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Abstract: The two variable (G'/G,1/G)-expansion method is significant for finding the exact traveling wave solution to
nonlinear evolution equations (NLEEs) in mathematical physics, applied mathematics and engineering. In this article, we exert
the two variable (G'/G,1/G)-expansion method for investigating the fractional generalized reaction Duffing model and
density dependent fractional diffusion reaction equation and obtain exact solutions containing parameters. When the
parameters are taken particular values, traveling wave solutions are transferred into the solitary wave solutions. The two
variable (G'/G ,1/G)-expansion method is the generalization of the original (G'/G)-expansion method established by Wang et

al [21].
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1. Introduction

The significance of nonlinear evolution equations is now
well established. In the last three decades nonlinear
phenomena are one of the most impressive fields of research.
Nonlinear phenomena occur in various branches of science,
engineering and biology, such as fluid mechanics, plasma
physics, solid state physics, optical fiber, gas dynamics,
elasticity, biomechanics, relativity, ecology, biophysics and
so on. Since the appearance of solitary wave in natural
science is expanding day by day, it is important to find the
solitary wave solutions to NLEEs. The exact solutions to
NLEEs help us to provide information about the structure of
complex phenomena. As a key problem, finding their exact
solutions is of great importance and it is actually executed
through various efficient and powerful method, such as, the
Hirota method [1], the Backlund transform method [2, 3], the
inverse scattering transform method [4], the Jacobi elliptic
function expansion method [5-7], the truncated Painleve
expansion method [8-11], the tanh function method [12-15],

the Exp-function method [16-22], the (G'/G) -expansion
method [23-30], the improved (G'/G) -expansion method
[31-32], the two variable (G'/G,1/G) -expansion method
[33, 34], the first integral method [35] etc. The main concept
of the (G'/G)-expansion method is the exact solution of
nonlinear NLEEs are revealed by a polynomial in one
variable (G'/G) in which G = G(§) satisfies the second
order ordinary differential equation (ODE) G''(§) +
AG' (&) + uG(&) = 0, where A and u are constants. In this
article, we use the two wvariable (G'/G,1/G) -expansion
method, which is the general case of the(G'/G)-expansion
method. The main concept of the two variable (G'/G,1/G)-
expansion method is the exact traveling wave solutions of
nonlinear NLEEs can be written as a polynomials in two
variables (G'/G) and (1/G), in which G = G (&) satisfies a
second order linear ODEG"' (&) + AG(§) = u, where A and p
are constants. The degree of the polynomial can be evaluated
by taking homogeneous balance between the highest-order
derivatives and nonlinear terms in the given nonlinear PDEs,
where the coefficient of the polynomial can be determined by
solving a set of algebraic equations. Recently, Li et al [33]
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and Zayed et al [34] applied the two variable (G'/G,1/G)-
expansion method and determined the exact solution of
nonlinear NLEEs.

The objective of this article is study the fractional
generalized reaction Duffing model and density dependent
fractional diffusion reaction equation by making use of the
two variable (G'/G ,1/G)-expansion method.

2. Description of the Two Variable
(G'/G,1/G)-expansion Method

Before starting the description of the (G'/G,1/G) -
expansion method [33, 34], we discuss about the following
fundamental concepts. Let us consider the second order
ordinary differential equation (ODE):

G"E)+A6(E) =p M
where, ¢ = (G'/G) and yp = 1/G, then we obtain
@ == +up— ' = —gy. )

Remark 1: If 1 < 0, the general solution of equation (1) is:
6(6) = s (V) + Ao (VTS +5 O

where A; and A, are arbitrary constants.
Consequently, we obtain

P2 = —2_(p? — 2u + A) &)

T A20+p2
where 0 = 4,% — A,
Remark 2: If 1 > 0, the general solution of equation (1) is:
G(§) = Ay sin(VI§) + A, cos VAE + % (5)
where A; and A, are arbitrary constants. Consequently, we
obtain

PP = i (0 — 2up + 1) ©)

where 0 = 4,% — A%
Remark 3: If 4 = 0, the general solution of equation (1) is:

G() =58+ A§ + 4, (7)

where A; and A, are arbitrary constants and hence

Assume the nonlinear partial differential equation is in the
form

Q = (U: Uz: Ux: Uxx: sz: Uzz, ) (9)

where U = U(x,t) is an unknown function and Q is a
polynomial of U(x, t) and its partial derivative.
Step 1: Consider the traveling wave transformation

E=x—vt,U(x,t) =U(&),

where v is the speed of traveling wave.
The wave variable permits us to reduce equation (9) into
an ODE for U = U(¢):

R=(U,U,U"U",.)=0 (10)

where R is a polynomial of U(§) and its total derivative with
respect to &.

