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Abstract: Recently, Kim-Kim (2016-2017) studied simmetric identities of higher-order degenerate Bernoulli and Euler 

polynomials which were defined by Carlitz (1979). In this paper, we define the higher-order deformed degenerate Bernoulli and 

Euler polynomials which are modified the higher-order degenerate Bernoulli and Euler polynomials. We also investigate some 

interesting identities for the the higher-order deformed degenerate Bernoulli and Euler polynomials. 
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1. Introduction 

Let �  be a odd prime number with of � ≡ 1	(���	1) . 
Throughout this paper, 
� , �� , and 
�  denote the ring of �-adic integers, the filed of �-adic rational numbers, and the 

completion of the algebraic closure of ��, respectively. The 

�-adic norm | ⋅ |� is normalized as |�|� = �
�. Let ��(
�) be 

the space of uniformly differentiable functions on 
� . For � ∈ ��(
�), the fermionic �-adic integrals on 
� is defined 

by Kim to be 

���(�) = � 	ℤ� �(�)����(�) = lim →"∑ 	�$��%&' �(�)(−1)%, (1) 

(see [6-10, 14, 17, 23, 25, 28, 34, 38, 39]). From (1), it is 

well-known that 

���(��) + ���(�) = 2�(0),             (2) 

where ��(�) = �(� + 1) . The bosonic integral on ℤ�  is 

defined by Volkenborn as 

�'(�) = � 	-� �(�)��'(�) = lim →" �
�$∑ 	�$��%&' �(�),   (3) 

(see [1, 11, 12,1 3, 15, 20, 22, 24, 26, 27, 33, 35, 36]). Then, 

by (3), it is well-known that 

�'(��) − �'(�) = �′(0),                (4) 

where ��(�) = �(� + 1)  and �′(�) = ./(%)
.% 0%&' . For 

1 ∈ ℕ, we consider the higher-order Bernoulli polynomials 

which are given by the generating function as 

3 4
56��78 9%4 = ∑ 	":&' ;:(8)(�) 4<:! .           (5) 

When � = 0, ;:(8) = ;:(8)(0) are called the higher-order 

Bernoulli numbers. For 1 ∈ ℕ, we consider the higher-order 

Euler polynomials which are given by the generating function 

as 

3 ?
56@�78 9%4 = ∑ 	":&' A:(8)(�) 4<:! .           (6) 

When � = 0, A:(8) = A:(8)(0) are called the higher-order 

Euler numbers (see [8, 16, 19, 21, 29]). Note that ;:(�) =;:(�)(�) and A:(�) = A:(�)(0) are the Bernoulli polynomials 

and the Euler polynomials, respectively. In [1, 4, 5, 18, 30, 31, 

32, 37], we recall that the Stirling numbers of the second kind 

are given by 

�: = ∑ 	:B&' C?(D, E)(�)B , (D ≥ 0),          (7) 

and 

(94 − 1): = D!∑ 	"B&: C?(D,�) 4GB! , (D ≥ 0),    (8) 

and the Stirling numbers of the first kind are given by 
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(�): = ∑ 	:B&' C�(D, E)�B , (D ≥ 0),       (9) 

and 

(log(1 + J)): = D!∑ 	"B&: C�(D, E) 4GB! , (D ≥ 0).   (10) 

For K ≠ 0 , the degenerate Bernoulli polynomials are 

defined by Carlitz as the generating function to be 

4
(�@M4)NO�� (1 + KJ)

PO = ∑ 	":&' Q:(K, �) 4<:! ,       (11) 

(see [2, 3, 11, 13, 15, 22, 24, 27, 33, 35, 36]). When � = 0, Q:(K) = Q:(K, 0)  are called the degenerate Bernoulli 

polynomials. 

