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Abstract: In the present work, we introduce and study completely generalized quasi-variational inequality problem for 

fuzzy mappings. By using the definitions of strongly accretive and retraction mappings, we propose an iterative algorithm 

for computing the approximate solutions of this class of variational inequalities. We prove that approximate solutions ob-

tained by the proposed algorithm converge to the exact solutions of completely generalized quasi-variational inequality 

problem. 
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1.Introduction 

In 1989, Chang and Zhu [8] firstly introduced the con-

cept of variational inequalities for fuzzy mappings in local-

ly convex Hausdorff topological vector spaces and investi-

gated existence theorems for some kinds of variational in-

equalities for fuzzy mappings. In recent years, it has been 

generalized and extended to many different directions, see 

for example [1,2,4,6-8,10,11,13,14] and references therein. 

Several kinds of variational and quasi-variational inequa-

lities for fuzzy mappings are considered and studied by 

Chang [6], Chang and Huang [7], Noor [13] and Lee et al 

[11]. Motivated and inspired by the work going in this field, 

in this paper, we considered the completely generalized 

quasi-variational inequality problem in the setting of Ba-

nach spaces. A new iterative algorithm for computing the 

approximate solutions of completely generalized quasi-

variational inequality problem is suggested. We also discuss 

the existence and convergence of iterative sequences gener-

ated by our algorithm. 

2. Formulations and Preliminaries 

Let B be a real Banach space and *B be its topological 

dual space. Let >< .,. be the dual pairing between B and 
*B and )(BCB be the family of all nonempty closed and 

bounded subset of .B Let )(BF  be a collection of all fuzzy 

sets over .B A mapping )(: BFBP → is said to be a fuzzy 

mapping. For each )(, xPBx∈ (denoted by xP in the sequel) is 

a fuzzy set on B and )(yPx is the membership function 

of y in xP . 

A fuzzy mapping )(: BFBP → is said to be closed if for each 

Bx ∈ the function )( yPy x֏ is upper  semi continuous, that 

is, for any given net By ⊂}{ α satisfying 

,0 Byy ∈→α )()(suplim 0yPyP xx ≤αα . For )(BFC ∈ and 

]1,0[∈λ  the set })(:{)( λλ ≥∈= xCBxC  is called a λ -cut set 

of .C  

A closed fuzzy mapping )(: BFBA → is said to satisfy 

condition :(*) if there exists a function ]1,0[: →Ba such that 

for each )()(, xaxABx ∈ is a nonempty and bounded subset of 

.B  

It is clear that if A  is a closed fuzzy mapping satisfying 

(*),then for each Bx ∈ , the set ).()( )( BCBA xax ∈  

In fact, )()(}{ xaxAy ⊂Γ∈αα be a net and .0 Byy ∈→α  

Then )()( xayAx ≥α for each Γ∈α . Since A  is closed, we 

have 

)()(suplim)( 0 xayAyA xx ≥≥ Γ∈ αα . 

This implies that )(0 )( xaxAy ∈ and so )()( )( BCBA xax ∈ . 

Let )(:,,, BFBSRQP → be closed fuzzy mappings satisfy-

ing condition (*).Then there exists functions 

]1,0[:,,, →Bdcba corresponding to RQP ,, and S  respectively 

such that for each ,Bx ∈  we have 
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)()(,)(,)(,)( )()()()( BCBSRQP xdxxcxxbxxax ∈ . Therefore, we can 