Step 2: Assume that the solution of equation (10) can be
written as a polynomial in two variables ¢ and i as follows:

UE) = Eiloaip' + Xil1 bio' ™'y (11

where, a; (i =0,1,...,N) and b; (i = 0,1, ..., N) are constant
to be determined later.

Step 3: Taking homogeneous balance between the highest
order derivatives and the nonlinear terms appearing in
equation (10) to determine the positive integer N in equation
(11).

Step 4: Substitute equation (11) into equation (10) along
with (2) and (4), the equation (10) can be reduce into a
polynomial in ¢ and 1, in which the degree of i is no longer
than one. Equating the coefficients of this polynomial of like
power to zero gives a system of algebraic equations which
can be solved by using the software Maple or Mathematica to
get the values of a;, b;, v, u, A1, A, and A where 4 < 0.

Step 5: Similar application to step 4, substitute equation
(11) into equation (10) along with (2) and (6) for A > 0 (or
(2) and (8) for A =0), we attain the exact solutions of
equation (10) represented by trigonometric functions (or by
rational function respectively).

3. Application
3.1. The Fractional Generalized Duffing Model

In this subsection, we apply the two variables
(G'/G,1/G)-expansion method to obtain exact solutions of

W2 = e (02 — 2uh) (8) fractional generalized Duffing model which is in the form:
2a 2a
PO 4 p 0D U, ) + TU(x, £) + SU(x,€) = O (12)
where t > 0,0 < a <1, here p,q,r and s are constants. If xt cra
we take r = 0, then Eq. (12) converts into &= ﬁ T Tard (14)

922y (x,t)
PYEY:

%y (x,t)
atza

qU(x,t) +sU3(x,t) =0 (13)

wheret > 0,0 < a < 1.
Now we introduce the fractional wave transformation:

where C and K are non-zero constants.
Using the transformation (14), Eq. (12) reduced into the
following ODE for U = U(§):

(C*+ PkHU" +qU +sU% =0 (15)
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Balancing the highest order derivative U"” and nonlinear Case 1.1: For A < 0, substituting Eq. (16) into Eq. (15)
term U3, yields N = 1. along with Eq. (2) and Eq. (4) yields a polynomial equation
Therefore the solution (11) is of the following form: and setting each coefficient polynomial to zero gives a set of
algebraic equations for agy, ay,by,14,0,4,p,q,5,¢ and k as

U@) =ag+ a9 (&) +byp(§) (16)  follows:

@°: 2sb33u — qagAto? — c?b A% U3 — sa3rta? + 3saghiA u? — sadut — c?bAtuo — 2saduta A’ — 2qagulA’o
— pk?b 2213 — qaogu* + 3sagh?A*a — pk?biA*uc = 0

ol — qa1*a? = 2pk?a, Au* — 6sada Aopu® + 3sa bEA*u? — 4pk?a, B3op? — qau* — 3salauto? — 2c?a, A0
—2c2a;Au* — 2pk?a,2°c? — 3satau* — 2qa,u?A%o + 3sa, b2t — 4c?a; Aop? = 0
©%: — c?b B uc — pk?b A3uc — 3sagail*c? + 3sagh?A30 + 2sb32%u — 6saga?A’ou? — pk?bAud — 3saga?ut
— ¢2byAud + 3sagh?Au? = 0
@3:3sa, b2 Au? — dpk?a Aop® — sadu* — 2c?apu* — sa31te? — 2pk?a;A*0? + 3sa, b2 230 — 4ctau*A’o —
2saiu’i?o — 2pk2apu* — 2c?a,*0% = 0 (17)

