
the boundary, it is necessary to develop a large class of exact
and approximate solutions for problems in which the
boundary (or a part of the boundary) applies a shear stress to
the fluid.

The purpose of this paper is to establish exact solutions
corresponding to the motion of an Oldroyd-B fluid between
two co-axial circular cylinders, in which outer cylinder being
fixed and the inner cylinder applying a time-dependent
rotational shear stress to the fluid. The Oldroyd-B fluids store
energy as linearized elastic solids and their dissipation is due
to two dissipative mechanisms which arise from a mixture of
two viscous fluids. They have been extensively used in many
applications although an Oldroyd-B fluid cannot describe
either shear thinning or shear thickening. However, they can
describe stress-relaxation, creep and the normal stress
differences that develop during simple shear flows. This
model is viewed as one of the most successful models for
describing the response of a subclass of polymeric liquids. It is
worthy to point out that the solutions that have been obtained
satisfy both the governing differential equations as well as all
imposed initial and boundary conditions. The solutions
corresponding to Maxwell, second grade and Newtonian
fluids, performing the same motion, are also obtained as
limiting cases of general solutions. Finally, the influence of
the pertinent parameters on the fluid motion, as well as a
comparison between the four models, is shown by graphical
illustrations.

2. Constitutive and Governing Equations

The Cauchy stres T for an incompressible Oldroyd-B fluid
is related to the fluid motion by the following constitutive
equations

T=-pl+S,

()

S+A(S-LS-SL') = f{A+A (A-LA-AL)],

where —7 I denotes the indeterminate spherical stress due to the
constraint of incompressibility, S is the extra-stress tensor, L
is the velocity gradient o =1 +1" is the first Rivlin-Ericksen
tensor, M is the dynamic viscosity of the fluid, A and
A, (< A) are relaxation and retardation times, the superposed
dot indicates the material time derivative and the superscript
T denotes the transpose operation. The model characterized
by Egs. (1) contains as special cases the upper convected
Maxwell model for A =0and the Newtonian fluid model for

A=A2 =0.In some special flows, like those to be considered
here, the governing equations corresponding to the Oldroyd-B
fluids resemble those of second grade fluids. Consequently, it
is to be expected that the general solutions for Oldroyd-B
fluids contain as special cases both the solutions
corresponding to Maxwell and Newtonian fluids and those for
second grade fluids.

For the problem under consideration we assume a velocity
field V and an extra-stress tensor s of the form as studied by
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Bandeli and Rajagopal [18].
V=V(r,t)=w(r,t)e,, S=S(r,1), )

where €, is the unit vector in the @ -direction of the

cylindrical coordinates system », & and z. For such flows
the constraint of incompressibility is automatically satisfied. If
the fluid is at rest up to the moment ¢ =0, then

v(r,0)=0, S(r,0)=0, 3)

and Egs. (1), and (2) imply S, =S_.=S_=S,=0 and
we obtain the meaningful equation [5,6,13]

0 0 0o 1
1+ 41— = 144 — || — ——
( atjr(r,z) u( N Otj(ar r]w(r,t), 4)

where 7=3S, is the non zero shear stress.

Neglecting body forces and in the absence of a pressure
gradient in the axial direction, the balance of the linear
momentum leads to the relevant equation [5]

ow(r,t) _ ( 0

2
o or +7j r(r.1), )

where p is the constant density of the fluid. Eliminating
r(r,t) between Egs. (4) and (5), the governing equation for
velocity is

0 \ow(r,t) 0 2 10 1
1+l = |/ =|v+a— |X| —+———= |w(r, 1) (6
( 6t] ot ( Dtj [61’2 ror 1’ (r:0)(6)
where V =/ p is the kinematic viscosity of the fluid and
a=vA,.