Note that limM→'Q:(K, K�) = ;:(�)  and limM→"K�:Q:(K, K�) = R:(�) , where R:(�)  are the 

Bernoulli polynomials of the second kind given by the 

generating function 

4
STU(�@4) (1 + J)% = ∑ 	":&' R:(�) 4<:! , (s99	[20,32,35,37]). (12) 

From (8), we observe that 

4
STU(�@4) (1 + J)% = 4

STU(�@4) 9%STU(�@4) =
∑ 	":&' 3R\ 4]

\! ∑ 	"B ∑ 	B̂ &' �^C�(E, _)7 4GB!      (13) 

From (8) and (9), we obtain the following 

R\ = ∑ 	:B&' ∑ 	B̂ &' 3DE 7 R:�B�^C�(E, _).       (14) 

The degenerate Euler polynomials are defined by Carlitz as 

the generating function to be 

?
(�@M4)NO@� (1 + KJ)

PO = ∑ 	":&' ℰ(K, �) 4<:! .	     (15) 

When � = 0, ℰ:(K) = ℰ:(K, 0) are called the degenerate 

Euler numbers. Note that limM→'ℰ:(K, �) = ℰ(�). For 1 ∈ ℕ, 

Carlitz [1, 2] studied the higher-order degenerate Bernoulli 

polynomials and the higher-order degenerate Euler 

polynomials which are defined by the generating functions, 

respectively 

a 4
(�@M4)NO��b

8 (1 + KJ)PO = ∑ 	":&' Q:(8)(K, �) 4<:! ,    (16) 

and 

a ?
(�@M4)NO@�b

8 (1 + KJ)PO = ∑ 	":&' ℰ(8)(K, �) 4<:! .    (17) 

When � = 0 , Q:(8)(K) = Q:(8)(K, 0)  and ℰ(8)(K) =ℰ:(K, 0)  are called the higher-order degenerate Bernoulli 

numbers and the higher-order degenerate Euler numbers, 

respectively. Note that Q:(�)(K, �) = Q:(K, �)  and ℰ:(�)(K, �) = ℰ:(K, �). From (16), we observe that for 1 ∈ ℕ, 

∑ 	":&' Q:(8)(K, �) 4<:! = a 4
(�@M4)NO��b

8 (1 + KJ)PO =
3 M4
STU(�@M4)78 a

NO STU(�@M4)
5NO cde(NfO6)��b

8 9PO STU(�@M4)   (18) 

= g 	
"

:&'
hg 	

:

\&'
g	
\

^&'
3D�7 R:�\(8) K:�^;(̂8)C�(�, _)i J:D!, 

where R: are the higher-order Bernoulli numbers of second 

kind which are given by the generating functions to be 

3 4
STU(�@4)78 = ∑ 	":&' R:(8) 4<:! .       (19) 

From (13), we obtain the following identity 

Q:(8)(K, �) = ∑ 	:\&' ∑ 	\̂&' 3D�7 R:�\(8) KD − _;(̂8)C�(�, _).  (20) 

From (17), we also observe that 

∑ 	":&' ℰ:(8)(K, �) 4<:! = a ?
(�@M4)NO@�b

8 (1 + KJ)PO =
∑ 	":&' j∑ 	:B&' AB(8)(�)C�(D, E)K:�Bk 4<:! .       (21) 

From (21), we obtain the following identity. 

ℰ:(8)(K, �) = ∑ 	:B&B AB(8)(�)C�(D, E)K:�B .     (22) 

In this paper, we consider the higher-order degenerate 

Bernoulli and Euler polynomials which were defined by 

Carlitz and define the higher-order deformed degenerate 

Bernoulli and Euler polynomials which are modified the 

higher-order degenerate Bernoulli and Euler polynomials. We 

also investigate some interesting identities for the the 

higher-order deformed degenerate Bernoulli and Euler 

polynomials. 

