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Abstract: In this paper, to be the Riesz matrix is symbolized by R, it is defined the spaces l.,(R), c(R) and c,(R), where for
instance cy(R) = {x = (x,) € W| lim,, PiZﬁzl Di X = 0} and computed its duals (a-dual, S-dual and y-dual). Furthermore, it

is investigated topological structure of c¢y(R) and determined necessary and sufficient conditions for a matrix C to map cy(R),

or ¢, into ¢ or ¢y(R).
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1. Introduction

The study of sequence spaces is in fact a special case of the
more general study of function spaces if the domain is
restricted to the set of natural numbers N. The set w of all
functions from the natural numbers N to the field K of real R
or complex numbers C, can be turned into a vector space. In
other words, let w be the set of all (real-or) complex valued
sequences {X,}ney, i-€., X, € C under the operations of
pointwise addition and scalar multiplication given by

{xn}neN + {Yn}nEN = {Xn + Ynlnen

and A{x,}en = {Ax, }nen, for every x,,, v, € C and scalar 4
form a vector space over C. Any subspace x of w is then
called a sequence space. In other words, a sequence space is a
vector space whose elements are infinite scalar sequences of
real or complex numbers and is closed under the coordinate
wise addition and scalar multiplication. If it is closed under
coordinate wise multiplication as well, it is called a sequence
algebra. Sequence spaces when equipped with a linear
topology form topological vector spaces, [1].

The spaces [, c and ¢, are the linear spaces of complex
bounded, convergent and null sequences respectively, i.e., I, =
{x=(x¢) € W: supy[xy| <o}, c = {x = (xx) € w: limy x; exists},
co= {x=(x¢) € w: limy x, = 0}.

The multipliers from X into Y are given by

XY ={y ewlxy €Y,vx € X}

for X, Y c w, where xy is the coordinate wise product, i.c.,
xy = {xX1 Y }xen- We notates

XN =X"?={yewlxyeZvxeX"}

for X, Y, Z € w. A sequence space X is called Y-space if X =X"
¥ Classical a-, B- and y- duals of X are given by X" X* and X",
respectively, where

lz{xz(xk)ew Z|xk|<oo},
k
cs = {x =(xx) EwW z Xy is convergent},
k

bs={x=(xk)EW

supy| Z x| < 00}.
k

These are Banach spaces with their natural norms. We know
thatp € X*c XP ¢ X" If X € Y then Y ¢ X" and for every X
we have X° = X%, X c X%, where { is one of the o-, B- or
v-duals. [2-4].

Let X and Y be two sequence spaces and let A = (a,;) be
an infinite matrix of complex numbers a,;, where n, k£ € N.
Then we say that A defines a matrix transformation from X
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into Y and we denote it by writing 4: X — Y if for every

sequence x = (x;) € X, the sequence Ax = {(4x)}, the
A-transform of x, is in ¥, where
(Ax)y = Xk QX (n EN,x € DOO(A)) (1)

and by Dy(A4) denotes the subspace of w consisting of x € w

for which the sum exists as a finite sum. By (X: ¥), we denote

the class of all matrices 4 suchthat 4: X — Y. Thus4 € (X:Y)
if and only if the series on the right side of (1) convergent for

eachn €N and each x € X and we have Ax = {(4x),},ex €Y for

allx €X. For an arbitrary sequence space X, the matrix domain

X, (or X (A4)) of an infinite matrix A in X is defined by X, = {x

€w: Ax € X}, which is a sequence space.

Kizmaz [5] defined the sequence spaces

lo(8) = {x = (x)|Ax € L.},
c(d) = {x = (xx)|Ax € ¢},
co(A) = {x = (x,)|Ax € ¢y},

where Ax = (Ax;) = (xx — Xx4+1), and showed that these are
Banach spaces with norm ||x|| = |x;| + ||Ax|| . After then Et
[6] defined the sequence spaces Lo, (A?), c(A?), ¢y (A%) where
A%x = (A%x,) = (Axy — Axy4q), and showed that these are
Banach spaces with norm ||x||; = |x;| + |x;] + [|A%x|| o
Recently Pooja [7] study on m™ difference sequence spaces
and Khan [8] works on some inclusion relations between the
difference sequence spaces defined by sequence of moduli.. In
addition, similar topics are studied and genaralized by some
author [9-10].