Y: c?bAp* — 6saib A2ou? — 3saibu* — pk?b 202 — 2byu* + pk?b Au* — qbiA*0? — ¢?b; 02 — 2qbu*A*0
— 6sagb?A3uc — 3sb3 A u* — 6sagb?Au® — 3saib,A*a? + sbiito =0

o: 6pk?au31?c + 6¢c?a;u3A%0 — 6saga, b u* + 3pk?a,urto? — 12saga b u?A*c + 3c?a,ur*a? + 3pk?a,p®
— 6sa;b?Au® — 6sa;b?23uc — 6saya, by A*a? + 3c?a,u® =0

@2 P:s b330 + sb3Au? — 3sa?b,Aa? — 2pk?b u* — 3sa?b,u* — 2¢?b A*0? — 2¢2byut — 4c?b A2ou? — Apk?butA’o
— 6sa?bu?2’c — 2pk?bA*c? =0

Solving the system of algebraic equations in (17) by using symbolic computation software like, Maple or Mathematica, we

obtain the following results:
—gu2—-agi2 —2a0-pk?2
ao=0,a1=i/Si,b1=i/qﬂfw,k=k,c=/MTW

44y (Alx/j cosh(\/—_/lf)+A2\/—_Asinh(\/—_A$))
Tl sA Ay sinh(V=1¢)+4, cosh(vV-2§)+5

,—quz—qlzo 1
t s X Ay sinh(V=1¢)+4, cosh(V=2¢)+5 (18)
where 0 = A2 — A3.

Family 1.1.2: IfA; = 0,4, # 0and u = 0 in (18), we obtain the solitary wave solution

Family 1.1.1:U(§)

UE = + JE V=T tanh(V=7¢) + /L - L sech(V=1¢). (19)
sA S Az
Family 1.1.3: If A # 0,A = 0 and u = 0, we obtain the solitary wave solution
U = iJE V=T coth(V=1¢) + /LAZ” — cosech(V=2¢) (20)
sA s Ay

Case 1.2: For 1 > 0, Substituting Eq. (16) into Eq. (15) along with Eq. (2) and Eq. (6) and equating the coefficients to zero
yields a set of algebraic equation set of algebraic equations for ag a,, by, i, 0, 4, ¢, p and k as follows:

@°: c?b A uo — 3saghiA*o + 3saghiA?u? + 2sbi3u — qagAto? — c2b A2ud — sa3rto? + 2qagu®A’o — sadutqaout
+ pk?b At uc — pk?b A2u3 + 25q3 A% = 0
ol — qagu* + 4c?agBou? — qa A*a? + 3sa,; b u? — 2pktaA°o? + 4pk?a, BBop? — 3sataut + 2qau* %o
—3sa2a;A*0? + 6sata u?A?o — 2pk?a, Aut — 2cta Aut — 3sa,b?A%0 — 2cta A% = 0

@2 pk?b, 23uc — pk?bAu3 + 6saga?u?A%c + c?b; A2 uc — 3sagh?A30 — 3saga?ut + 2sb3A%u — 3sayailto?
+ 3sagh?Au? — c*b Au® =0
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@3 —sadut — 2c?a ut — sadAto? — 2pklapt — 2c?a;A*0? — 3sa, b2 A% + ApkPa,utAto — 2pkta,Ato? + 2sadutiio
+ 4c?au?A?0 + 3sa; b2Au? =0

Y:2qb u?A%0 — pk?b A°c? — qbyu* — 3saib,u* — 3saib,A*0? — sb3A*c — qbiA*a? — 6sagh?Aud — c?bA°?
+ 6sadbu?A?a — 3sb3A%u?* + c2by Au* + pk2b Au* + 6sagh?A3uc =0

oP: — 6pk?a,uli?c — 6saga;bipu* + 3c?a,u® — 6¢c?a,udA?o — 6sa; b Au® — 6saya by A*0? + 6sa; b2 A3 uc
+ 3pk?a,ur*a? + 3pk?a,u® + 12saga b u?A*c + 3c?aur*o? = 0

Yp?:sb3Au? — 2¢2bA*a? — sbi3o — 2pk?bu* — 3sa?b,u* + 4pk?bu?Ato — 2pk?bAta? — 3saib Ato? +
4c?bu*A*o — 2¢?bp* + 6satbu*A%c = 0 210

Solving the algebraic equations given in (21) with the aid of Maple and Mathematica, we obtain the following results:

— 27 25— 2
C:i —pkll Zq,a0=0,a1=i\/§,b1=i al Usqﬂaandkzk

Substituting these values into Eq. (16), we get the following solutions of Eq. (12).