define multi-valued mappings )(:
~

,,,
~~~

BCBBSRQP → by 

,)()( )(

~

xaxPxP =  

.)()(,)()(,)()( )(

~

)(

~

)(

~

BxSxSRxRQxQ xdxxcxxbx ∈∀=== In the se-

quel,
~~

,QP and
~

R are called the multi-valued mappings in-

duced by the fuzzy mappings RQP ,, and S  respectively. 

Let BBGNHAT →:,,,, be single valued mappings,  

)(:,,, BFBSRQP → be fuzzy mappings. Let 

]1,0[:,,, →Bdcba be given functions. Let BBK 2: → such 

that )(, xKBx∈∀  is a nonempty, closed and convex. We 

consider the following completely generalized multi-valued 

quasi-variational inequality problem(CGQVIP) 

),()(Psuch that  B and ,, Find xauwvux x ≥∈  

 )()(),()(S),()(R),()(Q xKxGxdrxcwxbv xxx ∈≥≥≥ and 

),(0G(x))-J(zN(r),)M()A()T( xKzwvu ∈∀≥+++ w

here *: BBJ → is the normalized duality mapping defined 

by 

xxJ =
*

)(  and .,)(,
2

BxxxJx ∈∀=  

For further detail of the duality mapping ,J we refer to 

[4]. 

We recall that uniform convexity of the Banach space B  

means that for any given 0>ε  there exists 0>δ  such that 

,, Byx ∈∀ ε=−≤≤ yxyx ,1,1 ensure the following inequali-

ty 

).1(2 δ−≤+ yx  

The function 









=−==
+

−= εεδ yxyx
yx

B ,1,1:
2

1inf)(  

is called the modulus of the convexity of the space .B  

The uniform smoothness of the space B means that for 

any given 0>ε , there exists 0>δ  such that 

y
yxyx

ε≤−
−++

1
2

 

holds. The function 









==−
−++

= tyx
yxyx

tB ,1:1
2

sup)(ρ
 

is called the modulus of the smoothness of space .B  

Remark 2.1: The space B  is uniformly convex if and 

only if ,0,0)( >∀> εεδ B and it is uniformly smooth if and 

only if .0)(lim
1

0 =−
→ tt Bt ρ  

The following inequalities will be used in the proof of 

our main result. 

Proposition 2.1[3]: Let B be a uniformly smooth Banach 

space and J  be a normalized duality mapping from B  to 

,*B Then ,, Byx ∈∀  we have 

,),(,2
22

yxJyxyx +≤+  

,
4

2)()(, 2










 −
≤−−

d

yx
dyJxJyx Bρ  

Where 

.
2

22
yx

d
+

=  

We next recall the following definitions. 

Definition 2.1: A mapping BBG →;  is said to be Lip-

schitz continuous, if there exists a constant 0>δ  such that 

,)()( yxyGxG −≤− δ  ., Byx ∈∀  

Definition 2.2: A set-valued mapping )(: BCBBP → is 

said to be H
~ -Lipschitz continuous, if there exists a constant 

0>β  such that 

,))(),((
~

yxyPxPH −≤ β  ., Byx ∈∀  

Where (.,.)
~
H  is the Housdorff metric on )(BCB defined 

by 

),(sup),,(max{sup),(
~

yXdYxdYXH YyXx ∈∈=  

)(, BCBYX ∈∀  

Definition 2.3: The mapping BBG →:  is said to be 

strongly accretive, if there exist a constant 0>γ such that 

,)(),()(
2

yxyxJyGxG −≥−− γ  ., Byx ∈∀  

Definition 2.4[5,9]: A mapping Ω→Ω BQ :  where Ω  be a 

nonempty, closed and convex subset of B  is said to be  

(i) retraction on Ω  if ;
2

ΩΩ = QQ  

(ii) nonexpansive retraction if it satisfies the inequality 

;yxyQxQ −≤− ΩΩ  ;, Byx ∈∀  

(iii) sunny retraction if for all Bx ∈ and for all 

∞<<∞− t  

.))(( xQxQxtxQQ ΩΩΩΩ =−+  

Preposition 2.2[9]: ΩQ is a sunny nonexpansive retraction 

if and only if Bx ∈∀  and Ω∈∀y  

.0)(, ≥−− ΩΩ yxQJxQx  

From the proposition 2.2, we have the following retrac-

tion shift inequality. 