2. The Higher-Order Deformed 

Degenerate Bernoulli and Euler 

Polynomials 

For K, J ∈ ℂ�  with |J|� < �� N�nN  and |K|� < �� N�nN , we 

define the deformed degenerate Bernoulli polynomials which 

are given by the generating functions to be 

4
(�@M)6O�� (1 + K)

P6O = ∑ 	":&' Qo:(K, �) 4<:! .    (23) 

and the deformed degenerate Euler polynomials which are 

given by the generating functions to be 

?
(�@M)6O@� (1 + K)

P6O = ∑ 	":&' ℰo:(K, �) 4<:! .     (24) 

When � = 0 , Qo:(K) = Qo:(K, 0)  and ℰo:(K) = ℰo:(K, 0) 
are called the deformed degenerate Euler numbers. We note 

that 
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limM→' 4
(�@M)6O�� (1 + K)

6PO = 4
56�� 94% = ∑ 	":&' ;:(�) 4<:!   (25) 

and 

limM→' ?
(�@M)6O@� (1 + K)

6PO = ?
56@� 94% = ∑ 	":&' A:(�) 4<:! .  (26) 

From (25) and (26), we see that limM→'Qo:(K, �) = ;:(�) 
and limM→'Ap:(K, �) = A:(�) . If we take �(q) = (1 +
K)(Pfr)6O , by (4) and (23), we get 

3 M
STU(�@M)7� 	ℤ� (1 + K)(Pfr)6O ��'(q) = ∑ 	":&' Qo:(K, �) 4<:! . (27) 

By (2) and (24), we have 

� 	ℤ� (1 + K)(Pfr)6O ����(q) = ?
(�@M)6O@� (1 + K)

6PO =
∑ 	":&' ℰo:(K, �) 4<:! .               (28) 

For 1 ∈ ℕ, the higher-order deformed degenerate Bernoulli 

polynomials are defined by the generating functions to be 

a 4
(�@M)6O��b

8 (1 + K)P6O = ∑ 	":&' Qo:(8)(K, �) 4<:!   (29) 

and the higher-order deformed degenerate Euler polynomials 

are defined by the generating functions to be 

a ?
(�@M)6O@�b

8 (1 + K)P6O = ∑ 	":&' ℰo:(8)(K, �) 4<:! .   (30) 

When � = 0 , Qo:(8)(K) = Qo:(8)(K, 0)  and ℰo:(8)(K) =ℰo:(8)(K, 0) are called the higher-order deformed degenerate 

Bernoulli numbers and the higher-order deformed degenerate 

Euler numbers, respectively. We observe that 

� 	ℤ� ⋯� 	ℤ� (1 + K)(PfPNf⋯fPt)6O ��'(��)⋯��'(�8) =
∑ 	"B&' ∑ 	":&B C�(D, E)K:�B;B(8)(�) B!:! 4GB!     (31) 

and 

3 M
STU(�@M)78 � 	ℤ� ⋯� 	ℤ� (1 +

K)(PfPNf⋯fPt)6O ��'(��)⋯��'(�8) = ∑ 	"B&' QoB(8)(K, �) 4GB! . (32) 

From (31) and (32), we obtain the following identity. 

Theorem 2.1 For D ≥ 0, we have 

QoB(8)(K, �) = 3 M
STU(�@M)78 ∑ 	":&B C�(D, E)K:�B;B(8)(�) B!:!.  (33) 

We also observe that 

u 	ℤ�
⋯u 	ℤ�

(1 + K)(%@%N@⋯@%t)4M ����(��)⋯����(�8) 
= ∑ 	"B&' ∑ 	":&B C�(D, E)K:�BAB(8)(�) B!:! 4GB!     (34) 

and 

� 	ℤ� ⋯� 	ℤ� (1 + K)
(PfPNf⋯fPt)6O ����(��)⋯����(�8) = ∑ 	"B&' ℰoB(8)(K, �) 4GB! .                    (35) 

From (34) and (35), we obtain the following identity. 

Theorem 2.2 For D ≥ 0, we have 

ℰoB(8)(K, �) = ∑ 	":&B C�(D, E)K:�BAB(8)(�) B!:! .   (36) 

Now we investigate the following distribution relation on 

the higher-order deformed degenerate Bernoulli polynomials. 

