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Abstract: This document was an opportunity for us to measure the contributions of researchers on the asymptotic behavior
of the extremes random variables. Beyond the available results, we have proposed an analysis of the behavior of the extremes
of random variables of geometric type. We succeeded in determining a subsequence which allows us to establish a convergence
in law of the extremes of this type of random variable while passing by the determination of a speed of convergence. We then
exposed the limited law which results from it then we called upon the copulas of the extreme values to propose a joint limited
law for two independent samples of random variables of geometric type. These results will allow us to analyze, in a document,
not only the convergence in moment of order of the other extremes of the random variables of geometric type but also the general
asymptotic behavior of the extremes of a serie of random variables with integer value. This document was an opportunity for us
to measure the contributions of researchers on the asymptotic behavior of the extremes random variables. Beyond the available
results, we have proposed an analysis of the behavior of the extremes of random variables of geometric type. We first made
the case of the fact that the random variables of geometric type could be constructed from the random variables of exponential
distribution and that they were not only integer variables but also that in general there were no sequences standards that allowed
their extremes to converge. To do this, we first built a convergent ¢(k) subsequence which we then used to define a geometric
type Ty, (k) subsequence of random variables. We have also proved the convergence in distribution of the extremes of the random
variables T¢(k:). We have also exhibited the resulting limit law. Finally, in this document, we have dealt with the multivariate
case of random variables of geometric type. We considered two independent samples of random variables of geometric types.
Using a copula of extreme values, in particular the logistic copula, we proposed a joint limit distribution of two independent
samples of subsequences of geometric type random variables. We then exposed the limited law which results from it then we
called upon the copulas of the extreme values to propose a joint limited law for two independent samples of random variables of
geometric type.

Keywords: Asymptotic Convergence, Generalized Extreme Value Distribution, Exponantial and Geometric Distribution,
Extreme Values Copulas

1. Introduction a family of continuous probability laws is used to model
extreme value phenomena. Let (X,,),>0 be a sequence of

One of the objectives of actuaries is to model the occurrence independent and identically distributed random variables with

of rare events such as famine, wars, floods etc. Most often,
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common distribution function F. Let X,, is the unilateral
maximum of a sequence (X,),>1 of real valued random
variables (r.v). Gnedenko’s Theorem teaches us that there
are sequences of strictly positive reals {a,},<1 and reals

X, —b . .
{b,} such that =—"—" converges in law towards a limit
a

law, then the only pgssible limit laws, defined by their non
degenerate distribution function G. These are Generalized
Extreme Values laws.

The work of Z. Peng [13] and [7] are interested in
the convergence rate of the moments of extreme. As for
C.W. Anderson [4] and F. Thomas and al [5], their work
focused on the behavior of extremes for classes of discrete
random variables. [9] focus on Limiting forms of frequency
distribution of the largest or smallest member of a sample. As
for [10], they worked on extreme values and their links with
regularly varying functions.

For our part, we will focus, in this document, on the
asymptotic behavior of the extremes of random variables of
geometric type. These variables can be constructed from
random variables of the exponential type. Define the random
variable T',, = max{T1, ..., T, }.

T,, is an integer random variable and (7},),,>1 is a sequence
of i.i.d random variable with same geometric law.

From J. Galambos [6] there are no standardization suites

T, — b, .
a, and b,, such that ——" converges in law when n tends
a

to infinity. Our aim in thrils document is to exhibit a,, and b,
then a integer values subsequence ¢(k) in order to analyze the
To) — by

G (k)

Subsequently, in this document, having the limit distribution
of a sequence of r.v of laws of geometric type, we will use the
copulas of the extreme values for a multivariate modeling of
the law of extremes of a certain number of random variables.

Let (Xi,..,X,) a sequence of random variables
whose distribution function H(zq,...,z,) is a law of
multidimensional extreme values. If F},,, F), are the marginal
laws of X1, ..., X,,, we have

convergence of

H(zy,...,xn) = C(Fz(x1)7 o Fn(xn))

where C is a copula of multidimensional extreme values.
Using C' as a logistical copula, we offer a joint limited law
for two independent samples of random variables of geometric

type.

