Automation, Control and Intelligent Systems

2019; 7(2): 65-78
http://www.sciencepublishinggroup.com/j/acis
doi: 10.11648/j.acis.20190702.12

[gnY J' v, ) 2
otlencer

Science Publishing Group

ISSN: 2328-5583 (Print); ISSN: 2328-5591 (Online)

Second-Order Hierarchical Fast Terminal Sliding Model
Control for a Class of Underactuated Systems Using
Disturbance Observer

. . . . * . .
Wei Liu, Siyi Chen , Huixian Huang
School of Information Engineering, Xiangtan University, Xiangtan, China

Email address:
c.siyi@xtu.edu.cn (Siyi Chen)

*Corresponding author

To cite this article:
Wei Liu, Siyi Chen, Huixian Huang. Second-Order Hierarchical Fast Terminal Sliding Model Control for a Class of Underactuated Systems
Using Disturbance Observer. Automation, Control and Intelligent Systems. Vol. 7, No. 2, 2019, pp. 65-78. doi: 10.11648/j.acis.20190702.12

Received: April 15, 2019; Accepted: May 23, 2019; Published: June 15,2019

Abstract: A second-order hierarchical fast terminal sliding mode control method based on disturbance observer
(DOSHFTSM) is proposed for a class of fourth-order underactuated systems. In the first step, the fourth-order underactuated
system is divided into two subsystems, and the integral sliding surface is designed for each subsystem. Then, the first-order
fast terminal sliding surface is defined by using the integral sliding surface and its derivatives of each subsystem, and the
switching control items of the system are designed according to the first-order fast terminal sliding surface of the subsystem.
Secondly, the second-order sliding surface is designed by using the first-order fast terminal sliding surface of each subsystem.
On the premise of ensuring the stability of Lyapunov, the switching control term is designed by using the variable coefficient
double power reaching law to eliminate the system jitter. Finally, based on the principle of hyperbolic tangent nonlinear
tracking differentiator, a hyperbolic tangent nonlinear disturbance observer (TANH-DOC) is designed to estimate the
uncertainties and external disturbances of the system and compensate them to the sliding mode controller to improve the
robustness of the system. The stability of the system is proved by using Lyapunov principle. The validity of this method is
verified by numerical simulation and physical simulation of inverted pendulum system.

Keywords: Underactuated System, Disturbance Observer, Hierarchical Sliding Mode, Double Power Reaching Law,
Stability Analysis

But, the traditional sliding mode control method makes the
system state gradually converge to the equilibrium point on
the sliding mode surface, which makes it difficult to achieve
convergence in a finite time. So, terminal sliding model
(TSM) greatly improves the convergence speed of the system
near the equilibrium point by introducing terminal attractors
[18-21]. However, in the traditional TSM, when the system
state approaches the equilibrium state, the convergence speed
of the nonlinear sliding mode is slower than that of the linear
sliding mode. Therefore, a fast terminal sliding mode
(FTSM) is proposed, which not only introduces the terminal
attractor to make the system state converge in a limited time,
but also retains the fast convergence of linear sliding mode
when approaching the equilibrium state, thus realizing the
fast and accurate convergence of the system state to the
equilibrium state [22-27]. However, a large control signal

1. Introduction

In recent years, the public pay more and more attention to
the improvement of underactuated systems. It usually appears
in mechanical systems where the actuator is less than the
control degree of freedom. It is widely applied in space
robots, underwater robots, structural flexible robots, bridge
cranes and other practical systems, and has published many
papers on underactuated system control [1-12]. In a nutshell,
controller design and stability analysis of nonlinear
underactuated dynamic systems have always been an
important research field.

