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Abstract: Study of any graph class includes characterization, recognition, counting the number of graphs i.e. cataloging and
construction of graphs. The construction of sc chordal graphs by mean of complementing permutation is one of the known
method. In this paper, a new method for the construction of sc chordal graphs is proposed based on a two-pair of graphs. We

also presented algorithm for the construction of sc weakly chordal graphs.
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1. Introduction

Let G = (V, E) be an undirected graph with no loops or
multiple edges where V(G) and E(G) denote the set of
vertices and edges of G respectively. Let S I V(G) be a set of
vertices of G; the subgraph of G induced by S is denoted by
G [S]. The neighborhood N(x) of a vertex xUV(G) is the set
of all the vertices of G which are adjacent to x. A path vy,
v, ..., v of a graph is called simple if none of its vertices
occurs more than once; it is called a cycle(simple cycle) if
vowJE(G). A simple path (cycle) is chordless if vy, E(G)
for any two non-consecutive vertices v;, v; in the path (cycle).
A chordless path (chordless cycle) on n vertices is denoted by
P,(C,). Let G be a graph with an induced P, [a, b, c, d],
vertices b, ¢ are called midpoints of the P, and a, d are called
endpoints of the P,. The degree sequence of a graph G is the
sequence of the degrees of the n vertices of G arranged in
non-increasing order and is denoted by dy =2 d> =2 ... 2 d,. A
pair {x, y} of non-adjacent vertices such that every chordless
path from x to y has exactly two edges is known as two-pair.
A co pair is a complement of a two pair. Let n be the number
of vertices and m be the number of edges in graph G.

A graph is self-complementary (sc) if it is isomorphic to
its complement. Every sc graph has 4p or 4p+1 vertex,
where p is a positive integer. A graph G is chordal if it has
no chordless cycle of length greater than or equal to 4 and
it is weakly chordal if both G and its complement G have
no chordless cycle of length greater than or equal to 5. A
self-complementary graph which is also chordal

(respectively, weakly chordal) is called sc chordal graph
(resspectively sc weakly chordal graph). For other
definitions we refer to [6].

The construction problem of sc graphs is a fundamental
problem in studying sc graphs. The construction of sc
graphs by mean of complementing permutation was
considered in [4] and [5]. In [7] Jin and Wong proposed the
decomposition method for the construction of sc graphs.
Gibbs [11] has given algorithms for the construction of sc
graphs with 4p and 4p+1 vertices. Sridharan and Balaji [10]
also gave algorithms for the construction of sc chordal
graphs with 4p and 4p+1 vertices by modifying the
algorithm as discussed in [11].

There are several techniques discussed in [2], [8] and [13]
for the construction of a graphs having some specific
properties. In [13] X. Huang and Q. Huang gave a method to
construct many classes of connected graphs with exactly k-
main eigenvalues for any positive integer k. In [8] Lihuan
Mao et. al gave a new method for the construction of graphs
by using their generalized spectrum. Recently Honag et. al in
[2] discussed construction of k-critically Ps- free graphs.

In this note we study the construction problem for the
subclasses of sc perfect graphs, namely sc chordal graphs and
sc weakly chordal graphs. Section 2 is devoted to sc chordal
graphs where a construction algorithm for sc chordal graphs
is propose. In section 3 we study sc weakly chordal graphs
and present an algorithm for the construction of sc weakly
chordal graphs.
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2. Construction of Sc Chordal Graphs

In this section we propose a different approach for the
construction of sc chordal graph using the concept of two-
pair. Fulkerson and Gross [3] gave the following classical
construction scheme for chordal graphs, which works as
follows: “Start with a graph G, with no vertices and
repeatedly add a vertex vj to Gj.; to create the graph G; such
that v; is not the middle vertex of any P; of G;”.

This construction scheme for chordal graphs is known as a
vertex addition scheme. Now for obtaining the different
method for the construction of sc chordal graphs we need the
following results.

Theorem 1 [9]. Let G be a sc graph with degree sequence
d=z2d,z2.2d, Then G is chordal graph iff

ijdi =6p” —2p forn=4p & sz,- =6p® forn=4p+ 1.

