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Abstract: In the present work, we introduce and study completely generalized quasi-variational inequality problem for
fuzzy mappings. By using the definitions of strongly accretive and retraction mappings, we propose an iterative algorithm
for computing the approximate solutions of this class of variational inequalities. We prove that approximate solutions ob-
tained by the proposed algorithm converge to the exact solutions of completely generalized quasi-variational inequality
problem.
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1.Introduction

In 1989, Chang and Zhu [8] firstly introduced the con-
cept of variational inequalities for fuzzy mappings in local-
ly convex Hausdorff topological vector spaces and investi-
gated existence theorems for some kinds of variational in-
equalities for fuzzy mappings. In recent years, it has been
generalized and extended to many different directions, see
for example [1,2,4,6-8,10,11,13,14] and references therein.

Several kinds of variational and quasi-variational inequa-
lities for fuzzy mappings are considered and studied by
Chang [6], Chang and Huang [7], Noor [13] and Lee et al
[11]. Motivated and inspired by the work going in this field,
in this paper, we considered the completely generalized
quasi-variational inequality problem in the setting of Ba-
nach spaces. A new iterative algorithm for computing the
approximate solutions of completely generalized quasi-
variational inequality problem is suggested. We also discuss
the existence and convergence of iterative sequences gener-
ated by our algorithm.

2. Formulations and Preliminaries

Let B be areal Banach space and B"be its topological
dual space. Let <-,. > be the dual pairing between B and
B"and CB(B)be the family of all nonempty closed and
bounded subset of B. Let F(B) be a collection of all fuzzy
sets over B. A mappingP:B - F(B)is said to be a fuzzy

mapping. For eachxUB, P(x) (denoted by P, in the sequel) is
a fuzzy set on B and P,(y)is the membership function
ofYinP,.

A fuzzy mapping P:B - F(B)is said to be closed if for each
x [ B the functiony ~ P.(»)is upper semi continuous, that
is, for any given net {»,} U B satisfying
Yo = Vo UB, hmsupa Px(ya) = Px(yo) . For CUF(B)and
AO[0,1] the set (C), ={x0B:C(x) 24} is called a 4-cut set
of c

A closed fuzzy mapping 4:B - F(B)is said to satisfy
condition (*):if there exists a functiona: B - [0.]]such that

for each xUB,(4,),, is a nonempty and bounded subset of
B.

It is clear that if 4 is a closed fuzzy mapping satisfying
(*),then for each x0 B, the set(4,),., JCB(B).

In fact, {¥Vs}or O(4,),be anetandy, — y, 0B.
Then 4,(y,) 2 a(x) for eacha Ol . Since A is closed, we
have

A (yy) Zlimsup o 4,.(y,) 2 a(x).

This implies that ¥, 0 (4,) ., and so (4)u JCB(B) .

Let P,O,R,S: B - F(B)be closed fuzzy mappings satisfy-
ing condition (*). Then there exists functions
a,b,c,d : B  [0,]] corresponding to P,O,Rand §' respectively
such that for each x JB, we have
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(P)ator(Qsy> (B ) (S) airy UCB(B) . Therefore, we can
define multi-valued mappings p.0.r §: B - CB(B)bY

P(x)=(P)

a(x)?

Q(x) = (Qx)b(x)’k(x) = (Rx)c(x)’s‘(x) = (S8 )am X UB. In the se-
quel, p,pand p are called the multi-valued mappings in-
duced by the fuzzy mappings P,O,Rand S respectively.

LetT,A,H,N,G: B - Bbe single valued mappings,
P,O,R,S:B - F(B)be fuzzy mappings. Let
a,b,c,d : B - [0,1]be given functions. Let K : B — 2%such
that (x B, K(x) is a nonempty, closed and convex. We

consider the following completely generalized multi-valued
quasi-variational inequality problem(CGQVIP)

Findx,u,vandwUBsuch thaP (1) = a(x),

Q. () 2b(x),R (W) 2 ¢(x),S,(r) 2 d(x),G(x) UK(x) and
(T(u)+A) +Mw) + N(1),J(z- G(x))) 2 00z DK (x), w

hereJ : B - B"is the normalized duality mapping defined
by

’ OxOB.

For further detail of the duality mapping J, we refer to
[4].

We recall that uniform convexity of the Banach space B
means that for any given £ >0 there exists 6 >0 such that

Oy OB, <
ty

and (x, J(x)> = ‘

= €ensure the following inequali-

Hx + yH <2(1-9).

The function
+
aer=intfi-E2 g1 =1l

is called the modulus of the convexity of the space B.
The uniform smoothness of the space B means that for
any given £ > 0, there exists d >0 such that

[+ A+ =]

M
holds. The function

+
p,(t) = Sup{ yH : Hx )’H -1 HXH - lHyH - t}

is called the modulus of the smoothness of space B.