Sliding mode control embraces premium robustness to
system matching uncertainties and modeling errors. It is a
kind of nonlinear control method with great significance that
is widely used in various kinds of under actuation [13-17].
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will be generated probably in the steady state and there will
be chattering when there is strong disturbance in the system.
A novel sliding mode controller based on extended
disturbance observer is studied for a class of underactuated
systems in reference, aiming to cut down the chattering effect
in [28]. But small oscillation still exists in the system state
when disturbance is added. Document [29] proposes an
adaptive hierarchical sliding mode control method based on
extended state observer for the practical application of
spherical robots. The designed closed-loop control system of
the spherical robot possesses robust and adaptive capabilities
to overcome the uncertain rolling resistance but the response
time of the system is slow and chattering exists. The
proposed controller strategy that the integral sliding mode
control and the optimal feedback control law is composed in
[30]. The main advantages of the proposed approach are
ensuring the robustness throughout the whole system
response against the uncertainties, decrease the chattering
effect and eliminate the reaching phase. But the simulation
experiment system is linearized. A unified adaptive second
order sliding mode control method is devised. By using the
proposed control structure, the upper bounds of uncertainties
are not required, the over-estimation of the control gains are
avoided, and the chattering of the conventional sliding mode
controllers can be attenuated in [31]. But only simple
disturbance phenomena are analyzed, and complex
disturbance factors are not analyzed.

In this paper, a hierarchical second-order fast terminal
sliding mode based on disturbance observer control approach
is proposed for a class of underactuated systems. The
contributions of this paper are as follows.

1. The sliding mode controller are designed by using the
second-order hierarchical fast terminal sliding mode
surface and variable coefficient double power reaching
law to reduce the chattering of the system.

2. A hyperbolic tangent nonlinear disturbance observer,
which is synchronized with it, has been designed to
estimate the uncertainty and external disturbance of the
system.

3. The stability of sliding surface at all levels is proof.
Meanwhile, the effectiveness of the method is verified
by the numerical simulation experiment of inverted
pendulum.

The rest of this paper is organized as follows. A class of
underactuated systems is formulated in Section 2. An
effective second-order hierarchical fast terminal sliding mode
Controller based on disturbance observer is devised, and the
stability of sliding surface at all levels is analyzed in Section
3. Section 4 conduct the simulation and present the results.
Finally, some conclusions are given in Section 5.

2. Problem Formulation

Consider the following dynamic model of a cart-pole
system as [32]:

(1) =x,(1)

(1) = f1(x,0) +by (x,)u(t) +dy (1)
%3(0) = xy (1)

X4 (1) = f(x,0) + by (3, )u(t) + d, (1)

(M

where x =[x,x,,X;,x,]' represent the state variable;
fi(x,0),b(x,1), f,(x,t) and b,(x,t) denote the nonlinear
functions representing system dynamics; u(¢) indicates the
d\(t) and d,(¢) are bounded external

disturbances and system parameter perturbations.
The terms f;(x,¢) and f,(x,t) can be expressed as:

control input;

{fl (x,2) = f;'(x, 1) + B, (x,1) -

.fZ(x’t) :f2 '(x’t)+Af2(xst)

where f; '(x,f) and f,'(x,?) are the known parts of f(x,t)
and f5(x,1) . O (x,t) and &, (x,t) are the unknown parts of
fi(xvt) and fZ(xvt) .

The dynamic equation of (1) can also be written as:

x (1) = x, (1)
X () = £1'(x, ) + by (x, )u(t) + ny (¢)
x3(1) = x4 (1)
X4 () = 15 '(x,6) + by (x,)u(t) + ny (2)

)

where n; =0 (x,t) +d,(¢) and n, =0, (x,t)+d,(¢) are the
terms of bounded external disturbances and system parameter
perturbations.

Assumption 1. The system perturbations are assumed to be
bounded as n <94, and n,<J, , where J and J, are

unknown positive constants.

3. Main Results

The control objective of the system is to design a robust
controller that enables accurate and fast stable even in the
presence of model uncertainties and external disturbances. In
order to reach the target, a hierarchical second-order fast
terminal sliding mode control scheme combining disturbance
observer is designed.

3.1. Disturbance Observer for Hyperbolic Tangent
Nonlinear Function

The tracking differentiator (TD) was first proposed by the
researcher Han and others in China in 1994 [33]. It is used in
practical engineering problems to extract continuous filtered
signals and differential signals from discontinuous or random
noise measurement signals.