Theorem 2. [1]. Let G, be a chordal graph and {x, y} be a
pair of non-adjacent vertices of G,. Let G, be the graph
obtained from G, by adding edge xy; then G, is chordal iff
{x, ¥} is a two-pair of G,.

Using Theorem-2, We propose the following algorithm-1
for the construction of sc chordal graph with the given degree
sequence (d, =2d, =..=2d,) . We start with a graph (Gj)
having all n isolated vertices and repeatedly add an edge
between the non-adjacent vertices (x and y) to create the
graph (G, ) such that {x, y} is a two-pair in G;. Algorithm-1
repeats this process until required degree sequence is
obtained.

The following algorithm constructs sc chordal graph with
the given degree sequence on n vertices.

Algorithm 1. An Algorithm for the construction of sc chordal graph.

Input: A degree sequence (d, 2d, 2...2d,) of sc graph.
Output: A sc chordal graph with degree sequence (d, 2d, 2...2d,) .

n

Step-1: Start with a graph G, with n vertices and no edges.

Step-2: Add an edge between two non-adjacent vertices (x
and y) of G|, to. obtain graph G, such that {x, y} is a two-pair
in Gl.

Step-3: Repeat the process of step-2, until we get a graph

with degree sequence (d, 2 d, =...2d) .

End.

The following Theorem states that a graph G with n vertices

is a sc chordal iff it can be constructed by algorithm-1

Theorem 3.

(1). The constructed graph by algorithm-1 is a sc chordal
graph with (d, 2d, 2...2d,) degree sequence.

(i1). Every sc chordal graph with (d, =d, =...=2d,) degree
sequence on 7 vertices can be constructed by algorithm-1.

Proof.

(i). The algorithm-1 takes degree sequence
(d,zd,=..2d,) of sc graphs as input and it
construct chordal graphs from empty graphs using
Theorem-2, which ensures chordality. Also from
Theorem-1, no other graph is possible with the same

degree sequence.

(i1). Follows from Theorem- 2.

We illustrate algorithm-1 by constructing a sc chordal
graph on 12 vertices.

Suppose we have to obtain a sc chordal graph on 12 vertices
with degree sequence (10, 10, 8, 8, 6, 6, 5, 5, 3, 3, 1, 1).
Algorithm-1 starts with an empty graph G, on 12 vertices {v,,
Vi, V3, V4, Vs, Vg, V7, Vg, Vo, V10, V11, V12} as shown in figure-1(a).
The overall procedure of the construction of sc chordal graph
with the given degree sequence (10, 10, 8, 8,6, 6,5, 5, 3,3, 1,
1) is obtained as given below and illustrated in figure-1

(1). The graph G, as shown in figure-1(b) can be easily
obtained, since in G, there is no edge and in the given
degree sequence there is a vertex of degree 10. So we
select any vertex (let it be v,) arbitrarily to give it
adjacency 10 by adding edges e, ey, e3, €4, €5, €, €7,
eg, e, €19 from vertex v; to va, v3, V4, Vs, Vs, V7, Vg, Vo,
vio and vy respectively. In this way we get graph G,
as shown in figure-1(b). Obviously there is no
violation of step-2 of algorithm-1 by adding these
edges in this way.

(i1). In the given degree sequence we have another vertex
of degree 10. Let this vertex be v,. Since v, already
got 1 adjacency as can be seen in figure-1(b). So we
give it 9 more adjacencies by adding edges ej;, e,
e3, €14, €15, €16, €17, €13 and ej9 from vertex v, to v3, vy,
Vs, Ve, V1, V8, Vo, V1o, V12 respectively. In this way we
obtain graph G; as shown in figure-1(c). From figure-
1(b) it is clear that all the non-adjacent pairs i.e. {v,,
Val, V2, Vab, Vo, Vs), {va, Vi, {va, Vi), {2, s}, D0,
vo}, {v, vio} and {v,, vi,} are two-pairs in G,. So
there is no violation of step-2 of algorithm-1.