The partial differential equations (4) and (6), with suitable
initial and boundary conditions, can be solved in principle by
several methods, their efficiency depending on the domain
definition. The integral transforms technique represents a
systematic, efficient and powerful tool. We will use Hankel
transform to eliminate the spatial variable. In order to avoid

the lengthy and burdensome calculations of residues and
contour integrals, we shall use the finite Hankel transform.

3. Rotational Flow Through an Annulus

Consider an incompressible Oldroyd-B fluid at rest in an
annular region between two infinitely long co-axial circular

cylinders. Aftertime ¢ =0 let the inner cylinder of radius R,
be set in rotation about its axis by a time-dependent torque per
unit length 27TR T(R,,t) , where

T(R,t)= flt—=A(1=e"")]; f = constant, @)

and let the outer cylinder of radius R,(> R) be held fixed.
Owing to the shear the fluid between cylinders is gradually
moved. Its velocity is of the form (2), , the governing
equations are given by Egs. (4) and (6) while the appropriate
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initial and boundary conditions are

ow(r,0)

w(r,0) = =0,7(r,00=0; rO(R,R ], )

ot

(1+/]ijr(r,t) | ;1(1+/L£J
ot — ot

( 0 1] _
x| ———|w@r,t) | = fi; wR,)=0; t>0.
or r -

©)

The 7(R,) given by Eq. (7) is just the solution of the
differential equation (9); .

3.1. Calculation of the Velocity Field
We shall denote by [23,24]

R
W (1,,0) = [ (e, B, (10)
the finite Hankel transform of w(r,¢), where
B(r,r,) = J,(rr)Y,(Rr,) = J,(R1,)Y,(rr,), (11)

where J,(0) and Y,(D) are the Bessel functions of the first
and second kind of order P and 7, are the positive roots of
the transcendental equation B(R,,7)=0.

The inverse Hankel transform of w,,(7,,t) is given by
[23,24]

()= 5 1T (Rer, ) BC,)
’ 2 n=1 ']22 (ern) _']12 (R2rn)

(12)

w,, (7,,0).

Now Multiplying Eq. (6) by »B(r,7,), then integrating it
with respect to r from R, to R,, and using the identity

JERy)B(r.r) e =

. 14 1
IRI rB(r’rn)[a7+;E_r_2jW(r’t)dr

2 (0 1 "
= _(——;j W(l", t) |r:R1 _rnngH (t)’

7, \ or

as well as the boundary condition (9),, we find that

2ft

Avi, (t)+(l+a’rn2)wnH(t)+Vr,,2wnH(t):7, 1>0. (14)

In view of Egs. (8),,, it must satisfy

W,y (0) =W, (0)=0. (15)

The solution of the ordinary differential equation (14), with
the initial conditions (15), has the simple form

_2f epz"t —epl"t 1+ar’
@, (1) = 1= -

3 2
/.1777’;1 p2n _pln Vrn

pnt P nt
X 1_p2nel _plne2 ,
pZn _pln

where _ —(1 +arnz) + (1 +L7r“2 )2 _4V/1rnz
P> Doy =

> L2n ZA N
Now, applying the inverse Hankel transform to Eq. (16) and
using the identity

(16)

2
R, 5 4 (R,
~R)B(r,r )dr = —| 2 |, 17
J‘Rl (r 2) (r rn) r 7Tr:[R ( )

1

we obtain for velocity field w(r,t) the expression

t t

t
+ 1 + arnz (1 - p2nepln B plnepzn

_A(RY(, R\ 3 n
w0 J&Nr J s, Z TR - R

it can be written in simpler form as

7

)L (18)

2
pZn_pln Vrn p2n_pln

le (R,r)B(r,1,)

S (RY(, B\ n
wir.) 2/1[ ][r ](t /]") ,Ul/;r,f[Jzz(ern)—Jf(Rzrn)]