In this paper, nonlinear tracking differentiator is
constructed by hyperbolic tangent nonlinear function as
follows [34].
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X =X
4
{xz = —Rz[m1 tanh(/, (x; —v(¢))) + m, tanh(h,x, / R)] @
where  R>0,m; >0, >0,m, >0,h, >0  are

parameters. The stability and convergence of system (4) are
proved and detailed regulating rules of design parameters are
given in [34]. A special example of TANH-TD can be

obtained when m; =m,,h =h,, so that it has fewer tuning

design

parameters and will be more convenient for engineering
applications.

Theorem 1. No loss of generality, we consider the
underactuated mechanical system (3). The design of
nonlinear disturbance observer based on tracking
differentiator, described as:

% = £ () by (Xu+ iy
i, = =R*[m, tanh(h, (%, = x,)) + m, tanh(h, 7, / R)] “
R4 = 15 () by () + iy

Ay = —R*[m, tanh(h (%, —x,)) + m, tanh(hy, / R)]

where x,,n,,%,,n, are the estimates of x,,m,x,,n, ,
respectively. If7 >0,R >0, we get:

T
limJ. 1%, =x, |dt =0
foeo (©6)

T
limJ. 2,-x, |dt=0
Rm0| 4~ Xy |

In other words, X, — X,,%, — X,. In addition, we have

ny — n,h, — ny, according to the equation of system (3)
and (5).

Proof: When R - o , the following equation can be
obtained:

| =| = R [my tanh(h (%, = x,)) + m, tanh(hyfiy / R)]
iy =| = R2[my tanh(hy (%, =) +m, tanh(hyi, / R)]
That is, the varies in 7, and 7, is much faster than

S (x)+b(x)u and £ (x)+b,(x)u , respectively.
Meanwhile, we can clearly get the equation as:

lim d(f; (x)+ b (X +ii )Jdt=h,
;im S (x) by (x)u +ﬁ1/R:ﬁ1/R

— 00 ' (8)
lim d(f; () + by (xyu+iy) e = iy

lim 73 () +by (o) + iy /R = i /R

Therefore, when we regard " f; (x) +b,(x)u +n," as "x,"

and " £, (x)+by(x)u+n," as "x,", it is clear that (5), (6)

are established according to theorem of [34]. This is the
proof of completion.

Remark 1. Please note that in the actual system, any
control input is limited. In other words, bandwidth and speed
are bounded for any control input # . Therefore, it is

reasonable to assume that the varies in 7, and 7, is much

faster than f;' (x)+b (x)u and f, (x)+b,(x)u .

3.2. Second-Order Hierarchical Fast Terminal Sliding
Mode

Corresponding to the two groups of the state variables
(x1,x,) and (x3,x,) of two subsystems we construct a pair
of suitable integral sliding surfaces as:

5| =X +)I1J-x1dt

5 =x +Ax
9
5y = Xy +Azjx3dt

8 = x4 +Ayx,

where A, and A, are positive constants.

According to (9), the following first- level sliding surface
is defined

(10)

- a/p o4 ¢
{Ssosml =ays; + s 5

- qz/l’z ;
Ssosma =025y + Basy *5,

where a,, B, a,, B, are positive constants. g, p;,¢,, p, are
all positive odd numbers and ¢, < p;,q, < p, . Using the

equivalent control method the equivalent control law of the
subsystems can be obtained as:

fi'(x, )+ +Ax, +5(ay + 5 ﬂslql/l?l_l)

=- p1 (11)
ueql - 3
l(xst)
f2 '(xat)"'ﬁz +/12X4 +5"2(a'2 +ﬂ2 qizsgz/l’z_l)
Upgy = 2 (12)
“ by (x,1)

The under-actuated system has the characteristic of
controlling the multiple outputs with less input. Therefore,
the total control input includes the equivalent inputs for all
subsystems. We define the total control as:

u= ueql +ueq2 +usw (13)

where u,,,is the switch control part of the sliding controller.

