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Abstract: In this paper we have developed an algorithm for n-jobs with m-machine flow shop scheduling problems in order
to handle variety of data type than Geleta [3]. In other hands, as in Geleta [3] it main objective is how to obtain optimal

sequence of jobs with aim of minimum squared value of lateness.

Keywords: N-jobs M-machine Flow Shop Scheduling Problems, Squared Lateness,

Completion Time and Processing Time Multiple

1. Introduction

We extended the work of change [1], Ikram [2] and Geleta
[3] to special class of n-jobs m-machine scheduling problems
it to handle other data type. The algorithm seems the same
with that of Geleta’s but it is shifted accordingly to other data
type. Still it does not work for all types of data.

As in Geleta [3],throughout this paper,4;;represents the
processing time of job j on machine iand the order of
machines is fixed and it is4; = A, > A3 > - = A1) 2
A, with the completion time of job done onit" position place
is given by

C=[ZhoyAj] + Az + Az + -+ Ay, fori=l:n - (1)

Problem formulation and assumption
In addition to the assumption of Geleta [3], I want to have
only the following:

Max {Ay; } < Min{A;;} (2a)
Max{A,} < Min{A3;} (2b)
Max {A3; } < Min{A,;} (2¢)

Max {Apm-1)i } < Min{A,,;} (2d)

And if A, < Ay, then the following conditions holds
true:

AleZy < AlyAZx (3a)
AleSy < AlyASX (3b)
A1XA4-y < AlyA4-x (3C)
Alemy < AlyAmx (3d)

Since all jobs spend more amount of time on the last
machine, then d;j= kA, ;,j = 1: n, where k is processing time
multiple. This is because of the condition (2a) to (2d).

Let o denotes an arbitrary sequence, and [j] represents
jobs occupying j* position of o . If Lijy, Cpjy and dpj
represents lateness, completion time and assigned due date of
the job in the j**, then our objective function is to minimize

L=y, PP =Yi,(Cy — dpp)? 4

Since the completion time of the j* for any sequence o is:
Cijy = [Zies Apg] + Ay + Apgjy + 4 Apyy» for j=1: n



89 Geleta Tadele Mohammed: Special Case Algorithm for N-jobs M-machines Flow Shop Scheduling Problems

and by usingd| ;= kA[1j},j = 1: nequation (4) becomes:
P=Y1 S Al + Ay + Ay + o+ Ay — KA (5)

This is a function of k and that have to be minimized.

Tit AL Bloy Al AnjjAg s AprjjArsj+ S AL+ k1 AfjiApm)

By exactly the same procedure as in Geleta [13], we have
the following optimal processing time multiple k* andoptimal
due date:

k*_
T alAp)? (62)
Hence, by using the value of k*we assign the value of due AixAyy < AryAsy (6f)
dates of each to be
d[]]: k*A[m]],] =1:n (6b)
Theorem (Minimization of L2 under a certain condition):
Our objective function L? = Z?zl[Z{zlA[li]] +Ap; +
Aigjy+ -+ Apmjy — kA[lj]]2 can be minimized by applying AixAmy < A1y Ay (6g)
the rule that job x should be done before job y if the
following conditions are satisfied: Proof: ,
ey . Since L2 = XI[[EiiApa] + Apj + A+t
1x 1y (60) Apmj) — KAp j]]z, the extending this expression we can obtain
Arhzy < AryAz, (6d) that
Ale3y < AlyASx (66)
n ] J
2
L*= Z [ Z Ap |+ Apzjy + Apzj) + -+ A )? + [KAp ] = 2kApy) Z Apig |+ Apj) + Apgjy + o+ Apm
=1 [i=1 i=1

By having re-arrangement of summation inside the bracket we have,

. ) .
=3[, Apgl + Ajy + Ay + o+ Apmg)? +Z5=a[kAp ] = 2k X [Apn ([, Apa] + Ay + Ay + -+ Amjp)] (7)

From the third term of Equation (7), we obtain:
XA ([Zici Anal + Apjy + Ay + - + Ay ]=

L1 Ar) Zic Ay + Ejea Ay Azt 21 Ay A jrEis Ap) Apajr - #2721 A1) Apmjys Which s constant and

independent of the sequence of the jobs change [1].