R,

n

& JHRr)B(rr) el — ! _l+ar; pznepl"t —plne”“t
)] p2n - pln ,

n=1 ’”:[Jzz (ern) _le (Rzrn

or equivalently

w(r,t) = %[%j [r—%](t—/]r)—”_fi

ILIV n=1

2

3.2. Calculation of the Shear Stress

19)
2
Vrn p2n _pln
2 2 sz,t — .2 Ply,t
"]l (Rzrn)B(ra rn) X 1_/‘ plne p2ne (20)
’713[]22 (er;l)_le (Ryr,)] Py T Py

Solving partial differential equation (4) with respectto 7(7,¢) and using the initial condition (8),, we find that
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r(r1) :g _%J‘Ote% (1+)I, %j(i—lj w(r,s)d s. 1)

or r

Substituting w(r,¢) from Eq. (20) into Eq. (21) we get after lengthy but straightforward computations the simple form of the
shear stress

R 2 0 J2 R BD plnt — p2nt
(1) = f[f‘”(l—e’”)][—lj Ly DUGRIBLE) )y Put TP (22)
r v n=1 7’;] [JZ (ern) - "]1 (R2rn )] p2n - pln
where BD(r, r”) = J2 (rr” )K (R]rﬂ) - J2 (erﬂ )YZ (rrﬂ ).
4. Limiting Cases
4.1. Maxwell Fluid
Taking the limitas A, — 0 in Egs. (20) and (22), we recover the solutions
2 2 o 2 2 p4nt — 2 p3nt
WM(V,[): ﬁ[ﬁJ (r—ﬁ\]—ﬂ_fz S le (R2rn)B(r2’rn) X(l—/l p3ne p4ne )’ (23)
2u R, r wv T I (R,) = I (Ryr,)] Py = P
R 2 0 J2 R BD p3nt - p4nt
£ () = f[f‘ﬂ(l—e’“)][—l] ALy D UGRIBLG) )y Puc " ZPut ” | 24)
r v n=1 rn ["]2 (er;l ) _Jl (R2r;1 )] p4n - p}n

corresponding to a Maxwell fluid performing the same motion obtained by Jamil and Fetecau [25] by using different technique.

In the above relations
—1x41- 4l//1rn2

p3n’p4n_ 2/1

4.2. Second Grade Fluid
When A - 0 in Egs. (20) and (22), we obtain the solutions

Wi (12 1) =2i(ﬁ] (r—R—ZZJf(t—Ar)—”—fi BEACALGIY x{l—(lmnf)exp[—i’]}, (25)
r

U\ R, uv SIS (Rr) = JH(Ryr)] l+ar;
RY . nf_ & JEHRr)BYr.r) —vrlt
T (rt)=| =1 | fi+=xdy =L - 1-exp| —= ||, (26)
r V n=1 rn [JZ (er;l) - Jl (RZI/;1 )] 1 + anl

corresponding to a second grade fluid. Eq. (25) can also be written in the following form

:Lﬁz R, _Afs S (Rr)B(r.r) [, (v
Wi ) z/z(&][" r]ﬁ /zv;r:[ﬁ(ern)—Jf(Rzrn)]x(”””")[1 exp[ IW:D' @7

4.3. Newtonian Fluid

Finally when A - 0 in Egs. (23) and (24)or A, - 0 and then a - 0 into Egs. (25) and (26), the solutions

CL(RY(_R),_nf o FRe)BG)
wy (r,1) 2#(&} [” r)ﬁ :UVxnzl”,I[Jzz(le”,,)‘le(Rzr,,)](l exp( Vrnt)), (28)

(RY o & BRr)BYr) (o,
7, (1) (rj fi+ = XWZ::‘Jf(er,,)-Jf(Rzrn)(l exp( wnr)). (29)
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for a Newtonian fluid are recovered.
Of course when A - 0 in Eq. (7), we find that

T(R,t)= ft.

Consequently, the solutions (25) and (26), as well as (28)
and (29), correspond to a couple ff on the boundary.