According to the first- level sliding surface of all subsystem,
defining the second-level sliding surface and double power
approaching law with the variable coefficient as:

§= alssosml +a25‘

sosm2

(14)
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S =(=k |S|" sgn(S) =k, |S|? sgn(SH W +2 M| ) (15)

where M=[S,..1>S0sm2] - @ > @, are sliding-mode parameters

which maybe remain constant or change according to
different conditions. k,,k,,c,,c, are positive constants and

0<¢ <l,c,>1.

According to the Lyapunov stability theorem, we derive
the switching control law. The positive definite Lyapunov
energy function can be defined as follows.

40 =%S2 (16)

Differentiating V() with respect to time t obtains

V = SS = S(alssosml + aZSsost)
[y, '(,0) + By (X, 1)ty + g +1a,) + 1y
) q - .
A%, +5 (0 + B s +ay (f (x0)
1

+b,y (X, 0)(Upyy FUggn FUhg,,) 1y +Ayxy + 5y
(@ + 7

L P2 1 ar

_ [y (my = 1y + by (X, )t +u,)) + a3 (ny =1y
_+b2 (xr t)(ueql + Uy ))
_ [y (my = iy + by (X, Dtgg) + ayby (x, )i, :l

| tay(ny =iy + by (X,0),41) + arby (X, 0)u

ey =iy + by (X, Dty5) +ay (ny =ity :l

_+b2 (xa t)ueq] ) + (albl (x7 t) + a2b2 (x’ t))u_gw

The switching control law is defined as:

+y| S| sgn(sH(A+2|M]) (18)

-(albl (x’t) + a2b2(xst))

|:a1b1 (x’t)uqu +a2b2(x7t)ueql +(f ‘S‘C] sgn(S)]

sw

Therefore, the general control law of the system is given as
follows.

U=y +ueq2 +u

{albl (X, Dty + arby (X, ), = (kg ‘S‘C] sgn(S)]

. (19)
+hy | S| sgn(S)(1+2|M]| )
(ayby(x,1) + ayby (x,1))

3.3. Stability Analysis

Lemma 1. [35]: Set xOM OR",x=f(x),f:R" - Ras
the continuous functions defined in the equilibrium point
region M . Assuming that a continuous functionV : M — R
satisfies the following conditions:

1) V is positive definite.

2) Vis negative definite except for the equilibrium point.

3) Real number k>0, >0 and region N M make

V+kV® <0, the function X = f(x) converge sat balanced
zero point with infinite time.

Theorem 2. The under-actuated system (3) is adopted in
the control law of (19), and the second-level sliding surface
Sand S converge to the following regions in a finite time.

/¢ 1/c,
|S| < min ([ZMJ (IZMJ (20)
1 2
01/02
|| < min| D, 1+ 2| M| ). (i—M
2
21

D e/
wnin (2], a2,
1

Proof: Substitute (18) into (17) to obtain:
ay(ny =) +ay (ny = iiy) = (ky |S]" sgn(S)

o)
s -k

+k, |S] sgn($)) {1 +2| M|

~ N * cy+l
=S[a,(n, =) +ay(n, =it )]~k N

* o+l * c, +1
<Dy |S|=k"|S|"" ~k, |S]|”

S|

S|

where

i

DM=st>1(1))‘[al(nl—ﬁ1)+a2(n2—ﬁ2)]‘ .k =k a+2)M])
24

ky =k, (1+2|M]|)) . Then it becomes

V<=k[S]" = (k]S = Dy)| S| (23)
. * cy+l * ¢
V< |S|*" - &"|S[* - Dy)|S| (24)
If kz* S|c2 > D,, is satisfied, then
V<—k"|S| T == a2 (25)
Lemma 1 shows that the system converges with respect to
equilibrium Zeros in finite time. Since
k2*=k2 a+ 2||M||m) =k, , we can get
/e, 1/e,
S| < DJZ <| Pu (26)
k, ky

outside the area ¥ <0 . Therefore, the convergence region at
this time is (26).