Remark 2.1: The space B is uniformly convex if and
only if 9,(€) >0,0¢& >0,and it is uniformly smooth if and
only if lim, ¢ p,(t) =0.

The following inequalities will be used in the proof of
our main result.

Proposition 2.1[3]: Let B be a uniformly smooth Banach

space and J be a normalized duality mapping from B to
B", Then [lx, y OB, we have

e+ 2] < Il + 20y, 7 3),

(x=2J0)-J(») < 2d2p3(4xd‘y}

Where
I+ A
5 .

We next recall the following definitions.
Definition 2.1: A mapping G;B - B is said to be Lip-
schitz continuous, if there exists a constant J >0 such that

|6(x)-G(y)| =

, ,yOB.

Definition 2.2: A set-valued mapping P: B —» CB(B)is
said to be /7 -Lipschitz continuous, if there exists a constant
£>0 such that

Where H(.,.) is the Housdorff metric on CB(B) defined
by

H(X,Y) = max{sup, d(x,Y),sup,, d(X, )
0X,Y OCB(B)

Definition 2.3: The mapping G : B - B is said to be
strongly accretive, if there exist a constant ) > Osuch that

(G(x)=G(y),J(x=y)) = , Ox,y0OB.

Definition 2.4[5,9]: A mapping O, : B — Q where Q be a
nonempty, closed and convex subset of B is said to be

(i) retraction on Q if 0, = Q,;

(i1) nonexpansive retraction if it satisfies the inequality

HQQ -

(ii1) sunny retraction if for all x 0 B and for all
—0<f<o

On (Opx +1(x = 0gx)) = Oy x.

Preposition 2.2[9]: O, is a sunny nonexpansive retraction
if and only if Ox OB andyUQ

<x =0, J (O _y)> 2

From the proposition 2.2, we have the following retrac-
tion shift inequality.

Preposition 2.3[4]: LetQ be a nonempty, closed and
convex subset of a Banach space B and let m:B -~ B be a
mapping. Then xUB, we have
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QQ+m(x) =m(x) + Qg (x —m(x)).

3. Existence and Convergence Results

In this section, we construct the algorithm for finding ap-
proximate solutions for (CGQVIP) and the convergence of
iterative sequences generated by algorithm.

We first recall the following results.

Lemma 3.1: Let B be a real Banach space,

T,4,M,N,G:B - B be single valued mappings
P,O,R,S:B - CB(B) and K : B _ 2°be multi-valued
mappings such that [Ix J B, K(x) is nonempty closed and
convex. Then the following statements are equivalent:

(a) The set of elements x 0 B,u 0 P(x),vy0O(x), wOR(x)
and [0S (x) is a solution of (CGQVIP).

(b) xOB,u0P(x),y00(x),wd R(x),r 08 (x)and for any
71>0

G(x) = 04 [G(x) = 1(T () + AW) + M(w)N ()]

Proof: It is similar to the proof of Theorem 1 in [4].

Combining Proposition 2.3 and Lemma 3.1, we have the
following results.

Lemma 3.2: Let Bbe a real Banach space and X be a
nonempty, closed and convex subset of B. Let
T,A,M,NG,m:B - B be single valued mappings
P,O,R,S:B - CB(B) and K : B — 2® be multi-valued
mappings such that [x 0B, K(x) = m(x) + X. Then the set of
elements x 0 B,u 0 P(x),vy0(x) wOR(x)and » S (x)is a
solution of (CGQVIP) if and only if

x=x-G(x)+m(x)+ O, [G(x)—T(T(u) + A(v)
+M(w)+N(r)) —m(x)],
for any
7>0.

To compute the approximate solution of (CGQVIP), we
propose the following iterative algorithm.

Algorithm 3.1: Let K(x)=m(x)+X, where X is a nonempty
closed and convex subset of B and 7 >0 be fixed. Let
P,Q,R,S:B — F(B) be closed fuzzy mappings satisfying

condition (*) and P,0,R,S : B - CB(B)be multi-valued

mappings induced by the fuzzy mappings P,Q,R,S respec-
tively. For given

X OB, u, 0 P(x,), v, 00(x,) w, OR(x,),
And
7, 08 (x,),
let

X, =xy = G(xy) +mxy) + Oy [G(x,) = T(T (uy) + A(vy)
+ M (w,) + N(r)) —m(xy)].

By Nadler [12], there exists
u, OP(x,), v, 0O(x,),w, DR(x,)
and 7 0S(x,), such that
Jetg =] < H (P(x0). P(x));
vo = vil < H(O(x), 0(x));
[y = will < H(R(x,). R(x,);
Iy =l < H (S (x). 5 ().