(30)

5. Numerical Results and Conclusions

The purpose of this paper was to provide exact solutions for
the velocity field w(r,t) and the shear stress 7(7,?)

corresponding to the flow of an Oldroyd-B fluid between two
infinite co-axial cylinders, the inner cylinder being subject to a
time-dependent torque. The solutions that have been obtained,

presented under series form in terms of Bessel functions J, (01,

J,(, ¥(O and Y,(3Q, satisfy both the governing equations and
all imposed initial and boundary conditions. They can easily
be simplified to give similar solutions for Maxwell, second
grade and Newtonian fluids. The solutions for second grade
and Newtonian fluids correspond to a time dependent torque
Jt on the boundary.

In order to exhibit some relevant physical aspects of the
obtained results, the diagrams of the velocity w(r,f) and of
the shear stress 7(r,f) are plotted against » for different
values of ¢ and of the pertinent parameters. From Figs. la
and 1» the influence of the rigid boundary on the fluid motion
is clearly evident. The velocity of the fluid, as well as the shear
stress in absolute value, is an increasing function with respect
to ¢ and a decreasing one with respect to » . The veolcity is

0.5 T

eee =12

kL= 16

seat=20
= ,4_\\ i
3 0.25

‘\\\g&‘:\x

decreasin with respect » due to the fact that we are applying
time depemdent stress on the inner cylinder. This shows that
our solution satisfy the boundary coditions as the velocity on
the outer cylinder is zero. In Figs. 2, it is shown the influence
of the kinematic viscosity Y on the fluid motion. It is clearly
seen that the velocity as well as the shear stress in absolute
value, is a decreasing function with respect to V . It is due the
fact that velocity of fluid decreases as the fluid become ore
thick, as the incrasing value of viscosity give more resistance
to fluid to flow. Figs. 3 and 4 show the influence of the
relaxation and retardation times A and A, on the fluid
motion. The two parameters, as it was to be expected, have
opposite effects on the fluid motion. Both the velocity and the
shear stress (in absolute value) are decreasing functions with

respect to A and increasing ones with regard to A, .

Finally, for comparison, the diagrams of w(r,?)
corresponding to the four models (Oldroyd-B, Maxwell,
second grade and Newtonian) are presented in Figs. 5 for the
same values of the common pertinent parameters and the time
t. In all cases the velocity of the fluid is a decreasing function
with respect to 7. The Newtonian fluid as it results from Fig.
5(a), is the swiftest on the whole flow domain while the
Oldroyd-B fluid is the slowest excepting a small region near
the outer cylinder. The comparison of Figs. 5 (a) and (b),
clearly shows that for large values of time, Oldroyd-B,
Maxwell and second grade fluid tends to Newtonian fluid.
Consequently the non-Newtonian effects disappear for
t - o The units of the parameters into Figs. 1-5, are SI
units and the roots 7, have been approximated by

(n-1)/[2(R, - R))].

T(r)

-4 ekt = |6
L~ seet=20
e 075 09 "sul}, 07s 0.8
r I
(a) (b)
Figure 1. Profiles of the velocity (1) and shear stress T(r.1) given by Egs. (20) and (22) for r -os & -09.7=- v=-osiu=-324-44 -3 and different values of t.
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Figure 2. Profiles of the velocity (-0 and shear stress 70 given by Egs. (20) and (22) for R =0.6, R, =009, [ = -5,

T(r)

06 0.75 09
r
(b)

t=10,A=5,A =1 and different values of V-
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Tir)

(a)
Figure 3. Profiles of the velocity w(r.1) and shear stress (1) given by Egs. (20) and (22) for R =06,R =09,f =-5,
values of 2.
045 T
s A= |
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eee )\~ 6
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Figure 4. Profiles of the velocity W(r,t) and shear stress T(r.t) given by Egs. (20) and (22) for R =06.R, =09,t =17,

values of 2.
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Figure 5. Profiles of the velocity Wr1) corresponding to the Newtonian, second grade, Maxwell and Oldroyd-B fluids for
R =05R,=09,f==-51=31 =0.54=32 and v-0025 .
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