2. Main Results

Let p = (px) and (B,) be givenpy >0, p=>0 (Vk,n €
N), B, =XkoPe- Let the matrix R=R, = (R,p)=
(R, p,) = 1y, defined by

Dk

(rnk) = ﬁ ’
0, otherwise

k<

n

is called a Riesz matrix (associated with the sequence p) and

P
D)L k<n<k+1

(r_lnk) = pn
0,k+1<n
is called inverse matrix of Riesz matrix. Also, for Rx = y, we
get
1 Zn
=— x
Yn P, k=1pk k
and

1 kP
Xn = ;(Pnyn - Pn—l.Vn—l) or xp, = Z;cl:n—l(_l)n kp_::)}k'

Now we define

leo(R) = {x = (xx): sup

n
-,
o PrXk
Fa k=1

n
1 z ]
B, VA KXk

1

1 n
co(R) = {x = (xy): lim (P_z pkxk> = 0}.
n ni=

These spaces are sequence spaces and are normed spaces
with norm ||x||gr) = sup|R,x| where E is one of the
sequence spaces Ly, c, c,respectively.

Teorem 2.1. Let X be a normed space and x = (x;) be a
sequence in X. We also define the operator

<o

c(R) = {x = (x): lirrln =0,l€ R},

T:cy(R) = ¢,

n
1
x - Tx = Rx =—Zpkxk
Py
k=1
Then T'is a linear isometry.
Proof. Let ¥, x' Ec¢yo(R) and o €K. The equality
T(ax+x")=R (ax+ x')=aRx +Rx’ =aT x + Tx’

holds. From this, we get that the operator T is a linear. If the
equality Tx = Tx' holds, then we have

n

1

Ez pr(xx — x') = 0.
k=1

By induction method, we have x,, = x', foralln € N.
Therefore the operator T is injective. Furthermore, because
the operator 7'is bijective, we get immediately that co(R)=c,.

Theorem 2.2. (E R 11 E(R)) are normed spaces where
E is one of the sequence space [, ¢,cp.

Proof. Let E be ¢, sequence space and o €K.

. 1
() 11xlleoe = 0 & supy [o-Zies P | = 0
n
1
S sup— ) prx =0
By
k=1

< x=0foralln € N.
. 1
(i) llaxlleoqm = llaRxlle, = sup |- Siey ape

= |al.-lIRxl¢, = lal. [1x]]¢,cr)
(iii) For x,x" € ¢y(R),

[1x + x'llcory = [IR(x + x")]lc,
n

1
I E i (xpe + 1)
n

=1

= sup
n
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n n
1 Z 1 ,
o PrXk —z PrX k
b k=1 b k=1

< |IRx|l¢, + [IRX|l¢,
< 1xlleyr) + X[l cor)-

< sup + sup
n n

From (i), (i) and (i) we immediately get

(CO(R),”.”CO(R)) is a normed spaces. Similarly we can
prove for other sequence spaces.
Teorem 2.3. The normed spaces (CO(R),”.HCO(R)) is a

Banach space.

Proof. Let (x") be a Cauchy sequence in ¢y(R), where x" =
") = (x, x%, - - ) Eco(R), for each n €N. Then for each ¢ >
0, there exists N = N (&), such that for all n, m > N,

lx™ = x™ |l oy = IR(x™ — x™) ¢,
= ||[Rx™ — Rx™|l,, < €.

Therefore we obtain that Rx" is a Cauchy sequence in ¢
whence by (co,||. l¢,) the Banach space, it converges to (Rx)
say, i.e., there exists lim Rx™ = Rx € c¢,. Now we must show
that x € co(R). We have

limRx™ = Rx € ¢, & [[Rx™ — Rx||., — 0.