2. Preliminary

Let (X,,)n>0 be a sequence of independent and identically
distributed random variables with common distribution
function F. Let X, is the unilateral maximum of a sequence
(X»n)n>1 of real valued random variables (r.v)

X, i=maz{Xy, -, X}, n>1 (D

Let again ¢ be the cumulative distribution function (cdf) of
areal r.v and denote ¢! the right inverse of ¢

o7 H(t) :=1inf{s € R, #(s) >t}, t€]0,1] ()

Let’s start by recalling the definition of the laws of Gumbel,
Frechet and Weibull.

Definition 2.1.Let G be a non-degenerate distribution
function given by

{ Gy (x) = exp{—(1+ 733)7%} ,1+~vz>0andvy #0
Go(x) = exp{—exp(—2x)} .

Explicitly the three laws are given by:

G(x) = A@)=e ", x¢cR(Gumbellaw)
G(x) = eimiﬁv x >0, 8 > 0 (Frechet law)
G(x) e~ B 2 <0, 8> 0 (Weibull law)

The following lemma states the Fisher-Tippet’s theorem
which establishes the conditions of convergence towards the
above limit laws.

Lemma 2.1. If there are sequences a,, > 0, b, € Rand a
non-degenerate distribution function H such that

lim P(M < m) = H(x),

n—»00 an

reR

then H belongs to one of the families of the three types
Gumbel, Frechet or Weibull laws.

For the proof of lemma (2.1), see [6].

In the literature,see [1, 2], it is proved that if (X,,),>1 is
a sequence of independent and identically distributed v.a then

we can find normalization sequences a,, and b,, such that the
Xn—ay
b

law of converges to Gumbel’s law. We propose in
this document to analyze the asymptotic convergence of the
extremes of a sequence of v.a i.i.d of geometric law. Define
the random variable T',, = max{T1, ..., Ty, }.

T, is an integer random variable. (Tn)nzl is a sequence of
i.i.d random variable with same geometric law.

Let (X;);>1 be a sequence of i.i.d random variable with
same exponential law, the following lemma allows to find b,,
et a,, which applies the Fisher-Tippet theorem.

Lemma 2.2.

Let (Xv;),;zl be a sequence of i.i.d random variable with same
exponential law and let X, = max;—1,_,{X;}. There are
real sequences a,, et b, > 0 such us Xb;“ converges in law
to a random variable Z of Gumbel. "

Proof of Lemma (2.2)

Suppose Xi,..., X,, be an i.i.d sequence with common
exponential distribution £(1). Let X, = max;=1, {X;}.
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Consider reals sequences a,, and b,, > 0
p = P( < )

= P( max {X}<xb +ap)

= P(X1 < xb, + an, ...,

n

= HP(Xi < xb, + ayn)

i=1

Xpn < abp +ay)

(P(X < b, + an))n

but P(X < x)=1—e " It’s comes that

Xn_ n — — "
P(EE= < 0) = (1 - eobemen) =

—zbp \ n
(-
edn

bn
This sequence converges on one of the laws, Gumbel,
Frechet, Weibul. For a,, = {(n) etb, = 1,ona
Yn - Un ~bn\n
lim P(ia <z = lim (1 _C )
n—s+oo bn n—s-+4oo ean

= eeiw

a
then ™ converges to Gumbel’s law.

Supposg that (7},),>1 will stand for a sequence of i.i.d. r.v.’s
valued in {1,2, - - - } whose law satisfies (8), i.e.

Gk)=P(Ty >k)=a\'(1+e), VE>1 (4

where G is the cdf of 71, a > 0, A belongs to ]0,1[ and
limg_.oo € = 0. It is convenient to set

—1In A @)

We wish to focus on the asymptotic law of extremes of a
geometric law. Thus the following sequence of real numbers
in [0, 1] will play an important role

p

n > 1. (6)

Up = — —

1 1
rjon LnnJ,

|z] = [x] — 1 is the integer part of x.
We will exhibit real sequences a,, and b, then a integer
values subsequences ¢(k) in order to analyze the convergence

Ty (k) =bor)

of ug (k) and appreciate the convergence in law of o

towards a limit distribution that we will determine .
Subsequently having the limit distribution of a sequence of
r.v of laws of geometric type, we will use the copulas of
the extreme values for a multivariate modeling of the law of
extremes of a certain number of random variables.