Family 1.2.1:
q AV cos(ﬁf)—Azﬁsin(ﬁf)) qA2o—qu? ( 1 )
Ui J—r\/; X( Ay sin(VAE) + 7 cos(VAE)HE ) T s\ &y sin(Vag) 4, cos(VAE)+E (22)
where 0 = A% + A3.
Family 1.2.2: When A; = 0,4, # 0 and ¢ = 0 in Eq. (22), we obtain the solitary wave solution

uE) = i\/g tan(VA§) + /M A—lzsec(ﬁf). (23)

Family 1.2.3: When A; # 0, A, = 0 and u = 0 in Eq. (22), we obtain the solitary wave solution

ue = i\/%cot(\/zf) + /M icosec(ﬁf). (24)

Case 1.3: For A = 0, substituting Eq. (16) into Eq. (15) along with Eq. (2) and Eq.(8) yields a set of algebraic equations for
ay, aq, by u C, P, and K as follows:

@%: 4qagaua, — 4sadu?al — sadat — 4qagu?ai + 4sadaua, — qagar =0

p': 4 qaipa, — 8pk?aAp?a? — 3saial + 12sa3adua, — 2c?aSA — 8c?a, a2 + 8c?aida, + 8pk?aiAua, — 2pk?a;
—4qa,p*a? — 12saa,p?a3 — qa = 0

©?:12S agatua, — 2c?biu?a, + pk?b,ua? — 2pk?bip?a, + 6sagb?ua, + 2sb3u + c?byuai — 12saga?u®a? — 3saqal
—3sagh?a? =0

@3: 6sa,b?ua, — 2pk?a; + 8pk?aiua, — 8cta,u*a3 — 3sa3b? — sa] — 4sadu?a3 — 8pk?a,u*a? + 4saiua,
+8c%adua, — 2c¢*a; =0

Y: — c?b;Aaf — qbiat — pk?biafd + 12saib uaya? + 4c?bjula, + 4gb,a?ua, + 4c?b Anaya? — 4sb3u?
— 12sayb?u’a, — 4pk?bAu?as — 3sa3b,at — 2pk?b,u?a? + 4pk?b,uda, — 12sab,u?a3 — 4qb,ua’
— 4c?bAuPai + 6sagbh?ua? + 4pk*biAaiua, — 2c*bp?a? = 0

Yo: —12c?ajua, + 3pk?aiu + 6saib?u + 12pk?a,p3a3 + 3c?aiu — 24saya,; b u?a? — 6saqaib, — 12pk?aiu®a,
+ 12c?a,u3a? + 24saqyaib,ua, — 12sa,b?u*a, = 0

Yo?: —3salb, — 2c?byat — 12sa?b,u?a? — 8c?b,pa3 + 12satb,ua, — 2pk?byat + 8c*b,ua,a? + 8pk?bya?ua, —
8pk?b,u*a? — sb3a? + 2sb3ua, = 0 (25)

Solving the algebraic equation with the aid of Maple or Mathematica, we obtain the following results:

ap = ay, a; = *++/2ua,,b; =0,k =k,c=c
Substituting this into Eq. (17), we get the solution of Eq. (12) as follows:
Family: 1.3.1:
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U(E) = a £ /208 (i) (26)

gg’ 2441844,
3.2. The Density Dependent Fractional Diffusion Reaction Equation

In this subsection we apply the (G'/G,1/G)-expansion method to obtain exact solution of density dependent fractional
diffusion reaction equation which can be given in the form:

a a 2a
T+ (e, ) 55 = DI 4 aux, €) — bul (x, 1) @)
where, t > 0,0 < a < 1.
Introducing the following transformation:
a ta
§ =l - u(n ) = U (28)

where p and ¢ are non-zero constants. Using traveling wave variable, equation (27) reduced into the following ODE foru =

u($):
Dp?U" + cU' —kpUU' + aU — bU? =0 (29)