Thus, we get
IRx™ = Rxlle, = IR(x™ = 2)[l¢,=I1(x™ = )l cy(ry— O

So, it is corrected that x™ — x € ¢y(R). This implies
(co R), |- ”cO(R)) is a Banach space.

We shall quote some lemmas which are needed in proving
our theorems concerning the «,f,y duals of the Riesz
sequence spaces.

Lemma 2.1. Let R be a Riesz matrix. Then R € (cy, ¢) if and
only if

(1) lim, 1y, =0,

(ii) sup Yg|r| < oo.

Lemma 2.2. Let R be a Riesz matrix. Then R € (¢, ¢y) if and
only if

(1) lim, 1y, =0,

(i) sup Xlrul < oo,

(iii) lim Y, 1y = 0.

Lemma 2.3. Let R be a Riesz matrix. Then R € (¢, ¢) if and
only if

(i) lim,, 1y, exists,

(ii) sup Ylrni| < co.

Lemma 2.4. Let R be a Riesz matrix. Then R € (cy, /,,) if and
only if

(1) sup Xplrnxl < co.

Lemma 2.5. Let R be a Riesz matrix. Then R € (¢, /) if and
only if

(ii) sup Yoy |Xg Tkl < 0.

Teorem 2.4. Let R be a Riesz matrix and P, — o (n — 0)
where B, = Yr_opr for each n €N, then the inclusion ¢y €
co(R) holds.

Topological Structure of Riesz Sequence Spaces

Proof. Let R be a Riesz matrix and x = (x;) be a sequence
in ¢g. Then the following statement is obvious.

X€cy=>Rx€cyand Rx Ecy ©RE (Co,Co)-

By Lemma 2.1, we have R € (¢ co) &

(1) lim, r,, =0,

(i) sup Xxlrul < oo.

Now we show the correctness of these statements.

lim ; =limp—k=plimi=p.0=0
M Tk P, Y k )

and

Pk
sup Yl =sup 3 121 =1 <o
K n

This implies R € (co, ¢g) such that for each x € co(R). This
completes the proof.

Theorem 2.5. Let R be a Riesz matrix and sup |P,| < oo, then
the inclusion ¢y(R) C ¢, holds.

Proof. Let R™' be inverse of Riesz matrix and x = (x;,) be
a sequence in co(R). We need to find that x € ¢ or equivalent
we need to find that R™' € (co, ¢o). By Lemma 2.1, we can
easily show the following statements.

limr~t,, =lim(-1)"*—~£ =,
n p

n
-1 n-k Pk
suler nk|=supZ|(—1) —|=1< oo,
- - Pn

This implies R~ € (c,, ¢o) such that for each x € ¢,. Hence
the proof is completed.

Theorem 2.6. Let R be a Riesz matrix. Then we have

(1) co € 1(R) if and only if sup Xy |1nx| < oo,

(i1) The inclusion ¢ € c¢(R) is invalid.

Proof. (i) If the inclusion ¢y < [,(R) holds, then the
necessary and sufficient condition is that R € (c¢q, [,). By
Lemma 2.4, we must show that

sup Y el < .
k

It is seen by Theorem 2.4. Hence, we say the inclusion ¢y €
I(R) holds.

(i) If the inclusion ¢ € cy(R) holds, then the necessary and
sufficient condition is that R € (c, ¢g). By Lemma2.2, one can
show that the validity of the options (i) and (ii). However, the
part of (iii) is not provided, i.e., lim Y. 7, = 1 # 0.Thus, we
obtain that the inclusion ¢ € ¢y(R) is invalid.