(ii1). The next lowest degree in the given degree sequence
is 8. Let this vertex be v;. Since vertex v; has already
got 2 adjacencies as can be seen in figure-1(c).
Therefore we give it 6 more adjacencies by adding the
edges ey, €31, €, €23, €24 and e,s from vertex v; to vy,
vs, Vs, V7, Vg and vy respectively. Doing in this way we
obtain graph G, as shown in figure-1(d). From figure-
1 (c) it is clear that all the non-adjacent pairs i.e. {vs,
Vat, {v3, Vs), {v3, Ve), {vs, v7}, {vs, v} and {vs, vo} are
two-pairs in the graph G;. So there is again no
violation of step-2 of algorithm-1.

(iv). In the given degree sequence there is another vertex
of degree 8 (let it be v4). Since vertex v, has already 3
adjacencies as can be seen in figure-1(d). So we add
edges ey, €27, €23, €29 and e3 from vertex vy to vs, v,
vy, vg and vy, respectively. In this way we obtain graph
G5 as shown in figure-1(e). From figure-1(d) again it
is clear that all non-adjacent pairs i.e. {v4, vs}, {vs,
Vet, {Va, 7}, {vs, vs} and {vy, vy} are two-pairs in the
graph G.

(v). Now the next lowest degree in the given degree
sequence is 6. Let this vertex be vs. From figure-1(¢)
it is clear that vertex vs has already adjacency 4, so we
have to give only 2 more adjacencies in the form of
edges e3; and e; from vertex vs to vg and v,
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(vi).
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respectively. Thus we obtain graph Gy in this way as
shown in figure-1(f). From figure-1(e) it is clear that
non-adjacent pair {vs, v¢} and {vg, v;} are two-pairs in
the graph Gs.

In the given degree sequence another vertex is of
degree 6 (let it be vg). Since vertex v4 already got 5
adjacency, which can be seen in graph Gg. So we have
to give only 1 adjacency in the form of adding edge
ey; from vertex vg to vg. In this way we obtain graph
G as shown in figure-1(g). From graph G it is clear
that the non-adjacent pair {vs, vg} is a two-pair. So
adding edge between them is allowed.

As the graph G5 has degree sequence (10, 10, 8, 8, 6, 6, 5, 5,

3,31

1) which is the same degree sequence given in the input

of algorithm-1. Thus algorithm stops here. Since there is no
violation of step-2 at any stage of construction, therefore the
constructed graph G5 is sc chordal on 12 vertices with degree
sequence (10, 10, 8, 8,6,6,5,5,3,3, 1, 1).

G
Vs
Vi [ ]
[ J V7
®
Vi Vi3
[ J
Ve o Vo
Vi@ oV,
Vg @
[ ] V12
Ve
(a)

(b)

G
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Figure 1. Construction of sc chordal graph with the given degree sequence
(10,10,8,8,6,6,5,5,3,3,1,1)

3. Construction of Sc Weakly Chordal
Graphs

In [12] Hayward had established a structural relationship
between chordal graphs and weakly chordal graphs by
defining a construction scheme on weakly chordal graphs. He
noted that the class of chordal graphs can be generated by
repeatedly adding a vertex which is not the middle vertex of
P; and showed that weakly chordal graphs can likewise be
generated by starting with a set of vertices and no edges and
repeatedly adding an edge which is not the middle edge of
P 4.

The following Theorem states Hayward [12] result in more
appropriate way.

Theorem 4. A graph is weakly chordal graph iff it can be
generated in the following manner

(1). Start with a graph G, with no edges.

(ii). Repeatedly add an edge e; to Gj.; to create the Gj such
that e;is not the middle edge of any P4 of G;.

We give an algorithm using above result for the
construction of a sc weakly chordal graph with a given
degree sequence (d,=d,=..2d,) of sc graph with n
vertices. The algorithm-2 work as follows: it starts with a
graph G; with no edges on n vertices. Then step-2 repeatedly
adds an edge e; between any two vertices to obtain the graph
Gy, such that the added edge is not the middle edge of any
P,. Repeating this process if the algorithm obtains the degree
sequence as given in input of the algorithm, then it stops and
produces a sc weakly chordal graph.