Balancing the highest order derivatives in linear and nonlinear terms, we get N = 1. Therefore the solution of (29) is of the
form:

U@ = ag +a;0(8) + bip(§) (30)

Case 2.1: For A < 0, substituting equation (3.19) into equation (29) along with equation (2) and equation (4) yields a set of
algebraic equation for ay, a;, b1, D,p, ¢, A, i, o as follows:

@°: — kpaga Au* + ca,Au? + baiA*o — aaygA’o — kpaga,A30 — kpbA2ap + ca;A30 — Dp?by A% — bb?A? + ba3u?
2 _
—aaygu” =0

@ :—aa A’ -2Dp’a Al +kpb’A® —aa i’ —2Dp’a A’°0 +2baja A’ T+ 2baja 1 —kpa® 1 A
—kpa’A’g =0
@ :—kpa,a i’ —kpb Aa y+ba’ i —kpa,a, A>T +ca,A’0—bb>A+ca ' —Dp’bAlu+ba’A’0 =0
@ —kpa’A’c+kpb A—kpa’ i’ -2Dp’aA’c—-2Dp’a i’ =0

W:—ab i1’ —ca, A’ 0 + kpa,a, [ — Dp’b A’ 0 +2ba,b A*0 —ca i’ +2ba,b i’ + kpba A’
+Dp’b AL’ —ab A’ 0+ kpaya, uA’ 0 +2bb> AU —-kpba A’c =0

Y:cb A’a+3Dp’a i1’ —2kpb>Au+3Dp’a, uA’ o — kpa,b A>T - kpa,b i’ +cb i’ +2ba,b, (I’
+hkpa’ | +kpa’ pA’ g +2bab A’ =0

Y@ —2kpa by’ —2Dp’b i’ —2Dp’b A’ 0 - 2kpa b A’0 =0 (31)
Solving the algebraic equation (31) by using the software
. . . . 1
Maple or Mathematica, we obtain the following results: . a ’_H AN cosh(SAE) + A, sinh(AE)
267 b . ]
+a [-X A, sinh(v=-1&) + A, cosh(v=A&)+£
4 = i,al _ a) 4/1’ b, = J_ra\/u2+/120’ c=+ (4b2D+k%a)a A (32)
2b b 24b 8b2D2 |-= R 1
T 2Ab . ]
ak /_L A, smh(«/q{) +4, cosh(«/q{) +5
and p=+ - 22 A

here, 0=A4"-A,.
Substituting this into equation (30) we get the solution of W ere,. ' ? )
(29) as follows: Family 2.1.2: IfA; = 0, 4, #0 and =0 in (32), we get

Family 2.1.1: the solitary wave solution
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1

a,- ftanh(rf) / a,|-——— =
U({)—— £ +ha lsech(r{) (33) U(<,’)=i+%4/].«/qcoth(«/q<f)+M icosech(«/q{)' (34)

22b A4, 2b b T2 4

Family 2.1.13: If 4, #0, A, = 0 and i = 0 in (32), we get Case 2.2: For A >0, substituting equation (30) into
equation (29) along with equation (2) and (6) yields a set of

algebraic equation for a,,a,,b,,D, p,c,A, 1,0 as follows:

@ —Dp’b A’ u—ba, A’ T—kpbA’a u—bb’>A’ —ca A’ +ca Al +aa,A’0 +ba,’ I’

the solitary wave solution

—aa, [’ - kpaya, AL’ +kpa,a A’ =0
@ kpa’ Ao+ 2baja i’ +aa A’0-aa i’ -2baaA’0-2Dp’a A’ + Dpla Ao
+kpb’ A’ —kpa’ Ay’ =0
@ =ca il +ba’(r —Dp’bAu—bb’A—kpaa i’ —kpb Aa,i+ba’A’0+kpaaA’o-ca A’ =0
@ kpa’A’c-2Dp’a i’ +kpb’A+2Dp’a A’0—kpa’ i =0

lp: _Caly.3 + Cal,u/lzd + KPa0a1M3 + DPZb]_AH.Z + Zbaoblﬂz + DPZb]_/’{gO— + KPb1a1/13O' + KPblallllz - KPaOalllAZO-
- Zbaobllza + belzl’{ll - ablﬂz + ablﬂz + abllza = 0

lp(p: - KPaoblllz + Cblﬂz + KPa%H.3 - Cb1/120' + KPaob]_/’{zO— - 2ba1b1/120' - ZKPbIZ/’{Il + 2ba1b1,uz + 3DP2a1H.3
— KPa?uA?c — 3DP?a,uA’c = 0