If kl* S|C‘ > D,, is satisfied, then

V<—k"|S|?" ==k, V(@2 27)

Lemma 1 shows that the system converges with respect to
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equilibrium Zeros in finite time. Since
k1*=k1(1 + 2||M||m) =k, , we can get
D e, D /e,
s s[ & ] (2] (28)
k ky

outside the area ¥’ <0 . Therefore, the convergence region at
this time is (28).

By synthesizing (26) and (28), S can converges to the
following regions in finite time.

e 1e,
‘S‘ Smin[[DMJ ,[D—M} ]
ky ky

Substituting the previous equation into (15), we can get:

29)

C

S| sgn(S)

N

<k'|S

/e 1/e; &
o] (2]
k
e 1/e; €2
+k2 Emn[[ j [M] ]
k
D ale
=min| D), (1+2|M] ).k, [k j
2

D & /q
+min| k,” [ij .Dy, (1+2|M] )
1

In conclusion, the theorem 2 is proved to be correct.

Theorem 3. If the control law of (19) is used for the
underactuated system (3) and the sliding surface is designed
as (10), (14). The first-layer sliding mode surfaces
Siosmi> Ssosm2 are also asymptotically stable.

c +k2* S

(30)

Proof: According to the theorem 2, we can have |S| UL,

and S*OL,. By analyzing the first sliding mode surfaces,
we can easily get thats; O L,,s, OL,,$ UL,,s, UL,

Furthermore, we have

00 0 2
J.O Ssz = .[0 (alssosml +a2Ssasm2) dr

2 2 2 (€2))
ol q~S +2a,a,S 01508
:J. [ 1 Msosml 1%2% sosm1*~ sosm?2 dr
0

2 2
+a2 vam2

: ) 2 2 2 2
OWlng to J.O §7dr <o and 2a1a2S50smlS50sm2 —al Ssosml +a2 Ssosm2 ]

the following inequality is satisfied.
J.O 4a1a2Ssosm1Ssosm2dT S J.O (alssosml + aZSsosm2)2dT <o (32)

According to (31) and (32), we can have

J‘ Ssosmlzdr <o J. sostsz <o (33)

Therefore, s; U Ly, s, OL,,8 UL, ,$, DL, , and it can be

easily obtained that 1im Ssosml =01in terms of the Barbalat’s

lemma. Same argument, it can be attested that , hm Ssosm2 =0,

In summary, the Theorem 3 is proved to be correct.

4. Simulation Results

In order to validate the suggested control technique, a car
inverted pendulum system is simulated some comparisons
between the suggested technique and the methods of [36, 24]
are presented.

The schematic diagram of the inverted pendulum system is
shown in Figure 1. The dynamic equation of the cart-pole
system can be exhibited in the form of (3) with the functions

S1'(x,0),b,(x,0), f5'(x,t) and b,(x,t) as:

mg sm(xl) m, Lsin(x;) cos(x )x2
N'(x,0= ,
L((g)m, —m,, cos’ (x,))

By (x,1)= cos(x;) ’

L((g)mt ~m, cos’(x}))

34
—(f)mpLxg sin(x, ) +m,, g sin(x,) cos(x;) 34
£ '(x,0= ,
(g)m, —-m, cos? ()

by (x.0)=— 4

3()my =m, cos” ()

where m, is the total mass of the cart-pole system which
contains the quality of the pole (7, ) and the mass of the cart

(m,), x; represents the swing angle of the pole, x, expresses
the swing speed of the pole, x; denotes the position of the
cart, x, indicates the cart velocity. Contrasting control

schemes are considered as below:

(a) The sliding surface, reaching law and controller of
hierarchical sliding mode control method (HSM) based on
exponential reaching law are as follows [30]:

S| =X+ Xy,8,) SAyXy +X4,8 = a8 +ays,,
S =-pS -wsgn(S),u =

__fiwtax,

Ueg) T Uy YU,
Ueq) = =- L9,
by (x) b, (x)
_ by + aybyut gy + PS +wsgn(S)

sw T _(albl + azbz)

