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Abstract: Recently, Kim-Kim (2016-2017) studied simmetric identities of higher-order degenerate Bernoulli and Euler
polynomials which were defined by Carlitz (1979). In this paper, we define the higher-order deformed degenerate Bernoulli and
Euler polynomials which are modified the higher-order degenerate Bernoulli and Euler polynomials. We also investigate some
interesting identities for the the higher-order deformed degenerate Bernoulli and Euler polynomials.

Keywords: Bernoulli Polynomials, Euler Polynomials, Degenerate Bernoulli Polynomials

1. Introduction

Let p be a odd prime number with of p =1 (mod 1).
Throughout this paper, Z,, @y, and C, denote the ring of
p-adic integers, the filed of p-adic rational numbers, and the
completion of the algebraic closure of @, respectively. The

p-adic norm | - |, is normalized as [p|, = %, Let UD(Z,) be

the space of uniformly differentiable functions on Z,. For
f € UD(Z,), the fermionic p-adic integrals on Z,, is defined
by Kim to be

La(f) = fp) FOdua @) = lim 32557 FGO(=1)%, (1)

(see [6-10, 14, 17, 23, 25, 28, 34, 38, 39]). From (1), it is
well-known that

L1 (f) + 1.(f) = 2£(0), 2)

where f1(x) = f(x + 1). The bosonic integral on Z, is
defined by Volkenborn as

() = J, F@dG) = lim 32750 F(0), ()

(see [1, 11, 12,1 3, 15, 20, 22, 24, 26, 27, 33, 35, 36]). Then,
by (3), it is well-known that

L(f) — L) =f" (0), 4)

where fi(x) = f(x+1) and f’ (x)=% By

r € N, we consider the higher-order Bernoulli polynomials
which are given by the generating function as

For

NG o en
o) e =i B0 5 (5)

When x =0, B,ET) = B,ET)(O) are called the higher-order
Bernoulli numbers. For r € N, we consider the higher-order
Euler polynomials which are given by the generating function
as

(55) e =Zr BV (©)

et+1

When x =0, E,Er) = E,Er)(O) are called the higher-order
Euler numbers (see [8, 16, 19, 21, 29]). Note that B, (x) =
B,El) (x) and E,(x) = E,El)(O) are the Bernoulli polynomials
and the Euler polynomials, respectively. In [1, 4, 5, 18, 30, 31,
32, 37], we recall that the Stirling numbers of the second kind
are given by

x™ =Yl S2(n, D(x);, (n = 0), (7)
and
(et =" =nl¥ye, S,(n, m)i—:, n=0), ©®

and the Stirling numbers of the first kind are given by
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(On = Ziso S1(n, Dx!, (n 2 0), ©)

and

(log(1 + )" = nl X2, Si(n, 1) ,,,( =0). (10
For A # 0, the degenerate Bernoulli polynomials are
defined by Carlitz as the generating function to be

—1(1 + /1t)'1 =Yn=0 Bn(4, x)
(1+A) -1

(11)

(see [2, 3, 11, 13, 15, 22, 24, 27, 33, 35, 36]). When x = 0,
Bn(A) = B,(1,0) are called the degenerate Bernoulli

polynomials.
Note that lim,_f, (4, Ax) = B, (x) and
limy_ A" "Br (4, Ax) = b, (x) , where b,(x) are the

Bernoulli polynomials of the second kind given by the
generating function

— A+ 0)*=3¥2,b (x) -, (see [20,32,35,37)). (12)

10g(1+t)

From (8), we observe that

t _ log(1+t) —
log(1+t) 1+ = log(1+t) e*o -
[«3) tm [} A k tl
Tito (bn— 2P Theo XS, LKD) (13)
From (8) and (9), we obtain the following
n
b = Zio Th=o (1) ba—ixS1(L, k). (14)

The degenerate Euler polynomials are defined by Carlitz as
the generating function to be

—(1+At)A = Ym0 €4, x)—.

