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Abstract: The fundamental theorem of arithmetic says that every natural number greater than 1 is either a prime itself or can be
factorized as a product of a unique multiset of primes. Every such integer can also be uniquely decomposed as a sum of powers of
2. In this note we point out that these facts can be combined to develop a binary number system which uniquely represents each
integer as the product of a subset of a special set of prime powers which we refer to as P-primes.

Keywords: Binary Numbers, Number Systems, Mathematics Education, Number Theory, Prime Factorization,

Prime Numbers

1. Introduction

The fundamental theorem of arithmetic says that every
natural number greater than 1 is either a prime itself or can be
factorized as a product of a unique multiset of primes. This
means that each integer n can be expressed as a product of
powers of primes:

n = [l p; (1)

where p;is the i th prime and g;is an integer representing its
multiplicity [2]. Each integer n can of course also be expressed
as a sum of powers of 2:

n= YZow;2' @)

where w; € {0, 1} is a binary inclusion/exclusion variable for
each power of 2. This sum provides a unique binary
representation for each integer and is the basis for encoding
integers on computers.

What is interesting to note is that these product and sum
expressions for integers can be combined to define a
product-based binary number system. Specifically, Eq. (2)
says that the integer exponent of each term p,“ from Eq. (1) can
be uniquely expressed as a sum of powers of 2. For example, if
p;=7and a;=21 then 7*' can be decomposed into a unique set

1 The definition of P-primes (under the name u-primes) and their use to define a
product-based binary number system was first explored by the author as part of his
masters work on subset recognizing automata in 1985-86 and was subsequently

of multiplicands with power-of-2 exponents as

721 — 7(20+22+24) — 71 . 74 . 716 (3)

Thus, the factorization of an integer » as the product of a
multiset of primes can be replaced with an alternative
factorization in the form of the product of a subset of the set

{pfi; i = 0,j = 1}, where p;is the jth prime. We will call this
the set of power primes, or P-primes.

2. The P-Prime Number System

The relationship between P-primes and ordinary primes can
be illuminated by the following definition:

Definition: A number ¢ > 1 is a P-prime if and only if it
cannot be formed as the product of a subset of smaller
P-primes.

This definition is distinguished from the definition of
ordinary primes by the use of the word subset, and its

equivalence to the set {p}?l; i=>0,j =1} can be deduced
directly from the representation of Eq. (2). The fact that every
integer can be represented uniquely as the product of a set of
P-primes immediately implies a binary number representation
for each integer n with the ith bit designating the
inclusion/exclusion of the ith P-prime from its product set'.
As an example, the number 1800, which has prime factors
2:2-2-3-3-5-5, can be expressed as a product of P-primes,

documented as an appendix in his 1995 doctoral dissertation [5].
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1800 = 2'-2%-3*-5%, and represented in binary form as

Thus far we have only considered the representation of
integers greater than zero, but the general representation of all
positive and negative integers can be obtained by augmenting
the set of P-primes to include, e.g., —1. It can be verified that

P-primes can be multiplied efficiently on a digit-by-digit basis:

If the digits in position i of both multiplicands are zero then
the digit in position 7 of their product zero. If the digits differ
then the digit in position i is 1. If the digits in position i of both
multiplicands are 1 then the digit in position i is zero and the
digit in position j corresponding to the square of the P-prime
associated with position 7 is 1. If the digits in position j of the
multiplicands differ then the digit in position j is reset to zero
and the position corresponding to the square of the P-prime
associated with position j is 1. This general (and familiar)
quadratic-carry rule is straightforward to determine for all
other cases. It is also similarly straightforward to perform
division by carrying in the direction of the square root of
P-primes.

Unfortunately, there does not appear to be an efficient
algorithm for addition and subtraction unless there exists an
efficient algorithm for prime factorization. In this respect, the
P-prime representation suffers limitations similar to other
nonstandard numeral representations [3], such as the Quote
system [1, 4], in that it may have elegant theoretical properties
but is not necessarily practical for general computational
applications.
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3. Conclusion

The P-Prime representation is primarily of theoretical and
pedagogical interest as a product-based alternative to the
conventional sum-based powers-of-two binary representation
of integers. Unlike other numeral systems it combines the
conventional prime-number and binary representations of
positive integers in a way that can offer different perspectives
on various results from number theory, e.g., based on the fact
that the P-prime representation defines a one-to-one mapping
of binary strings to the positive integers in a manner that
relates to the distribution of primes.
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