Preposition 2.3[4]: Let Ω  be a nonempty, closed and 

convex subset of a Banach space B  and let BBm →:  be a 

mapping. Then ,Bx ∈∀  we have 
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)).(()()( xmxQxmQ xm −+= Ω+Ω  

3. Existence and Convergence Results 

In this section, we construct the algorithm for finding ap-

proximate solutions for (CGQVIP) and the convergence of 

iterative sequences generated by algorithm. 

We first recall the following results. 

Lemma 3.1: Let B  be a real Banach space, 
BBGNMAT →:,,,,  be single valued mappings 

)(:
~

,
~

,
~

,
~

BCBBSRQP →  and BBK 2: → be multi-valued 

mappings such that )(, xKBx ∈∀ is nonempty closed and 

convex. Then the following statements are equivalent: 

(a) The set of elements )(
~

),(
~

, xQvxPuBx ∈∈∈ , )(
~

xRw∈  

and )(
~

xSr ∈ is a solution of (CGQVIP). 

(b) )(
~

),(
~

),(
~

),(
~

, xSrxRwxQvxPuBx ∈∈∈∈∈ and for any 

0>τ  

[ ].))()()()(()()( )( rNwMvAuTxGQxG xK ++−= τ  

Proof: It is similar to the proof of Theorem 1 in [4]. 

Combining Proposition 2.3 and Lemma 3.1, we have the 

following results. 

Lemma 3.2: Let B be a real Banach space and X be a 

nonempty, closed and convex subset of .B  Let 
BBmNGMAT →:,,,,  be single valued mappings 

)(:
~

,
~

,
~

,
~

BCBBSRQP →  and BBK 2: →  be multi-valued 

mappings such that .)()(, XxmxKBx +=∈∀  Then the set of 

elements )(
~

),(
~

, xQvxPuBx ∈∈∈ )(
~

xRw ∈ and )(
~

xSr ∈ is a 

solution of (CGQVIP) if and only if 

)()(()([)()( vAuTxGQxmxGxx X +−++−= τ  

)],())()( xmrNwM −++  

for any 

.0>τ  

To compute the approximate solution of (CGQVIP), we 

propose the following iterative algorithm. 

Algorithm 3.1: Let ,)()( XxmxK +=  where X is a nonempty 

closed and convex subset of B  and 0>τ  be fixed. Let 
)(:,,, BFBSRQP →  be closed fuzzy mappings satisfying 

condition ( )*  and )(:
~

,
~

,
~

,
~

BCBBSRQP → be multi-valued 

mappings induced by the fuzzy mappings SRQP ,,,  respec-

tively. For given 

,0 Bx ∈ ),(
~

00 xPu ∈ )(
~

00 xQv ∈ ),(
~

00 xRw ∈  

And 

),(
~

00 xSr ∈  

let 

)()(()([)()( 0000001 vAuTxGQxmxGxx X +−++−= τ
)].())()( 000 xmrNwM −++  

By Nadler [12], there exists 

),(
~

11 xPu ∈ )(
~

),(
~

1111 xRwxQv ∈∈  

and ),(
~

11 xSr ∈  such that 

));(
~

),(
~

(
~

1010 xPxPHuu ≤−  

));(
~

),(
~

(
~

1010 xQxQHvv ≤−  

));(
~

),(
~

(
~

1010 xRxRHww ≤−  

)).(
~

),(
~

(
~

1010 xSxSHrr ≤−  

Let 

)(()([)()( 111112 uTxGQxmxGxx X τ−++−=
)].())()()( 1111 xmrNwMvA −++  

By induction, we can obtain sequences 

}{},{},{},{ nnnn wvux and }{ nr  satisfying 

));(
~

),(
~

(
~

),(
~

11 ++ ≤−∈ nnnnnn xPxPHuuxPu  

));(
~

),(
~

(
~

),(
~

11 ++ ≤−∈ nnnnnn xQxQHvvxQv  

));(
~

),(
~

(
~

),(
~

11 ++ ≤−∈ nnnnnn xRxRHwwxRw

))(
~

),(
~

(
~

),(
~

11 ++ ≤−∈ nnnnnn xSxSHrrxSr  

and 

)(()([)()(1 nnXnnnn uTxGQxmxGxx τ−++−=+

)].())()()( nnnn xmrNwMvA −+++      (1) 

We have the following existence and convergence result. 

Theorem 3.1. Let B be a real uniformly smooth Banach 

space with the module of smoothness 2)( DttB ≤τ  for some 

.0>D  Let X  be a nonempty, closed and convex subset of 

.B  Let )(:,,, BFBSRQP →  be closed fuzzy mappings satis-