Let

X, =x, = G(x) +m(x) + 0, [G(x) —T(T(w)
A) +M(w) + N(R)) —m(x,)].

By induction, we can obtain sequences
{x,}.{u,},{v,},{w,} and {r,} satisfying

u, 0P(x,), < H(P(x,),P(x,,));

un _un+1
v, D0, |v, =v,ul < HO(x,), O(x,.,))
Wn D E(xn)’ wn - Wn+1 ‘ < ﬁ(ﬁ(xn)’ﬁ(xnﬂ));
r OSx)r =ral < HS (x,),5(x,..))

and

X =X, =G(x,) +m(x,) + 0y [G(x,) —T(T(u,)
+AW,)+M(w,)+N(r)—-m(x,)]. (1)

We have the following existence and convergence result.

Theorem 3.1. Let Bbe a real uniformly smooth Banach
space with the module of smoothness 7,(t) < Dt* for some
D >0. Let X be a nonempty, closed and convex subset of
B. Let P,O.R,S:B - F(B) be closed fuzzy mappings satis-
fying condition (*)and P,Q,R,S : B — CB(B) be multi-
valued mappings induced by the fuzzy mappings
P.Q.R.S respectively. Let P,O,R and § be fJ-Lipschitz
continuous mappings with constants 5,/7,¢/ and O , respec-
tively. Let T,4,M,N,G,m: B - Bbe Lipschitz continuous
with constant @,A,8,@and X respectively, G:B - B be
both strongly accretive with constant y >0 and Lipschitz
continuous with constant o > 0. If

0<(1-2y+64D5") +26+

O+1(Ba+An+yp+ay)<l. @

Then there exist x 0B, «0P(x), vOO(x),wOR(x)
andr[@(x)such that (x,u,v,w,r) is a solution of (CGQVIP)
and the sequences {X,},{u,}, {v,},{w,}and {r,} generated
by Algorithm 3.1 converge strongly to Xi#,V;Wandr , re-
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spectively, that is, X, - X, u, - u, v, - v,w, - wand
I"n —  aqs n - .

Proof. By (1), we have

%, = x| =l x, = Gx,) +m(x,) + O [G(x,) = T(T(u,)
+AW,) +M(w,)+N(r,)) —m(x,)] = (x, = G(x,.)
+tm(x,.) + O [G(x,) ~T(T(u,,) + AW,)

+M(w,.) + N(7,)) —m(x,- )]l

<, - %, = (G(x,) = Glx, |+ 2|m(x,) = m(x,)|
+|G(x,) =G (x| +7||T(w,) = T(w,,)|

+1||A(v,) = A, ||+ T[M (w,) = M (w, )|

+7|N () = N ()|

From the proof of Theorem 3 in [4], we have
[, =%, = (G(x,) = G(x, )| < (1 =2y +64DF) |, = x,, [ (4)

It follows from the Lipschitz property of the correspond-
ing functions that

ey =mCe, ) < 6, =5l )
I7,) - T, <aBlx, = x| ©)

[4v,) = 40, )| s Anlx, = x| (@)
|M (w,) =M (w,.)| <¢blx, = x| ®)
NG = NG| oxlx, —x,0] o ©)
|G(x,) - G(x,_)||< x, —x,-]  (10)

From (3)-(10), we have
e = x| < tllx, =2,

Where
t=(1-2y+64DO%) +280+ 5+1(Ba +An +yp + ax)

and 0<¢<1 by (2). Consequently {x,} is a Cauchy se-
quence, and thus it converges to somexUB. By (1), we
have

u, —u,_ | < HP(x,), P(x,.)) < Bx, = x,.;

v, =V, S HO,), 0(%,) <71l =%,
[w, =w,| < AR (x,), Rix,. ) < @], = x,;

=< HS(x,),8 (x,)) < ofx, = x|

and hence {u,},{v,},{w,} and {r,} are also Cauchy se-

quences in B. Let {u,},{v,},{w,} and {,} converge to
some 0B, v1B,wOB,r B respectively. Since

17

0,.G,P,0.R, T, A, M,N and m are all continuous, we have

x=x—G(x)+m(x)+ QO [G(x)—T(T(u) + A(v)
+M(w) +N(r)) —m(x)].

Further, we have

d(u, P(x) =inf{[u~z|: 20 P(v)}
+d(u,, P(x))

<l =u, ||+ H(P(x,), P(x))

+. -0

SHu -u,

sHu —u,

X, —x‘

n -

and henceu 0 P(x). Similarly we can show that v 0(x),
wOR(x)and »O8(x). The result then follows from Lemma
3.2
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