And also, the middle term Z}Ll[kA[1 ]-]]2 is constant (because of it is the sum of square quantity) and independent of

sequence of the jobs.

Now, the remaining thing to prove is that Z?:l[[z:{:l A[u’]] +Apj)+Agy++Am j]]z can be minimized by applying the

conditions given above in the theorem?
The answer is yes!

Leto; be a sequence of jobs in which job x and y are arranged in a position k and k+1 respectively, and o, be a sequence of
the jobs in which job x and y are arranged in apposition of k+1 and k respectively.

Let f (1) =XJoal[Eins A + Apjy + A+ + Apnjy)? ®)

And

f (@) =Ejal[Zins Apgl + Apjy + Apsj + o+ Aoy ©)

Now, by expanding equation (9), we obtain

f (01) =[Apay + Ay + Ay + -+ Apma)]” + [Apay+Apa) + Apza) + Az + -+ + Apay] +HApa+ Az +Aps) + Apay +
Apzz) + -+ A[mg]]2+[A[11]+A[12]+A[13] +Apa) + Ay + Ay + o+ A[m4]]2+... HApny+Apa+ApsHApg + - +
Ay A + A + A + -+ Apnag] ApnFApz+HAps A + -+ Apen) A + Ay + Ay + Apy) +
o+ Ay | A+ Az H A+ Aps + -+ Apger) + Ay + Apaea) + o+ Apngern]

2
HApy Azt Aps T A + o+ Ay + Any + Apg + o+ A

(10)
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£ (02) =[Apny + Ay + Ay + -+ Apna)]” + [Apny+ Az + Ay + Ay + -+ Apmzg | A+ Aps+Aps) + Aps) + Apsy + -+
Ama|” [ Apn+ A gz A HApa + Ay + A + -+ Apnag] 4 HApn HApa HAps A + -+ Angen) + Apaen) +
Apsge-sy) + -+ Apnge-1] HAp+HApa s +Aps + -+ Apge Ay + Ay + Apsy) + 0+

Amyn] HApa Az H A+ A + - A1 HApy A + Apz + A + -+ A ] At Apz+Aps + - Hngey) +
Apaeran + Apsgeran + -+ + Apmgern)) o HAyHApa A +Apa + -+ A + Agny + Agsg + -+ Ay ] (1)

Now,f(01) = f (02) = [Apn+Apz+Aps+Ana + - + Apge-1)FHApx + A + A + -+ Apng |2 +
[+ Apa+Aps A + - + Ao +HApy) + Aty + Apsy) + -+ Apnyl ]
—[AuntApztAps+Ana + -+ Apge-n1HApy + Ayl + Azy) 0+ Apny]
~[Apy A+ Apa A + - Ao Ay A + Ay + A + o+ A’ (12)
Then by simplifying equation (12) we get
f(o1) — f (02)

=ApalApn+AnztApsHApg + -+ Apge A Hpy) + Ay + Ay + o+ Apy] —
Ay Ay +Apz +Aps g+ Apgen) Ay g + Axg + Ay + o+ Apnyg]

=ApgAntAngAn tAngAnst - FApdgAn e o1 Anxd Anx FAnxd Apy HAnx Ay Anx Ayt A Ay —
Ay An-Apy1Anz) — AnyiAns) — ApyAps — ApyAnee-01 — AnyiAisg — ApyAex — ApyiApx — AnyiAiaxg — =
A1y A

2 2
=[Apa]” = [Auyl” + (A = Apy) Ao +HAnzHAps e + = + Apge-o1 + [AnaAny + AuxAiy + Anxdsy +
At Apay) ++ + AiAimy) = Ay Ay — ApyAex — Ay — AnyiAad =+ = Ay Apma)

2 2
=[Ara]” = [Auy]” + (A = Apy)[Apa+HAnz HAps +Apa + - + Apge-ol + [ApaAny = ApyAinal + [ApsgApey) —
ApyiAzx] + [ApgAzy) = AnyiApal + [AnxAay) — AuyAaal + o+ [ApgAmy) — Afy)Ams]