) (35)

2%eq2

(b) The sliding surface, reaching law and controller of
hierarchical fast terminal sliding mode control method
(HFTSM) based on exponential reaching law are as follows
[21]:
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- @/p - a/p
s = a0 + B+ xy,8, = 0px3 + By +xy,

S = a5, +ays,,8 = —pS —wsgn(S),

U= Uyy +u(,q2 +u

swo

1 a/p-L
xll 1 )

Sty +x, @+
_ )41

el ~ ~by(x.1)

u

(36)
fo(at) +xy (@, + By T2 X/
= 2

Heg2 =7 by (x.1)

aby (X, )ity + ayby (X, )ity + PS

s

_ [ +wsgn(S)

sw _(albl(x,t)+a2b2(x,t))

For the simulation implementation, the constant
parameters and initial conditions of the cart-pole system are

set as m, =lkg , m, =0.05kg | ; _ 5, , g=98m/s*,
x(0) =[-30/57.3,0,0,0]. The disturbances and uncertainties
terms are given as d,(t)=d,(:)=0.0873sin(r)
Of, (x,0)=0.1sin(x; (1)) and &, (x,1)=0.1sin(x;(¢)) . The
parameters of controllers are provided in Table 1.

L o

lt IS
L \ °
%
: .' m

.

Figure 1. Inverted pendulum system.

In order to better analyze the stability of the system, the
following performance evaluation indicators are given:
(1) Integral of error squared value (ISE)

ISE = j xA(D)dr (37)
0

(2) Integral of time-multiplied absolute value of error
(ITAE)

ITAE = j |, (D)ldr (38)
0

The performance index values of the inverted pendulum
system for the above two evaluation methods are shown in
Table 2. It can be seen from Table 2 that the performance
evaluation index value of the state x; and x; of the control
method used in this paper are smaller than other control
methods. Therefore, the system stability of DOSHFTSM is
better than that of other control methods.

Table 1. Controller parameters.

Parameters HSM HFTSM DOSHFTSM
A = 0.01 0.01
B - 1 1

a 35 2.7 3.5
a, 1.5 0.01 0.01
a1/ p1 = 19/21 19/21
9/ - 19/21 19/21
P 1 1 -

w 0.8 0.8 -

a -1 Al =l

ap 1 1 1

A - . 0.001
A = . 0.001
Ky = . 0.8
ky - - 1

q - - 0.5
&) - - 1.5
my =my = - 1

Iy =hy - - 5

R - s 25

Table 2. Performance indicators of inverted pendulum system.

ISE ITAE

xl x3 xl x3
HSM 0.0657 0.4754 0.0032 0.0080
HFTSM 0.0611 0.4525 0.0029 0.0085
DOSHFTSM 0.0406 0.2686 0.0022 0.0063

Figures 2-4 shows the response curves of the system
state, the sliding surfaces, and the system phase trajectory,
respectively. It can be seen from them that the system state
can converge to the equilibrium point at a faster speed
under the control of the proposed scheme and can
intuitively show that the control process of the proposed
method is smooth and jitter-free. Figure 5 show that the
control method of the present invention controls the input
signal to be smooth, which can reduce the wear of the
motor. Figure 6 show that the disturbance observer
designed in this paper can estimate the interference value
very well.

In what follows, for the robustness analysis, the
simulation studies are repeated with different values of the
initial conditions, disturbances and uncertainties terms.
The new condition is specified as x(0) =[-45/57.3,0,0,0],