Definition 2.2. We call n-dimensional copula, any
multivariate distribution function C' having for marginal the
uniform distribution on [0; 1].

Let (Xi1,..,X,) a tuple of random variables
whose distribution function H(zy,...,2,) is a law of
multidimensional extreme values. If Fy,, F, are the

Asymptotic Behavior of Multivariate Extremes Geometric Type Random Variables

marginal laws of Xji,...,

C(Fl(xl), Fn(xn)),
multidimensional extreme values.

Authors in [14, 15, 16] have deduced the general shape of
multivariate extreme value copulas as follows:

Cug, oy ty) = exp{(i log(ui))A(%)}
i=1 i=1 ’

(7

€]0,1[ Vi € {0, ...,n}. Ais aconvex function defined on

[0, 1]. The function A has a important role in the study of the

extremal behavior of a pair of (U, V') with joint distribution C.

It expresses the natural tendency of v.a U and V to take large

values simultaneously. A good estimate of A is quite critical

for its use. Authors like [8] and [3] tell us more about this
topic.

X,, we have H(xy,...,z,) =

where C' is a copula of

3. Main Results

Theorem 3.1. Let (T;,),>1 be a sequence of iid rv with
values in {1,2,...} and with the same pseudo-geometric
distribution given by

P(Ty > k) = aX*(1+ &) (8)

where a > 0, A €]0,1[ and limy_, . € = 0. Thus
1. We define for u € [0, 1]

(9n)ez1 = ([eap{(k+w)p}] + 1)@1 ©)
Then,

(o)
p

Ty —1— { J converges in law to

{“‘*‘ Z—&—/l)n(a) (10)

Z is rv with Gumbel’s law.
2. Conversely, if there is a subsequence ¢ T oo such us

J when k — o0

— 1
Ty, —1— {MJ converges in distribution then we

can find u € [0, 1] as we have (10).
Proof of Theorem 3.1 Let (T},),>1 is a sequence of i.i.d

random variable with same geometric law.
We stated in the introduction that from J. Galambos th%re
Tn — YUn

an

are no standardization sequences a,, and b,, such that

converges in law when n tends to infinity.

How we can analyze the asymptotic behavior of T,, n < 1.
Let us first construct a sequence of random variable(r.v) of
geometric type from a series of r.v of exponential law.

Lemma 3.1. Let X1, ..., X,, be a sequence of iid r.v with
common exponential law £(1) then there are real constants a
and b such us T; = | £i=2| be an geometric r.v.

Moreover

P(Ty=k) = "11-))
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Proof of Lemma (3.1)
Consider X, ..., X, a sequence of iid rv with common

exponential law £(1). Let a and b be real constants. let’s
Xi —a
suppose that T; = | ———— |
X;—a
PI=k) = P(I5571=k)
Xi a
= P(15H-131=k)
Xi a
SE IR
= <k+L9J X <k+ LEJ +1)
b~ b b

(kb+ la) < Xi < kb + |a +b)

— 1 _ e*kb* Laj —b _ 1 _|_ e*kb*LaJ
e—kb—l_a] _ e—k‘b— la]—b

o kb (e—w _ e—[aJ—b)

Let b = —In(\) and @ = In(A). Then

P(T, = k) ek (efw _ elen()\)an()\))
1
P(Ti=k) = A’“(X —1) =X =)

We deduce that T; is a rv of geometric type. The lemma is
proven. we can express: Let (7},),>1 be a sequence of i.i.d
random variable with same geometric law. Then we have

T, max {7;} = max {{&J + 1}

1<i<n 1<i<n P

[z S 1= 5+
1<i<n U p P

Consider the following lemma:

Lemma 3.2. For any u € [0, 1] there exists a subsequence
(¢(k)) such that kl;rilo Ug (k) = U

Proof of Lemma(3.2) Let Xq,...,X,, be a sequence of
iid r.v with common exponantial law £(1). Let X, =
max;=1, n{X;}. We have shown that X,, — In(n) converges
in distribution to a Gumbel variable Z.