Now, if A1, < Ay, Step 2: Determine the values ofk™ using by the formula
(6a).
Ay < AgyAgy Step 3: By using shortest processing time rule on the last
machineA,, determine the optimal sequence of jobs.
Step 4: Finally, find L? for the obtained optimal sequences
of jobs.
Recommendation: One can create other algorithm that
works for all types of data is my recommendation for other

Ale3y < AlyA3x

Ale4y =< AlyA4x

researchers.
3. Example
AixAmy < A1yAmy, For the following 3-jobs 3-machine flow shop scheduling
problem, find the optimal sequence of jobs such that L?is
Then, f(01) < f (02)- minimum.

Thus, the interchanging of job x and y reduces the value of

. . Machi
L?. Hence, job x should be done before job y. Therefore, the Jobs achines
.. . . A1 AZ A3
conditions stated in the above theorem are satisfied.Now, by — — —
) 1ed. 1 A, =3 Ay = 6 Ay =12
repeatedly applying the above rule,L?can be minimized by 2 A, =5 Ay, =8 Az, =10
arranging jobs depending on their processing time on the first _3 Az =4 Aps= Az =11

machine as S.P.T rule. Solution:

. . Here, what we have to do is that, according to the above
2. Algorithms to Get Optimal Sequence algorithm, we have to find:-
a. k*
b. Due-dates of each job.
c. An optimal sequence.
Step 1:

Step 1: Verify that the conditions given from (2a)-(2d) and
(3a) — (3d). If all of these conditions holds true proceed to
the next step. Else stop.
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Clearly, max{3,5,4} = 5 < min{6,8,7} = 6 Ay As=(5) (12) =60

max{6,7,8} = 8 < min {12,10,11} = 10 This implies that
A Ay, = (3)(8) = 24 < AyyA,, =30
AleSy = (3)(10) =30< AlyA3x =60

Therefore, all conditions for step 1 are satisfied.
AqxAzy=(3) (10) =30 Step 2:

And also, let say job 1 is x and job 2 is y.
Then, A1, A,,=(3) (8) =24

Ay Azy=(5) (6) =30

i1 Al Ziog A+ S ArjiAgi s A s+ 1 ApjjApai et Tk AfjjAjmi)

Since, k*= . 13
nee ZiL (A2 (13)

Then, because of our problem is for n=3=m, k* becomes,

3 Ly 433 SAL4Y3 1 Aras
Yj=1Apj) Xizq A +2j=1 Af1j)A2i+Ej=1 AfjlAps;)
3 12
Zj:l[A[l]]]
_A11(A11)+(A11+412)(A11+412)+(A11+A412413) (A11+A12413)+A11421 +A12422+A13 4231411431 1412432+ 411433
2 2 2
A11°+A12°+A13

k*_

_(3)(3)+(B+5)(3+5)+(3+5+4)(3+5+4)+(3)(6)+(5)(8)+(4)(7)+(3)(12)+(5)(10)+ (3) (11)_424

(3)2+(5)%+(4)2 50
=8.48

Now, by using this values of K* we can assign the due For instance, for the sequence of jobs2-3-1:-

dates of each job as follows: -
Jobs Machines
Jobs Machine A3 Due-date (dj;= k*43;) Ay A, A,
. o T
3 11 9308 3 Ay =4 Ay =7 Ay, =11
A3 =3 Ayz=6 Azz =12

Step 3:

As indicated in the above algorithm, we arrange jobs as L*=(5+8+10—(848)10)>+ (5+4+7+ 11—
per shortest processing time rule on machine 3(4;). And also, (848)11)*+(5+ 4+ 3+ 6+ 12 — (8.48)12)?
g:;esirl?g result we obtain, if we arrange jobs by earliest due ~ (23 — 84.8)24(27 — 93.28)2+(30 — 101.76)?

Therefore, by using both of them (one of them is enough),

= (—61.8)% + (—66.28)%+(—71.76)?
we obtain the optimal sequence of jobs 2-3-1.