Theorem 2.7. Let R be a Riesz matrix and x = (x;) be a
sequence in cy(R), ¥ = (yx) be a sequence in ¢y. Then we
have
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(1)

(co(R))* = {a = (ai) € W:supz
n=1

(i)

(0B = (eo(R)) = fa = (@) € w: (4 (%) pe) €L (an

Proof. (i) Let us take any a = (a;) € w. We easily derive with
k

ax = (agxy) = (akz_zl(—l)k_i

L

P;

_y.
P’
For all k € N, where T = (t,;;;) is defined by

Py
n—n—1<k<n

n
0, otherwise

-1 n—ka
tnk = ( )
We also define the linear operator
T:cy =1
y->Ty=ax €l

By Lemma 2.5, we get
() a € (c(R)” & ax € L,¥x € (co)R,

S VRx=y€c,Ty€El

2w

k

@TE(CO,I)@supZ <

n=1

29

P,
S -1ya, 2 < o,
a Pn
P
—") € lm}
Pn

E * k-i, Di
D" ag —yi = (Ty)x
i=1 Pk

L

)

o {a = (@) € wisup Ti; S~ 1" ¥a, K| < oo},

(i) Let x € ¢y(R) and a € w. Then y = Rx € ¢,
We get

-1
N N P P

Z Xy = (ak — Qg4 _) Yn + An —Vn = (Cy)n
— e~ Pk Pr+1 Pn
and we take C = ¢y, matrix,

P P,

ak—k—ak+1 k,0<k<n—1
Pk Pk+1
an = P

n
a,—,k=n
n
0, otherwise

\

and so Y j—; @xXx=(Cy),. Then we have

n
a € (CO(R))B S ax Ecs,Vx €Ecy(R) & Z Xy € c,Vx € ¢y(R)

k=1

& (Cy)p €Ec,Vy Ecy & C € (cy, 0).

By Lemma 2.3, we get

On the other hand, (cy(R) )Y can be found in a similar
way.

Theorem 2.8. Let (X, Y) denote the set of all infinite
matrices C which map X into Y. Then we have C € (co(R), ¢o)
if and only if

(i) D™ € (co, ),

(i) D € (co, co)
where the matrix D depends on the matrix C, (Vin € N).

Proof. If x € ¢o(R) then y = Rx €cy =x=R""y, we have

m
My = z CrkXi
k=1

m
1
= Z Cnk (— (PkYk — Pe—1Yi-1))
k=1 Pk

C.
— PnYm

m

=p™

y

Now we also define the matrix:

“
i =
t

Hence, by Lemma 2.1 and Lemma 2.3, we get
(i) D™ € (c,, c)=

(1) sup Ygldui| = sup X

Cnk Cnk+1

Dk Dk

Cnm
—Pp,k=m
Pm

0, otherwise

)Pk,k<m

Cnk _ Cnk+1
Pk Pk

and

P <o
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‘nm
canpy | < oo
Pm

(2) lim, d,, = lim,

(i) D € (cy,co) ©

Cnk _ Cnk+1
Pk Pk+1

P, exists.

1 Su E |d | = Su E Ink _ Cnketi P, <o and
P LklGnk P 2|5, P
CnmP | < o0

Cnk Cnk
Snk _ Cnkt1] p (),
Pk Pk+1

Hence, it is clear that C € (cy(R), cg). Conversely, this is
obtained by the same kind of argument.

Theorem 2.9. Let C be a matrix. Then we have C €
(co, co(R)) if and only if

. 1
(i) sup T [o- Tk prcn] < oo,

(2) lim, d,, = lim,

(i) lim -5, picye = 0.

Proof. Let C € (cy, co(R)). For each x € ¢y, Cx exists and
we have Cx € co(R) = RCx €cy = RC E€(cy, ¢y).

If D is a matrix RC, then we can take d; = iZ’iLl DiCik-

By Lemma 2.1, there is a matrix C that provides the
following statements such that

o 1 ¢n -1 on _
Sup =1 ZZiﬂpkcik < o and hmP_nZizlpiCik = 0.

This is the desired result. In addition, the sufficient
condition is trivial.

3. Conclusion

In this paper, to be the Riesz matrix is symbolized by R, we
define the spaces [, (R),c(R) and c¢y(R) and compute duals
(a-dual, p-dual and y-dual) of cy(R). Also, it is shown that if
the matrix R are a regular matrix and sup|P,| < co then
co = ¢o(R). Finally, we investigate topological structure of
co(R) and determine necessary and sufficient conditions for a

Topological Structure of Riesz Sequence Spaces

matrix C to map cy(R), or ¢y into ¢y or cy(R).
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