d, (1)=d, (t)=0.1sin(?) , &f; (x,£)=0.1cos(x; (£)) » A, (x,£)=0.5sin(x; (¢)) -
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0.5 6
_ HSM
4 ———— HFTSM
o 4 Sts
= 0 8 DOSHFTSM
2 o
S’ [.F] 4
D o 2
o &
@ 0.5 HSM 20 el
HFTSM 2
=]
DOSHFTSM
‘l A ‘2 e s A A
0 2 R} 6 8 10 0 2 4 6 8 10
time(s) i time(s)
a). The angular position of the pole. b). The angle speed of the pole.
1.5 6
HSM — HSM
L d
HFTSM = 4 HFTSM
= DOSHFTSM E DOSHFTSM
S 05 2
= 4
c
3 g
0 5 0
g
'ljs i i " i -: i i i i
0 2 4 6 8 10 0 2 4 6 8 10
time(s) ~time(s) i
¢). The position of the cart. d). The position speed of the cart.
Figure 2. The response curves of the system state.
4 4
3 2
u-lf-] a: m“l .
“ .3
v v
0 0 7 4
‘2 " _: A . " "
0 2 4 6 & 10 0 2 4 6 8 10
time(s) _ time(s) )
a). The sliding surfaces of HSM. b). The sliding surfaces of HFTSM.
6
4
o s,
-
‘(‘. U 5*
o 2
e s
3 i i "

10
time(s)

¢). The sliding surfaces of DOSHFTSM.

Figure 3. The response curves of the sliding surfaces.

At the same time, Ssin (t) interference signal is added to the simulation to 5s. Time responses of the system state, the
sliding surfaces, system phase trajectory and control input signal are displayed in Figures 7-10, respectively. These
simulation results also confirm that the control scheme has good robustness under different conditions. Therefore, the
systems can be stably controlled with different values of the initial conditions, disturbances and uncertainties terms, too.
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6 6 -
HSM HFTSM DOSHFTSM
4 4 4
KN P KM 2 KN 5
0 0 0
-2 -2 2
-1 0 1 -1 0 1 -1 0 1
X 1 X ! X
a). The phase trajectory of the pole
4 4 §
HSM HFTSM DOSHFTSM
4
2 2
x"f K-r x"‘l‘ 2
0 0
0
Ky 2 -2
0 0.5 l 0 0.5 1 0 0.5 1
X3 Xy Xy
b). The phase trajectory of the cart.
Figure 4. The response curves of the system phase trajectory.
l m L) L) ) T L] L] L)
HSM
HFTSM
DOSHFTSM
S0 F -

time(s)

Figure 5. The response curves of the control input.
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Figure 7. The response curves of the system state (with different conditions).
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Figure 8. The response curves of the sliding surfaces (with different conditions).
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Figure 9. The response curves of the system phase trajectory (with different conditions).
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Figure 10. The response curves of the control input (with different conditions).

In this paper, the matlab real-time simulation tool and Simulink toolbox are used to test the designed controller on the actual
vehicle system. Figure 11 shows the linear motor inverted pendulum system manufactured by Hopemotion Co., Ltd.

Figure 11. The practical cart-pole system.
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Figure 12. The response curves of the pendulum swing angle (physical simulation).
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Figure 13. The response curves of the trolley position (physical simulation).
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Figure 14. The response curves of the control input (physical simulation).

Figures 12-14 are the experimental curves of the pendulum
swing angle, trolley position and control input, respectively.
It can be clearly seen that the swing angle, position and
control inputs can be quickly maintained stable. The results
of physical experiments further validate the effectiveness of
the scheme.

5. Conclusions

A second-order hierarchical fast terminal sliding mode
control scheme based on disturbance observer is proposed for
a class of fourth-order underactuated mechanical systems.
Equivalent control terms and switching control terms of
sliding mode controller are designed by using second-order
hierarchical fast terminal sliding mode surface and variable
coefficient double power reaching law. The tracking
differentiator principle is used to design a hyperbolic tangent
nonlinear disturbance observer. The uncertainties and
external disturbances of the system are estimated, and the
sliding mode controller is compensated to improve the
robustness of the system. The stability of the system is
verified by Lyapunov principle. Finally, the effectiveness of
this method is verified by numerical simulation experiment
and physical simulation of inverted pendulum. Therefore, the
application of this method to the control of underactuated
mechanical systems such as multi-stage inverted pendulum,
manipulator system, torch system and spherical plate system
deserves further study.
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