Let T; = %J + 1 a random variable of geometric type.

Consider the following sequence

(1)

_In(n) Lln(n)J

=
p p

It is clear that u,, € [0,1]. Let a subsequence ¢(k) such as

klim Ug(k) = U
—00
1. Let us first show that the set of adhesion values of the

sequence (Un)n>1 18 [0,1]. Let 0 < a < 8 < 1 such

that @ < u, < f3. Let k = {@J

We have o + k < @ <B4k = erloath) < pn <
eP(B+E)

A necessary condition for the existence of n is that:

eP(BEER) _ pplatk) > 1. (12)

On this basis, there exists an integer dependent on % such
that & < u,, < 8. Consider that this integer is denoted

by (k).
2. Now let’s build ¢(k).
The condition (12) implies that & < % 1n (ﬁ)
p e e
Let ¢ = {@J + 1 such as for all & < 2, we have
k> q.
Suppose ¢(k) = Le”(aJrk)J.

We have successively :
elbtalr < o(k) < elkta)e 1 ~ o(k+B)p

and

n
k+a<

o) _,
)y

Since (o, B) # (0, 1), the above inequality implies that
1 k
{MJ — k.

P
As result

Cm(6k) (k)

wow = —— ~ | =~

belongs to [, 3].
This proves that {u,, n > 1} = [0, 1].

This is the proof of lemma(3.2).

So for all w € [0, 1], we deduce that for ¢(k) thus as defined
we have limy__, Up(k) = U Consider following lemma of
convergence with subsequence (¢(k))xk>1.

Lemma 3.3. Let (T),),>1 be a sequence of i.i.d random
variable with same geometric law. Suppose that for all u €
[0, 1], there is a subsequence ¢(k) such as

lim In (¢(k)) B {ln (¢(k))J _
k— o0 P P
Then
T¢(k) e {ln((bp(k))J converges in law to

Z+1
Lu—l——’—ina)J when £k — oo
0

Proof of Lemma(3.3) Let X1, ..., X,, be a sequence of i.i.d
r.v with common exponantial law £(1) and let T',, = {XTJ +1

be is a sequence of i.i.d random variable with same geometric
law. Let’s introduce the sequence u,, = # — {%J , We

have shown that for all u € [0, 1], there is a subsequence ¢ (k)
such as limy o0 Ug(r) = .
From the previous lemmas, we realized that:
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If Yn = maxlgign{Xi} then

X, —In(n) converges in law to Gumbel’s law

Lz)=e*", x>0

Let Z,, = X,, — In(n), it comes that

. Z¢,(;9) ln(¢(k))
Ty = [ + J H
p p
_ Z¢(k) In(op(k))
:ﬁTMM:{ ) +[ p J+uamJ+L
SO
oy In(@(k))
T¢(k>:{7+ JJF{ p J+1
_ In(¢(k)) (k)
::>T¢@)—\_ ; J 1 { 4—uwkﬂ
Moreover
Z
% + ug) converges in law to % T

So it comes that:

T¢(k) — Fn((bp(k))J —1 converge in law to {% + uJ
End of proof. Let us now prove the converse. Consider first
the lemma
Lemma 3.4.
Let T bea {1,2,---}-valued r.v. with cumulative distribution
function ¢. Then T is distributed as ¢! (1 —e X ) where X
is a r.v. with exponential distribution.
The proof of Lemma 3.4 is classical since the law of 1 —e™
is uniform over [0, 1]. Let’s use the following general result:
Lemma 3.5. Consider a real valued sequence (yx)r>1
converging at infinity to a real number y. We suppose that
y does not belong to {pp — up — In(a), p € Z}, then for large
k