Step 4: =3819.24+ 4393.0384+5149.4976
Determination ofL?. Here, L?is listed in the following table
. . =13361.776
for all possible sequences of jobs we have.
Sequences of Processing time Squared value of Similarly, for the sequence of jobs1-3-2 we have,
jobs(a) multiple k* lateness L* -
1-2-3 8.48 13983.976 Jobs achines
1-3-2 8.48 14187.376 £ A, A3
519 8.48 13975.976 1 A =3 Az =6 A3 =12
3-2-1 8.48 13687.776 3 Ap =4 A2 =7 Az =11
2-3-1 8.48 13361.776 2 A3 =5 Arz=s 433 =10
2-1-3 8.48 11254.736
[’=3+6+12—(8.48)12)+(3+4+ 7+ 11—
Note that, L? is calculated by (848)11)%+ (3+4+ 5+ 8+ 10 — (8.48)10)?
2 = n [y . . T o
o= Ehal¥i Apal + A + Ay + o+ A - — (21 — 101.76)?+(25 — 93.28)%+(30 — 84.8)?
k*Aj3;1]°, because of n =m = 3 for our problem, then it
becomes =(—80.76)% + (—68.28)2+(—54.8)?
=531 [8, Aug] + Apyy + Ay — KAl = 6522.1776+4662.1584+3003.04
=(A11 + Agr Az — K A +(Any + Arga Ay Asy — - 14187.376

* 2 * 2
k' A32)"+(A11 + A1z4 Arz1Aps + Asz — K'A33) For the sequence of jobs1-2-3 we have,
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Machines
Jobs A, 4, A,
1 A =3 A,y =6 Az =12
2 A, =5 A, =8 A;, =10
3 Az =4 Ayz=y Az; =11

L>=(3+6+12—(8.48)12)>+(3+5+8+ 10—
(848)10)2+ (3+5+ 4+7+ 11— (8.48)11)?

= (21 — 101.76)2+(26 — 84.8)?+(30 — 93.28)2
= (—80.76)% + (—58.8)2+(—63.28)?
= 6522.1776+3457.44+4004.3584
= 13983.976

For the sequence of jobs 2-1-3 we have,

Machines
Jobs 4, 4, a,
2 A =5 Ay =8 A3z, =10
1 A, =3 Ay, =6 A, =12
3 A =4 Ays_y Az =11

[>~(5+8+ 10— (8.48)10)>+(5+3+ 6+ 12 —
(848)12)2+ (5+3+ 4+7+ 11— (8.48)11)?

= (23 — 84.8)2+(31 — 101.76)?+(44 — 93.28)?
= (—61.8)2 + (—70.76)%+(—49.28)?
= 3819.24+5006.9776+2428.5184
= 11254.736

For the sequence of jobs 3-1-2 we have,

Machines
Jobs 4, 4, 4,
3 A =4 Ay =7 Az =11
1 A, =3 Ay, =6 As, =12
2 Az =5 Ayz=g As3 =10

[>=(4+ 7+ 11— (8.48)11)>+(4+3+ 6+ 12 —
(848)12)2+ (4+3+ 5+8+ 10— (8.48)10)?

= (22 —93.28)%+(25 — 101.76)2+(30 — 84.8)2
= (=71.28)% + (=76.76)%+(—54.8)?
= 5080.8384+5892.0976+3003.04
= 13975.976

For the sequence of jobs3-2-1 we have,

Machines
Jobs

Ay A, A3
3 A, =4 Ay =7 A3 =11
2 A, =5 Ay, =8 Az, =10
1 A3 =3 Ays_g Az =12

[>=(4+ 7+ 11— (8.48)11)>+(4+5+ 8+ 10 —
(848)10)2+ (4+5+ 3+6+ 12— (8.48)12)?

= (22 — 93.28)%+(26 — 84.8)2+(30 — 101.76)?

= (—71.28)? + (—58.8)2+(—71.76)?
= 5080.8384+3457.44+5149.4976
=13687.776

Now, from the above table the optimal sequence of the
given jobs is 2-3-1 with L? =11254.736

(Jobx = 2 isdonejoby = 1).  This

completes  our

example.
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