For � ∈ ℕ, we observe that 

J ∑ 	.��v&' (1 + K)w6O = 4a(�@M)x6O ��b
(�@M)6O��

       (37) 

and hence 

4
(�@M)x6O ��

∑ 	.��v&' (1 + K)w6O (1 + K)P6O = 4
(�@M)6O�� (1 + K)

P6O . (38) 

Thus, by (37) and (38), we have 

4
(�@M)6O�� (1 + K)

P6O = ∑ 	":&' �:��∑ 	.��v&' Qo: 3K, v@%. 7 4<:! . (39) 

From (23) and (39), we obtain the following identity. 

Theorem 2.3 For D ≥ 0 and � ∈ ℕ, we have 

Qo:(K, �) = �:��∑ 	.��v&' Qo: 3K, v@%. 7 .        (40) 

For 1 ∈ ℕ, we also observe that 

a 4
(�@M)6O��b

8 (1 + K)P6O =
∑ 	":&' y�:�8 ∑ 	.��vN,⋯,vt&' Qo: 3K, vN@⋯@vt@%. 7z 4<:! . (41) 

From (29) and (41), we obtain the following identity. 

Theorem 2.4 For D ≥ 0 and �, 1 ∈ ℕ, we have 

Qo:(8)(K, �) = �:�8 ∑ 	.��vN,⋯,vt&' Qo:(8) 3K, vN@⋯@vt@%. 7 . (42) 

We also investigate the following distribution relation on 

the higher-order deformed degenerate Euler polynomials. For 

an odd positive integer �, we observe that 

u 	ℤ�
⋯u 	ℤ�

(1 + K)(%@%N@⋯@%t)4M ����(��)⋯����(�8) 
= ∑ 	":&' ∑ 	.��vN,⋯,vt&' (−1)vN@⋯@vtℰo:(8) 3K, %@vN@⋯@vt. 7 4<:!	 (43) 
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From (30)and (43), we obtain the following identity. 

Theorem 2.5 For D ≥ 0, 1 ∈ ℕ and � ≡ 1 (mod 2), we 

have 

ℰo:(8)(K, �) = ∑ 	.��vN,⋯,vt&' (−1)vN@⋯@vtℰo:(8) 3K, %@vN@⋯@vt. 7 . (44) 

Finally, by replacing J  by 
M4

STU(�@M) in (29) and (30), we 

derive that 

∑ 	":&' Qo:(K, �) 3 M
STU(�@M)78 4<:! =

∑ 	":&' 33 M
STU(�@M)78 ∑ 	:B&' ;B(8) 3DE 7 �:�B7 4<:! ,  (45) 

and 

∑ 	":&' ℰo:(K, �) 3 M4
STU(�@M)7: �:! = ∑ 	":&' 3∑ 	:B&' 3DE 7 AB(8)�:�B7 4<:!. (46) 

Thus by comparing the coefficients of (45) and(46), we 

obtain the following identities. 

Theorem 2.6 For D ≥ 0 and 1 ∈ ℕ, we have 

Qo:(8)(K, �) = ∑ 	:B&' 3DE 7 ;B(8)�:�B .          (47) 

and 

ℰo:(8)(K, �) = 3STU(�@M)M 78 ∑ 	:B&' 3DE 7AB(8)�:�B .      (48) 

3. Conclusions 

This study was to define the deformed degenerate Bernoulli 

and Euler polynomials in (23), (24) and the higher-order 

deformed degenerate Bernoulli and Euler polynomials in (29), 

(30). We obtained useful identities for the higher-order 

deformed degenerate Bernoulli and Euler polynomials in 

Theorem 2.1, 2.2, 2.3, 2.4, 2.5, and 2.6. 

We suggest to find the differential equations whose solution 

is the generating function of the higher-order deformed 

degenerate Bernoulli and Euler polinomials, and to investigate 

the symmetric identities of the higher-order deformed 

degenerate Bernoulli and Euler polynomials. 
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