X

Ffl(l_ 1 e*y’“)—l—{MJ = {u—i—%{y—i—lna}J.

o(k) p
(13)

The proof of this lemma is given by
Proof of Lemma (3.5)

It is clear that lim

Jim ¢(k)e_y"‘ = (. Therefore

my = F1 (1 - ﬁe‘y’“)

goes to infinity as k — co and

lim In(1+ &, ) = lim In(l 4+ ¢&,,,-1) = 0.

k—o0 k—o0

Using moreover the definition of u,, (cf (6)) we deduce :

1
lim mj, = lim m} =u+ —{y+1
m my, kgnmk u—|—p{y+ na}

k— o0
where
mj, = %{lnw(k))+yk+lna+ln<1+€mk>}
GO
P
my = ﬁ{lnw(k))+yk+lna+ln<1+€m—1>}
{MJ
p

Using Lemma (3.2) we get

In(¢(k))

m%—1<mk—1—t
p

1
J < my.

1
Our assumption over y implies that x := u + f{y +1In a}

is not an integer. Therefore the only one integer in the interval
[x —1,2]is |z].

The result follows immediately.

This lemma is proven.

Proof of Lemma (3.4) In this lemma, we only deal with the
distribution of (T,),>1 we can suppose that
n > 1. (14)

T, =G '(1—e ),

The function G~ being non-decreasing we deduce :

T, = G*1(1 — efy"), n > 1.

From Resnick [11] X,, —Inn converges in distribution to Z
as n goes to infinity . It is clear that the above identity can be
written in the following form :

T, — 6 (1= L o),
n

From the Skorokhod theorem [1], we can find a sequence
(Wp)n>1 such that for any n, the r.v. X,, — Inn is distributed
as W, and (W,),>1 converges almost surely to a r.v. W.
Obviously W and Z have the same law. Therefore, for any

n, T, is distributed as G~! (1 — %e‘W") With any lost of
generality we can suppose :

_ 1
T, =G (1 - fe*W"), n>1. (15)
n

The above identity (15) is the key of the proof of Theorem
3.1.
We suppose there exists a subsequence (¢(k))x>1 such that:

In(¢(k))

J converges in law as k — oo. (16)
P

Tow—1-|
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In(p(k)
p

convergent sequence. Since vy belongs to [0, 1], it is equivalent
to show that if ¢,% : N — N are two increasing functions
such that lim; ;o vg;) = v and lim; ;o0 vy = v/, then
u=n1.

We can note that

We claim that vy = ugp) =

LIH(W))J is a
P

_ 1 ;
Ty —1— Vl«i(z))J converges in distribution to

Z+1
{u + ﬂJ as ¢ — 00
p
and
_ 1 )
Tyiy—1— M converges in distribution to
¥ (i) P
,  Z+na )
{u + 7J as 1 — o0
p

Therefore, |u + %J and {u’ + @J have the same

distribution. The result follows using following lemma with
E:=unu + % and 7 := |u — /|

These results allow us to ensure the convergence in law of
the extremes of r.v of geometric type.

End of proof.

In what will follow, we will analyze the convergence in law
of extremes of r.v T¢(k) of geometric type according to the
exhibited subsequences. We arrive at the result.

Consider (X7, ..., X,,) et (Y1, ..., Y, ) independent samples of

rv. Tp = ﬁJ +1letT’,, = {QJ +1
P1 P2
Theorem 3.2.
Let T, = {&J +letTl,, = { J + 1 and if there
is a1, as, by, by real numbers such as ~202 =91 o Ty e f2

converges respectively to T (of distribution F) and T (of
distribution G then the joint distribution of (T T ) through
the logistic copula is given by

Hy(w,y) = eap{ — (can{-pb(lz] —u+ 1)}

+ emp{-pb(lyl —v+ DY)} aD)
Proof of Theorem (3.2) Consider first the following lemma
Lemma 3.6. Let ¢(k) previously defined as