Y% 2DP2b, A% — 2KPa,byu? — 2DP?by % + 2KPa, by 126 = 0 35)

Solving the algebraic equation (35) by using the software Maple or Mathematica, we obtain the following results:

a4y =—, a =+a 4 = 4 W20
0 7™ T = p LT = o
1
4b2D+K%0)a aK =37
C=i7( ) ,and P = .
8b2DA- |- bD

a

Substituting this into Eq. (30), we get the solution of (29) as follows:
Family 2.2.1:

a a\/—ﬁ A \/_cos(\/_f)+A2\/_sm(\/—€)

U(&) = —
O =%t Ay sin(VE) + Aycos(VAE) +5
aJu?-22q 1
t 22b X A sin(ﬁf)+A2cos(ﬁf)+‘—; (36)

where 0 = A% + A3.
Family 2.2.2: 1IfA; = 0, A, # 0and y = 01in (36), we get the solitary wave solution

U = \/7\/_tan(\/_€)+ ”2 Ao 1 sec(\/_f) (37)

Family 2.2.3: If A, # 0,4, = 0and ¢ = 01in (36), we get the Solitary wave solution

06 =2+ L5 T cot(476) £ 2 2 o) o)

Case 2.3: For A = 0, substituting Eq. (30) into Eq. (29) along with Eq. (2) and Eq. (7) yields a set of algebraic equations for
aq,a;,by,D,P,C, A, u,C,P as follows:

— Ca3A —ba3a? — 2aagua, — 2KPaga,Apa, + aaqa? + 2CaApa, + KPaga3A + 2baéua, = 0
<p1: —2aa,pa, — 2KPa?Aua, — 2baga3 + 2DP?a3) — 4DP?a, Aua, + 4baga,ua, + KPaii +aad =0
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p%:KPaya3 — KPbya,u — bb? + 2ba?ua, + 2Ca,ua, — DP*byu — 2KPaga ua, — baf — Ca3 = 0

@3:2DP?a3 + KPb? — 4DP%a,ua, + KPaf — 2KPa?ua, =0

lp: ZKPblaly.Z - KPaOa%H. + ZKPaoaly.ZaZ + Ca%ll + ZDPZb]_H.Z + abla% + belzll + 4ba0blﬂa2 - anlﬂzaz
+ KPb,a3A + DP%b,Aa? — 2a,ua, — 2DP?b, Aua, — 2bayh,a? — 2KPb,a; Aua, = 0

@Y:6DP%a u?a, —3DP*a3u — KPatu + 4ba,bua, + 2KPa?u*a, — 2ba3b; + 2Cb,ua, + 2KPb?u — 2KPayb,pa,

+ KPayb,a? — Cbia? =0

I,D(pzz ZKPa%bl + ZDPZbla% - 4‘KPa1b1Ila2 - 4DP2b1ﬂa2 = 0 (39)

Solving the algebraic equation (39) by using the software
Maple or Mathematica, we obtain the following results:

ay = ay, 4y = +/2ua,, by =0, =Cand P = P.

Substituting this into Eq. (30), we get the solution of (29)
as follows:
Family 2.3.1:

uitd ) (40)

UGE) = au  2ias x (st

4. Conclusion

In this article, the two variable (G'/G,1/G)-expansion
method is used to obtain further general and some new as
well as some known solutions of the well-known fractional
generalized reaction Duffing model and density dependent
fractional diffusion reaction equation. If we take the special
value of two parameters 4; and A,, we get the solitary wave
solutions. When =0 and b;=0 in (1) and (11)
respectively, the two wvariable (G'/G,1/G) -expansion
method transferred to the original (G'/G)-expansion method.
Thus, the two variable (G'/G,1/G) -expansion is an
extension of the (G'/G)-expansion method. The two variable
(G'/G,1/G) -expansion method applied in this article is
more efficient and more general than the original (G'/G)-
expansion method.
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