A+A)A+1

(15)

When x =0, £,(1) = £,(4,0) are called the degenerate
Euler numbers. Note that lim;_,,&,(4,x) = E(x). For r € N,
Carlitz [1, 2] studied the higher-order degenerate Bernoulli
polynomials and the higher-order degenerate Euler
polynomials which are defined by the generating functions,
respectively

(m) (1 + lt)l = Zn 0 [))(T)(l,x)%’ (16)

and

-

<;> (1+A6)1 = T2, €0, x)— (17)
(1+1)2+1

When x=0 , BV =p",0) and €M)=

E,(4,0) are called the higher-order degenerate Bernoulli

numbers and the higher-order degenerate Euler numbers,

respectively.  Note  that ﬁ,&l) A, x) =pF,(4,x) and
Sfll)(l, x) = £,(4,x). From (16), we observe that for r € N,
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r
tTL
Zn OB(T)(/’Lx);:( T > (1+/’{t)l_
: (1+A6)7-1
At r %log(1+lt) Xlog(1440)
(log(1+/1t)) <e%log(1+lt)_1> el (18)

[oe} n m
n _ t"
=Y (XD (st on )

n=0 ‘\m=0 k=0

where b, are the higher-order Bernoulli numbers of second
kind which are given by the generating functions to be

( t )T_ © b(r)ﬂ
log(1+t)) ~— “m=0"n -

From (13), we obtain the following identity
n
B x) = Sho T (1) B2 an —

From (17), we also observe that

(19)
KBS, (m, k). (20)

T &V A0S = (—

(1+At)A+1

) (1+0)7 =

T (Tho BV @)S1(m, DA = @1
From (21), we obtain the following identity.
E7Ax) =T BV @S DL (22)

In this paper, we consider the higher-order degenerate
Bernoulli and Euler polynomials which were defined by
Carlitz and define the higher-order deformed degenerate
Bernoulli and Euler polynomials which are modified the
higher-order degenerate Bernoulli and Euler polynomials. We
also investigate some interesting identities for the the
higher-order deformed degenerate Bernoulli and Euler
polynomials.

2. The Higher-Order Deformed
Degenerate Bernoulli and Euler
Polynomials

1 1
For A,t € C, with |t|, <p P~ and |A], <p P, we
define the deformed degenerate Bernoulli polynomials which
are given by the generating functions to be

(1+/1)ﬂ = Yo Bu(A, X)— (23)

t
(1+1)2-1

and the deformed degenerate Euler polynomials which are
given by the generating functions to be

(1+/1)1—2n 0 &, x)— (24)

(1+,1)A+1
When x =0, B,(1) = £,(4,0) and &,(1) = £,(1,0)
are called the deformed degenerate Euler numbers. We note
that
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3 t tx — ‘oo ﬁ
lim (m)% a+ /1))l = = Xn=0 Ba(X) — (25)
and
lim 1+ /’l)th =2 etx=y® [ (x)ﬂ. (26)
A0 (14 10741 et+1 n=0 ~n n!

From (25) and (26), we see that lim,_,of,(1, x) = B,(x)
and lim,l_,OE“ Lx) =E,(x) . If we take f(y)=(1+

, by (4) and (23), we get

2 (x+y)t o ~ tn
(g) o, A+ 7 duo®) = Biizo BaL ) 5. 27)
By (2) and (24), we have

tx
(1+)7 =

(x+y)t
fy A+ 7 dus () =

T EnA )

(1+)2+1
(28)

For r € N, the higher-order deformed degenerate Bernoulli
polynomials are defined by the generating functions to be

(=
(1+A)2-1

and the higher-order deformed degenerate Euler polynomials
are defined by the generating functions to be

> A+ D7 =35, B0 5 (29)

(( ; ) A+ )7 =320 E00 x nE 60y
1+A)A+1

1+ +xr)t

Jz, =t @+

From (34) and (35), we obtain the following identity.
Theorem 2.2 For n = 0, we have
N o _ !
EP LX) = Ty i DAEN (). (36)