fying condition (*)and )(:
~

,
~

,
~

,
~

BCBBSRQP →  be multi-

valued mappings induced by the fuzzy mappings 

SRQP ,,, respectively. Let RQP
~

,
~

,
~

 and S
~

 be H
~ -Lipschitz 

continuous mappings with constants ψηβ ,, andσ , respec-

tively. Let BBmGNMAT →:,,,,, be Lipschitz continuous 

with constant ϕθλα ,,, and χ  respectively,  BBG →:  be 

both strongly accretive with constant 0>γ  and Lipschitz 

continuous with constant .0>δ  If 

20 (1 2 64 ) 2

( ) 1.

Dγ δ θ
δ τ βα λη ψφ σχ

< − + + +
+ + + + <

      (2) 

Then there exist ,Bx ∈  ),(
~

xPu ∈  )(
~

),(
~

xRwxQv ∈∈  

and )(
~

xSr∈ such that ),,,,( rwvux  is a solution of (CGQVIP) 

and the sequences },{},{ nn ux  }{},{ nn wv and }{ nr  generated 

by Algorithm 3.1 converge strongly to wvux ,,, and r , re-
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spectively, that is, ,xxn → ,uun → wwvv nn →→ , and 

rrn →  as .∞→n  

Proof. By (1), we have 

1

1` 1

1 1 1 1

1 1 1

1 1 1

1

|| ( ) ( ) [ ( ) ( ( )

( ) ( ) ( )) ( )] ( ( )

( ) [ ( ) ( ( ) ( )

( ) ( )) ( )] ||

( ( ) ( )) 2 ( ) ( )

( ) ( )

n n n n n X n n

n n n n n n

n X n n n

n n n

n n n n n n

n n

x x x G x m x Q G x T u

A v M w N r m x x G x

m x Q G x T u A v

M w N r m x

x x G x G x m x m x

G x G x

τ

τ

+

− −

− − − −

− − −

− − −

−

− = − + + −
+ + + − − −
+ + − +
+ + −
≤ − − − + −

+ − 1

1 1

1

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

n n

n n n n

n n

T u T u

A v A v M w M w

N r N r

τ
τ τ
τ

−

− −

−

+ −

+ − + −

+ −

 (3) 

From the proof of Theorem 3 in [4], we have 

2 22

1 1 1( ( ) ( )) (1 2 64 )n n n n n nx x G x G x D x xγ δ− − −− − − ≤ − + −   (4) 

It follows from the Lipschitz property of the correspond-

ing functions that 

11)()( −− −≤− nnnn xxxmxm θ        (5) 

11)()( −− −≤− nnnn xxuTuT αβ       (6) 

11)()( −− −≤− nnnn xxvAvA λη       (7) 

11)()( −− −≤− nnnn xxwMwM ψθ    (8) 

11)()( −− −≤− nnnn xxrNrN σχ       (9) 

11)()( −− −≤− nnnn xxxGxG δ        (10) 

From (3)-(10), we have 

,11 −+ −≤− nnnn xxtxx  

Where 

)(2)6421( 2 σχψϕληβατδθδγ +++++++−= Dt  

and 10 << t  by (2). Consequently }{ nx  is a Cauchy se-

quence, and thus it converges to some Bx ∈ . By (1), we 

have 

;))(
~

),(
~

(
~

111 −−− −≤≤− nnnnnn xxxPxPHuu β  

;))(
~

),(
~

(
~

111 −−− −≤≤− nnnnnn xxxQxQHvv η  

;))(
~

),(
~

(
~

111 −−− −≤≤− nnnnnn xxxRxRHww ψ  

111 ))(
~

),(
~

(
~

−−− −≤≤− nnnnnn xxxSxSHrr σ  

and hence }{},{},{ nnn wvu and }{ nr  are also Cauchy se-

quences in .B  Let }{},{},{ nnn wvu and }{ nr  converge to 

some ,Bu ∈ BrBwBv ∈∈∈ ,,  respectively. Since 

,
~

,
~

,
~

,, RQPGQX
,T ,A  NM , and m are all continuous, we have 

( ) ( ) [ ( ) ( ( ) ( )

( ) ( )) ( )].

Xx x G x m x Q G x T u A v

M w N r m x

τ= − + + − +
+ + −

 

Further, we have 

{ }( , ( )) inf : ( )

( , ( ))

( ( ), ( ))

0

n n

n n

n n

d u P x u z z P x

u u d u P x

u u H P x P x

u u x xβ

= − ∈

≤ − +

≤ − +

≤ − + − →

ɶ ɶ

ɶ

ɶ ɶ ɶ
 

As 

∞→n  

and hence ).(
~

xPu ∈ Similarly we can show that ),(
~

xQv ∈  

)(
~

xRw∈ and ).(
~

xSr ∈  The result then follows from Lemma 

3.2. 
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