1. ug(x) converges to u when k — +o0 and

2. Ty converges in law to T
Then

2e 2 +1

Proof of Lemma (3.6) Suppose k is large enough. We have
% ¢ N and so

sup |Fy (x) — (18)
z€R

Ag ) (p(LmJ — Ug(k) T 1))

— Alpllz) —u+1)

<
Z
S
S—

|

!
—~
5

—

IN

[ (o) = s +1)
= A(plle) g + 1)
+ [A(o(Lz) = woy + 1)
— Ao(lz) - u+ 1)
Thus:
0< plle) —u+1) = p(le] — g +1) < exp{—p(k+u)}

Let wy,(t) = |z] —up, + land w(t) = [z] —u+ 1. We
have:

Cogy = |A(pwoun(@)) = A(pu()

N—

< sup N (2) (pw(x)) — PWe(k) (C)>
pw(z)<z<pwy (k) (@)

< sup A (2)exp{—p(k +u)}
plz]<z<plz]

= (M(pla)1pzoy + N (pl2])1gacor)
x eap{—plk+u))
erlel lies0y + e—plzl—erl*] 1ac0)

= o) —1
1

o(k) =1

Consider again that

IN

I, = sup|A,(z)— A(x)‘
zeR
— Q (1 67I>n1 ( ) —e "
- 32% n [~ Inn,co[\T €
= sup (1 - g>n1[0’n] (y) — efy’
y>0 n

IN

1
94 Yo 2L
2+ )e " n

According to Hall and Wellner [12], by combining the two
inequalities, we obtain

1 (2 + L)e—z
supser| Fon (@) ~ 1| < g5y + =55
2e72 41
= o1 19)

This is the proof of lemma (3.6).
Consider
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Lemma 3.7. Let F' and G be distribution functions given
respectively by

F(a) = Alpa([z] —u+1)]

and
G(z) = Ap2(ly] — v +1)]

Let C'yp be bivariate copula of the extremes with the pickand
dependency function

=

Ag(t) = [t“’ +(1 - t)‘)} 0>1)

Then

Co(F (), G(y))

eop{ — (exp{-p10(|) —u+1)}

exp{~pa0(y) v+ 1)}) }

_|_

Proof of Lemma (3.7)
Let F and G be distributions functions of r.v given by

F(z) = Alpy([z] —u+1)]

and
G(z) = Ap2(ly] — v +1)]

Define the bivariate logistics copula by

Co(u,v) = emp{(log(U) + 10%(”))“1(1%(;()%_%) };

1
0

Ag(t) = [te +(1- t)‘)] 0> 1)

This copula allows us to measure the dependence of the
rarest events.

Co(u,v) = exp{(log(u) + 1og(v)>

log(u) ¢
(s + g

og(u 0%
(1~ o s tog) ) )

= exp{ ( log(u) + 1og(v))

log(u) Y
(et + g

(o) )

exp{ ([bg(u)]" + [1og(v)]9) ' }

With reference to the F' and G margins defined by

_|_

X

_|_

F(z) = Alpi(lz] —u+1)]

exp( —exp{—p1[lz] —u+ 1]})

and

G@) = Alpa(ly) — o+ 1)
= cap(eap{=pally) —v+1)})

It comes that
Co(F(@),G(y)) = exp{ — (cap{-p(|z] —u+1)}
+ eap{—pa8(lyl —v+1)})}

End of proof.
Lemmas (3.6) and (3.7) complete the proof of the theorem
(3.2).

4. Conclusion

In this article, we have analyzed the asymptotic behavior
of the extremes of a sequence of independent and identically
distributed random variables according to a geometric type
law. For this purpose, we have constructed a convergent
subsequence and this has enabled us to exhibit a subsequence
of geometrical and independent random variables which
converges in distribution. Finally, we have examined, through
the copula of extreme value, the joint limit law of two
independent samples of random variables of geometric type.
These results will allow us to analyze, in a another document,
not only the convergence in moment of order of the other
extremes of the random variables of geometric type but also
the general asymptotic behavior of the extremes of a series of
random variables with integer value .
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