The following algorithm constructs sc weakly chordal
graph with the given degree sequence on 7 vertices.

Algorithm 2. An Algorithm for the construction of sc weakly chordal graph.

Input: A degree sequence (d, 2d, =...2d,) which has at least one sc

graph.
Output: A sc weakly chordal graph with degree sequence
d 2d,2..2d).

Step-1: Start with a graph G, on n vertices and no edges.

Step-2: Add an edge e; between any two vertices such that
added edge ¢; is not middle edge of any P, of G;.

Step-3: Repeat the process of step-2, until to get a graph
with degree sequence (d, 2d, =...2d).

End.

We illustrate algorithm-2 by constructing a sc weakly
chordal graph on 9 vertices.

Suppose we have a degree sequence (6, 6, 4, 4, 4, 4, 4, 2,
2) and we want to obtain a sc weakly chordal graph of this
degree sequence.

Algorithm-2. starts with 9 vertices as {vi, v,, V3, V4, Vs, Vs,
V7, V8, Vo) and no edges as shown by graph G, in figure-2(a).
We can add edges on this graph G| one by one such that
added edge is not the middle edge of any P, as the rule of
step-2 of algorithm-2. The overall procedure of the
construction of sc weakly chordal graph with the given
degree sequence (6, 6, 4, 4, 4, 4, 4, 2, 2) is obtained as given
below and illustrated in figure-2.

(i). The graph G, as shown in figure-2(b) can be easily
obtained by adding edges e, e, e;, e4, es and e
between the vertices {vi, v,}, {vi, v}, {vi, v4}, {v1,
vst, {vi, ve} and {vi, vg} respectively. From the
figure-2(b) it is clear that none of the added edges are
the middle edges of any P,.

(i1). In the graph G; as shown in figure-2(c), added edges
are e, eg, €9, €19 and ej;. Edge e;, eg and ey are not the
middle edges of P, since they are part of the triangle
among the vertices {vi, v,, »3}, {vi, V2, v4} and {v}, vy,
ve} respectively. Edges ejy and e, are obviously not
the middle edges of any P, since they have vertex v,
and vy of degree 1 respectively.

(iii). In the graph G, as shown in figure-2(d), the added
edges are ej, and ej;. Edges e, and ej; are not the
middle edges of P, since they are part of triangle
among the vertices {vi, vs;, vs} and {v,, vs3, o}
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respectively.

The next graph G5 as shown in figure-2(e) has added
edges as ey and ejs. Both edges are the part of
triangle among the vertices {vi, vy, vs} and {v,, v4, v;}
respectively.

In the graph G4 as shown in figure-2(f) the only added
edge is ej. Edge ej¢is not the middle edge of any P,
since it is part of the chordless cycle of length 4
between the vertices v,, v, vs, and v-.

The next graph G; as shown in figure-2(g) has added
edges as ej;; and eg. Both edges are the part of
triangle among the vertices {v,, v¢, v;} and {vi, vs, vg}
respectively.

algorithm-2 stops here, since graph G, has degree

sequence (6, 6, 4, 4, 4, 4, 4, 2, 2) which is the same degree
sequence as given in input of the algorithm. Since there is no
violation at any stage of the algorithm, so the constructed

graph

G, is sc weakly chordal graph with the degree

sequence (6, 6,4,4,4,4,4,2,2) on 9 vertices.

Vg
. "4

(b

(O]
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Figure 2. Construction of sc weakly chordal graph with the given degree
sequence (6,6,4,4,4,4,4,2,2).

4. Conclusion

In [10] the given algorithms construct the same graph
many times. So in order to, compile a catalogue of sc chordal
graphs with 4p+1 vertices, every pair of the constructed
graphs should be tested whether the graphs are isomorphic or

not after constructing all sc chordal graphs with 4p+1
vertices from the given algorithms.

The algorithm-1 given in section 2 takes input a degree
sequence of sc graph and throughout the process the
chordality of graphs is not violated. Also from theorem-1 no
other graph is possible with the same degree sequence. So it
is eay to construct all the sc chordal graph by the algorithm-1
as compare to algorithm given in [10].
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