Now we investigate the following distribution relation on
the higher-order deformed degenerate Bernoulli polynomials.
For d € N, we observe that

dt
at <(1+/1)7 >

d-1 (1 4 )7 = . (37
A+)A-1
and hence
¢ det at xt xt
—ar— Za=0 A+D2A+D)7 = T (1+A)/1.(3g)
(1+) 2 -1 (1+1)A-1

Thus, by (37) and (38), we have

t

1+ D)7 = Do d"* 48 B, (1.55) 2. (39)

n!

t
(1+1)2A-1

From (23) and (39), we obtain the following identity.
Theorem 2.3 For n = 0 and d € N, we have

dp_q(xq) -

When x=0, BV =470 and £V =
£7(2,0) are called the higher-order deformed degenerate
Bernoulli numbers and the higher-order deformed degenerate
Euler numbers, respectively. We observe that

(x+x1++x7)t

fo +Jy, L+ D) duo(xl)-'-duo(x»:
zl 20 T S DB (1)

and

A
(10g(1+l)) pr f (1 +
(x+x1++x7)t

D () - do() = 52 BV (A 2) . (32)

From (31) and (32), we obtain the following identity.
Theorem 2.1 For n = 0, we have

BO0 = () T SO @5 (33)
‘We also observe that
(x+x1+ +x)t
[ ] as ™ e - dus @
Zp, I
= 320 S S DAED () LS (39
and
o () t!
dp—y(xr) = XiZo & (4, x) Ik (35)
Bu(hx) = d" 1328 B, (A, 5F). (40)

For r € N, we also observe that

¢ ' xt
—| A+D7T =
(1+2)2-1
o —r - 5 tartx)) "
Sz (4777 24 gm0 B (A S22 5 qa)

From (29) and (41), we obtain the following identity.
Theorem 2.4 For n = 0 and d,r € N, we have

"T(lr) (/1’ a1+~--‘-1|—ar+x) ' (42)

ﬁ(?’) (A, x) = qnr Zgl—l

We also investigate the following distribution relation on
the higher-order deformed degenerate Euler polynomials. For
an odd positive integer d, we observe that

(x+x1++x,)t
[ ] ae T e ) - du
Z, I,
© - A +ag+tap) th
= By Bk g0 (-D@tarED) (3, AN B (g3
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From (30)and (43), we obtain the following identity.
Theorem 2.5 For n >0, r€N and d =1 (mod 2), we
have

EP (M x) = Tt o (-1)@Frard(D (3 UL - (4g)

At
log(1+2)

Finally, by replacing t by
derive that

in (29) and (30), we

n 1 Tn
}27010:0 bn(4,x) (1og(1+,121) W
im0 () T B (1)) 5 @)

and

oo & At ni — oo n n ), .n-1 ﬂ
n=o €n(4, %) (log(1+A)) nl ~ ~n=0 ( 1=0 (l )El x )n!' (46)
Thus by comparing the coefficients of (45) and(46), we
obtain the following identities.
Theorem 2.6 For n = 0 and r € N, we have

N n _
757’)(/1’ x) =Y, (l ) Bl(T)xn L (47)
and
A log(1+A)\" n _
ED () = (28 3 () EDan . (48)

3. Conclusions

This study was to define the deformed degenerate Bernoulli
and Euler polynomials in (23), (24) and the higher-order
deformed degenerate Bernoulli and Euler polynomials in (29),
(30). We obtained useful identities for the higher-order
deformed degenerate Bernoulli and Euler polynomials in
Theorem 2.1,2.2,2.3,2.4,2.5, and 2.6.

We suggest to find the differential equations whose solution
is the generating function of the higher-order deformed
degenerate Bernoulli and Euler polinomials, and to investigate
the symmetric identities of the higher-order deformed
degenerate Bernoulli and Euler polynomials.
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